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It is shown that a relativistichlly invariant classical mechanical Hamiltonian description of a
system of three (spinless) particles admits no interaction between the particles. If a set of ten func-
tions of the canonical variables of the three-particle system satisfies the Poisson bracket relations
characteristic of the ten generators of the inhomogeneous Lorentz group, and—with the canonical
position variables of the particles—satisfies the Poisson bracket equations which express th.e familiar
transformation properties of the (time-dependent) particle positions under space translation, space
rotation, and Lorentz transformation, then this set of ten functions can only describe a system of
three free particles. A significant part of the proof is valid for a system containing any fixed number
of particles. In this general case, a simplified form is established for the Hamiltonian and generators
of Lorentz transformations, and it is shown that the generators of space translations and space
rotations ean be put in the standard form characteristic of free-particle theories. The proof of the
latter involves a generalization from one to many three-vector varisbles of the angular momentum
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Helmholtz theorem of Lomont and Moses.

1. INTRODUCTION

E shall continue here the investigation begun
by Currie, Jordan, and Sudarshan’*? of classical
mechanical relativistically invariant Hamiltonian
theories of systems of spinless particles. Qur results
lend further support to the conjecture that only
systems of free particles can be described by the
theories under consideration.
As in Ref. 1, a classical mechanical relativistically
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invariant Hamiltonian theory of particle dynamics
is defined by ten functions H, P;, J;, K;,i = 1,2, 3
of the canonical variables ¢}, 27, n = 1, 2, -+ N;
1 = 1, 2, 3 for the N (spinless) particles. These
ten functions are, respectively, the generators of
the time translations, space translations, space rota-
tions, and (pure) Lorentz transformations which
comprise the inhomogeneous Lorentz group. Sym-
metry of the theory under this group is attained
by postulating that these functions satisfy the
Poisson bracket equations

[Pi‘)Pi]zor [PUH]=0) [JHH]=0’
[J-': Jil = ey, [J.'; P = el
[Ji; K:‘] = eiiﬁKh [K:': H] = Pz’)

[Kn Ki] = “Gckak, [Kn P]= 5iiH; (A)

for 4, j, k = 1, 2, 3. (The summation convention
is used for these indices.) These are the Lie bracket
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equations characteristic of the inhomogeneous
Lorentz group.’

We consider the motion of classical mechanical
particles to be described by the time dependence
of their positions in space. In keeping with this
interpretation, we postulate, as part of our require-
ment of relativistic invariance, that the time-de-
pendent particle positions—or points on the world
lines of the particles—transform in the familiar
manner under space translations, space rotations,
and Lorentz transformations of the reference frame.’
Within our Hamiltonian formalism this is equivalent
to postulating that the Poisson bracket equations

[QF, Pi] = 83, [, @1 = ek,

[Q?} K:} = Q?[Q:‘: H}:
be satisfied by the ten functions H, P, J, and K
together with the functions @7 which represent the
positions of the particles.' We assume that the Q"

are those functions whose values at a point of phase
space are the ¢ coordinates of the point,

QT(Q; p) = Q?-
We will also need to use the canonical functions
Pig, p) = pi.

We make no assumptions about the transforma-
tion properties of the canonical “momenta” P7.
In fact we could avoid making any physical inter-
pretation of these functions. This would leave us
free to make canonical transformations in the
variables P7 without changing the physical content
of the theory.® In any case, canonical transforma-
tions that change the functions @7 cannot be
considered as giving equivalent theories since the
role of the @7 is fixed by their interpretation as
particle positions. This point of view is explained
in detail in Ref. 1.

In Ref. 1 the following theorem was proved for
the case of two particles.

Theorem. Let H, P, J, and K be ten functions
of the canonical particle variables ¢} and p?. If
H, P, J and K satisfy Egs. (A) and (B) then they
are equivalent, via canonical transformations of the
P}, to the standard functions for a free-particle
theory.

B)

# If the funetions P;" are given a physical interpretation,
then their transformation properties also might be specified.
If they are required to transform in the manner that is
familiar for momenta, we get another set of equations to be
satisfied by the functions H, P, J, and K. This extra set of
equations should make it possible to establish our theorems
without doing canonieal transformations. This was demon-
strated for the case of two particles in Ref. 1.
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This theorem has an immediate corollary that the
Hamiltonian function H yields zero acceleration
for each of the particles. It should be emphasized
that the validity of this result does not depend in
any way on any decision as to whether the P?
should be given a physical interpretation or whether
canonical transformations of the P should be
regarded as changing the physical content of the
theory.

Corollary. Let H, P, J, and K be ten functions
of the canonical particle variables ¢7 and 2% If
H, P, J, and K satisfy Egs. (A) and (B), then

(@, H], H] = 0.

In this paper we shall generalize this result to the
case of three particles and, in part, to the case
of any fixed number of particles.

The results that are valid for any number of
particles are contained in Sec. II. We show there
that the functions P and J can be put in the standard
form of free-particle theories and that H and K
can be put in a form which separates the dependence
on the variables p? for different n and exhibits the
standard relation between the terms of K and the
terms of H. Our treatment of J depends on a general-
ization, which we prove in the Appendix, of the
angular momentum Helmholtz theorem of Lomont
and Moses.*"® In See. III we prove the above-stated
no-interaction theorem for the case of three particles.
The proof does not generalize for more than three
particles.

II, STANDARD FORMS IN THE CASE OF N
PARTICLES

In this section we consider functions H, P, J, and
K of the canonical particle variables ¢* and p%,
1=1,23;n=12 .-- N, with N any positive
integer. It will always be assumed that H, P, J,
and K satisfy Eqs. (A) and (B). Our purpose is
to show that P and J can be put in the standard
forms characteristic of a free-particle theory, and
that A and K can also be put into simple forms
which will be the starting point for our proof of the
no-interaction theorem,

We shall make repeated use of a change of var-
iables from ¢} to r}, n = 1,2, ... N;7 = 1, 2, 3,

+J. 8. Lomont and H. E. Moses, Commun. Pure Appl.
Math, 14, 69 (1961). This theorem is used by J. S. Lomont
and H. E. Moses, Nuovo Cimento 16, 96 (1960), to establish
the standard form of the single-particle quantum mechanical
angular momentum operator,

5 J. B. Keller, Commun. Pure Appl. Math. 14, 77 (1961),

gives an alternative proof of the theorem of Lomont and
Moses (Ref. 4).
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defined by
N
= 2 g, 2.1)
with
grn=1 if n or m=1,
gn=—1 if n=m3*1,
g =0 otherwise,
from which follows the useful equations
I 1 K9
or: N & aq:’ @2
] 0
o = Zon @3
i} ) a
og "ol for n =1 2.4)

Proposition 1. The functions P can be put into
the standard form

2.5)
by a canonical transformation which leaves the

functions @} unchanged.
Proof: Let
N
P; = Z P; + F,,

n=]
with F; a function of the canonical variables q¢* and
p". From the first of Eqgs. (B), it follows that

OF ;/opy = [F;, Qi1 = 0,

go F; is in fact a function of the variables q* only.

The transformation

P} P! — (IUN)F; — (UN) 3 W,

Pt — P* — (1I/N)F, + (1/N)W" for n 1,

with the @} remaining unchanged, where
=313 [ Lrar,
k 61‘,-

puts P; into the desired form (2.5). To see that
this is a canonical transformation one must compute
the Poisson brackets of the transformed canonical
variables. This can be easily accomplished and
yields the desired results if one works in terms
of the variables (2.1) and uses the condition (A) that

N[(oF;/or) — (8F:/or))] = [P;, P,] = 0.
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Proposition 2. Let P have the standard form (2.5).
Then the functions J can be put into the standard

form
N

J; = E fch:"P:

n=1

2.6)

by a canonical transformation which leaves the
functions @: and the standard form (2.5) for P;
unchanged.

Proof: We shall need the following lemma which
follows as a corollary to the theorem proved in
the Appendix.

Lemma. Let A be a real three-vector function
of the M three-vector variablest™, m = 1,2, .-+ M.
If

M

Z @ xVa.) xA = —A4,

m=1
then there exists a function W of the variables r™
such that

M
A= > rxV,W.
m=]1

To prove Proposition 2 let

N

']i = ZfiikQ?PZ'l_Fi-

n=]

From the second of Egs. (B) it follows that

(oF;/aph) = [F;, @] = 0,

so FF; is a function of the variables q" only. Now
using the standard form (2.5) for P, the fifth of
Eqgs. (A), and Eq. (2.2), we find that

N(@F;/ar) = [F;, P = 0,

so F; is independent also of the variables r'. Now
if we substitute our form for J into the fourth
of Egs. (A), we obtain the equation

N

> " xV,)xF = —F.

n=2
Thus, by the lemma stated above, there exists a
funetion W of the variables ", n = 2, +-- N such
that

N
F = Z r"xV.W,
n=2
with V., the gradient with respect to the r". The
transformation
x oW

P; P — -
1 1 ,;61‘,- b

14

P —P; + P
)

for n£1,

with @} remaining unchanged, leaves the standard
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form (2.5) for P unchanged and puts J into the
standard form (2.6),

J— Q1><<P1 - ZN: V,.W)

N N

+ ZZQ"x(P"-l-V,.W)—I—F = §Q"xp"
N N

— Zz(Ql — QYxV, W +F = ;q"xpﬂ.

That this is a canonical transformation can be
checked by a straightforward computation of the
Poisson brackets of the transformed -canonical
variables.

Proposition 3. Let P and J have the standard
forms (2.5) and (2.6). The functions H and K can
be written in the forms

N
H=YH, @7
n=1
and
N

n=1
with H, a function only of the scalar variables
®"? (@"-r"), and (r*-r™), fork, m = 2, --- N.
Proof: The last of Egs. (B) is

(3K./0p7) = Qr(6H/ap3).
From this it follows that
(@ — QD)(8°H/ap} 8p7) = 0,
or, for m = n, that®

(9°H/ap; 9p™) = 0.
Hence

N
H= > H,

n=1
where H, is a function only of the variables p” and
¢, k=12 ---N.
We can choose the H, to be independent of r'
as follows. We compute

oH 1 X oH 1
S (mer=o

by using the second of Eqs. (A). From this it follows
that

dH, — OH,
oy ,; ory

¢ As in Ref. 1, we assume that all of the functions are
sufficiently differentiable to make the Poisson brackets and
other necessary derivatives meaningful, and we use the
resulting continuity in our proofs.
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Since the right-hand side is independent of p',
and the left-hand side is independent of all of the
other p variables, the above quantity depends only
on the q variables. Further, since

e.-,-;,(azHl/ar} 67‘,1,) = 0,

there exists a funetion G of the variables r*, n =
1,2, --- N, such that :

oF, _ _ $~oH. _ G

= — =22
or; & oory o

Hence we can redefine H, and H, by subtracting
G from H, and adding @ to H, so as to obtain a
new division of H in the form (2.7) in which H,
and D> Y.,H, are both independent of r'. This
process can be continued to make each H, indepen-
dent of r'.

To show that each H, can be chosen to be a
scalar function we use the third of Egs. (A) to write

N
A;=[H,J;]= l:']i: }:H":l
n=2
By actually evaluating the brackets one can check
that A; is independent of the p variables and of r'.
From the fourth of Eqs. (A), it follows that
(H,, [J,., Ji]] = eiik[Hly Jk]:
which, by use of the Jacobi identity, can be written as
s, sy J1) = s, (H, J] = el T4,
or
i, 4;] — [Ji, Al = e -
Evaluation of the brackets then gives
N
3" xV,) xA = —A.
n=2

According to the lemma used above, there exists
a function W of the variables ", n = 2, --. N,
such that

N
A= rxv,W.

n=2

From this it follows that

a0 =[5 5]

as can be seen easily by evaluating the bracket
on the right. Hence we can redefine H, and H,
by subtracting W from H, and adding W to H,
so as to obtain a new division of H in the form
(2.7) in which H, and ) ¥ ,H, are both scalars,
ie., have vanishing Poisson bracket with J. This

N
= ZI"XV,,W = [W: J]’

n=2
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process can be continued to make each H, a scalar.
Therefore each H, can be chosen without loss of
generality to be a function only of the scalar var-
iables (p")?, (@"-1*), and (r*-r") fork,m = 2, --- N.

Finally we must show that K can be assumed,
without loss of generality, to have the form (2.8). Let

N
Ki = ZQ’;H” + F,'.
If we substitute this in the last of Egs. (B), we find
that

aFi/api =[Q,F]=0

so F; must be a function only of the q variables.
From the last of Eqgs. (A), the first of Eqs. (B),
and the fact that each H, is independent of r',
it follows that

N((')F,/ar},) = [F;, P] =0,

while from the sixth of Eqgs. (A), the second of Egs.
(B), and the fact that each H, is a scalar, it follows
that

[J,-, Fi] = éiika-

Hence F must have the form

N N
= 2 AF = 2 @ - QP

with each F, a function only of the scalar variables
Y™ k,m =2, -« N. If we add >V, F, to H,
and subtract F, from H, for n = 2, --- N, we
obtain a new division of H in the form (2.7) with
each H, still a function only of the variables (p*)?
(@"+r*), and (*1™), k, m = 2, --- N, and we also
attain the form (2.8) for K.

III. THE NO-INTERACTION THEOREM FOR THREE
PARTICLES

Theorem. Let H, P, J, and K be ten functions
of the canonical variables ¢ and p}, n,7 = 1,2, 3
for three particles. If H, P, J, and K satisfy Egs.
(A) and (B), then they are equivalent, via canonical
transformations of the P7%, to the standard functions
for a free-particle theory.

In proving this theorem we may use the results
of the preceding section, taking P, J, H, and K
to have the forms (2.5), (2.6), (2.7), and (2.8),
respectively. The theorem will be established when
we find a canonical transformation that leaves these
forms as well as each @} unchanged but puts each
H, into the standard free-particle form

= (P + ma)}, 3.0
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with m, some nonnegative number. To prove the
theorem it is therefore sufficient to prove the
following.

Proposition 4. Let H, P, J and K be ten functions
of the canonical particle variables ¢}, p}, n, ¢ = 1, 2, 3.
If H, P, J, and K have the forms (2.7), (2.5), (2.6),
and (2.8), respectively, and satisfy Egs. (A), there
is a canonical transformation which leaves each @}
unchanged, leaves the forms (2.5), (2.6), (2.7), and
(2.8) unchanged, and puts each H, into the form (3.0).

Proof: Since we begin with functions H, P, J,
and K in the forms (2.7), (2.5), (2.6), and (2.8),
respectively, Eqs. (B) and most of Eqs. (A) will
be satisfied. To gain more information about H
and K, we need to use only the seventh of Eqgs. (A).
Our main task is to extract enough information
from this equation to determine a form for H, that
is equivalent to the free-particle form (3.0).

In terms of the variables (2.1), the seventh of
Egs. (A) is

> [oH: }
n2_1P
ﬂg{a(p)
1 aH2 '
For any n let
pP=0 if k=n. (3.2)

From Eq. (3.1) we obtain an equation in three
linearly independent vectors p”, r*, and r’, which is
valid under the restriction (3.2). From the linear
independence we can conclude in particular that
the coefficient of P" must vanish,

dHL/3(@")? = 1. (3.3)

But the restriction (3.2) is of no consequence for
Eq. (3.3) since H, is independent of p* for k = n.
Hence Eq. (3.3) is valid without restriction.

As a result of Eq. (3.3), our original Eq. (3.1)
involves only the two linearly independent vectors
r’* and r’, and we can conclude that the coefficient
of each of these must vanish:

i 1_6H,

m=1 2 a(Pm'rn)
for n = 2, 3. If we evaluate the bracket in Eq. (3.4)
we get some terms linear in (p'-p”) and some terms
linear in (p’-p") where s is the index 2 or 3 which
is not equal to n. These terms and the other terms
occurring in the bracket depend on (p™)°, (p™-r*),
and (f*r*) form = 1, 2, 3; k, h = 2, 3. But for
fixed values of the latter variables, the quantities

+[H,H]=0 3.4
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(p'-p") and (p°-p") are free to take two different
values. For example, p* has fixed length and fixed
components in the plane spanned by r* and r?
but may still be reflected through that plane to
produce two values for (p'-p”). It follows that the
coefficients of (p*+p”) and (p°-p") must vanish. This
yields the equations

oH, 06H, >~ 9H, OH, _
' ey T & ey - G
dH, dH, 0H, OH, 0. (3.6)

o™y 9@ ~ 8@ r) 9@ ~
Let
F.,. = 0H%/8(p™ ")
form =1, 2, 3; n = 2, 3. If we multiply Egs. (3.5)

and (3.6) by 4H H, and 4H,H,, respectively, and
use Eq. (3.3), we find that

> Fow=0 (3.7
m=1

for n = 2, 3, and that
F23 = Faz- (3-8)

From Egs. (3.7) and (3.8) and the fact that H, is
independent of p™ for m = =, it follows that each
F .. is independent of all p variables. We have thus
found that

H, = @)+ 2 F.0" ") + G,

m=2

3.9)

for n = 1, 2, 3 where F,, and G, are functions
only of (r*)°, (r%)?% and (*-r®), with F,,, satisfying
Egs. (3.7) and (3.8).

As a consequence of Eq. (3.7), Eq. (3.4) becomes

[H,H,] =0 (3.10)

for n = 2, 3. If we evaluate this bracket for the
case n = 3, we get some terms linear in (p'-p°) and
(»*-p®) which sum to zero because of Eq. (3.7).
The sum of the remaining terms must vanish to
satisfy Eq. (3.10). If we consider these under the
restriction that

@1 = 0, (3.11)

we find several that are independent of p°, several

that are linear in 1/H, but otherwise independent
of p’, and some that depend on p® only through
the linear factor (p°-r’)/H,. If the sum of these
terms is to vanish, the sum of each of the three
sets of terms must vanish independently, for, even
under the restriction (3.11) that p* be perpendicular
to r°, the variations of p* will cause different varia~

J. T. CANNON AND T. F. JORDAN

tions of 1/H, and (p°-r°)/H,. We make use of the
fact that the coefficient of (p°-r*)/H, must vanish.
Among the terms of this coefficient are some linear
in (p*-r’) and some linear in (p*®-r’). There is no
other dependence on the p variables. It follows
that the coefficients of (p®-r®) and of (p°-r®) must
vanish separately. This yields the equations

2[8F 5,/0(r°)’] = 8F /3" 1%, (3.12)
OF33/0(°)" = OF»/8@’). (3.13)

Since these equations have no dependence on any
p variables, the restriction (3.11) is of no consequence
for them; they are valid without restriction. We
could apply the same procedure to Eq. (3.10) for
n = 2. The equations that would result are the
same as Kgs. (3.12) and (3.13) with the indices
2 and 3 interchanged. Making this interchange on
Eq. (3.12) gives us the new equation

2[6F23/3(r3)2] = aFag/a(rz‘ra)- (3.14)
Equation (3.13) remains unchanged.
The transformation
3
PSP — 1Y F.x1" (3.15)
m=2

with the Q" remaining unchanged, is a canonical
transformation. To see this one must compute the
Poisson brackets of the transformed canonical var-
iables. This can be easily accomplished, yielding
the desired results, if Eqgs. (3.7), (3.8), and (3.12)—
(3.14) are used.

That the standard form (2.5) of P is preserved by
the transformation (3.15) is ensured by Eq. (3.7).
One can check that Eqgs. (3.7) and (3.8) also guar-
antee that the standard form (2.6) of J is preserved.
The forms (2.7) and (2.8) of H and K are also
preserved and each H,, is taken by the transformation
(2.15) from the form (3.9) to the desired form
(3.0) with
Mo = G, — (DF()

— )F e n3(1'2'1'3) - (%)an(f)z-
It remains to show that m? is in fact a constant,
ie., that it is independent of the variables (r%)*
(r®-r*), and (r%)°, on which the terms in the above
expression depend. This is most easily accomplished
as follows. Suppose that each m2 is a function of
the variables (r?)%, (r*-r%), and (r*)?, and substitute
the form (3.0) for H, into Eq. (3.10). One finds
that for this equation to be satisfied it is necessary

that the partial derivatives of each of the functions
m? with respect to each of the variables (r*)*, (r*-r%),
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and (r®)* vanish. Since H must be a real function,
it follows that m? is a nonnegative number. This
completes the proof of Proposition 4, and thus
completes the proof of the no-interaction theorem
for three particles.

APPENDIX: GENERALIZATION OF THE ANGULAR
MOMENTUM HELMHOLTZ THEOREM OF
LOMONT AND MOSES

Let L = ) Y x"xV, where V, is the gradient
operator with respect to the three-vector variable
X, and N is some positive integer.

function
N

Theorem. KEvery real three-vector
f(x!, --- x¥) of N three-vector variables x', --- x
can be expressed uniquely as the sum of real terms,

f(xl, .o PPN XN) +h(x1’ e XN)’
with

* XN) = g(xl:

g = Ld’(xly et XN)l
L.h = O, h = Lxdz(xl, e XN) + 'Jé(xl’ PR XN).

Proof: Lomont and Moses* and also Keller® have
proved this theorem for the case N = 1 without
emphasizing the uniqueness. We shall outline the
essential results of the proof by Lomont and Moses,
pointing out where the uniqueness can be seen.
We shall then set up an analogous general proof
which reduces to the proof for the case N = 1.

The spherical harmonics Y,,.(8, ¢) for fixed %
form a basis of a (2k 4+ 1)-dimensional irreducible
representation I'; of the three-dimensional rotation
group. In this representation L is given by a triplet
of 2k + 1) X (2k 4 1) matrices L¥,., 7 =1, 2, 3.
For example, with '

fx) = ; 0" (1) Yin(6, 8),

Lxg = —g,

the operation of the third component L; of L on
the second component f,(x) of £(x) is given by

Lsfz(x) = kz Z ngl;)M’p;m’(r)Ykrn(ga ¢)

We think of pi™ as the components of a (2k + 1)-
dimensional vector p{*’, and of L{*’ . as the matrix
elements of an operator L{*’, and write

Lsfz = kz: (Lék)P;k))kakm'

Having set the tone of the notation to follow
that of Lomont and Moses, we now outline their
results. They showed that a triplet of three arbitrary
vectors pi¥, j = 1, 2, 3 (or o) in (2k + 1)-dimen-
sional space can be written as '

&) __ (k) (%)
e - E + = ’
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with
L® x E(k) = —§® (Al)
L(k) _n(k) — 0’ (A2)
and that the equations
L(lc)a(k) — £<k) (A3)
L(lc) xg(k) + @(k) — “(Ic) (A4)

have solutions «'” and 3. The theorem for the
case N = 1 follows after expanding

f(x) = kz;, 0" () Yin(0, ¢),
and setting
g®) = 2 E"0)Viu(6, 9),
h(x) = ka: n(0) Yin(8, ¢),
¢(x) = ?m_: (1) Y in(8, 8),
W) = 2 87 0OYim0, ),
where £, n*", @*", and 3*" correspond, respectively,

to E(k), a®, o™ and g%,
To see the uniqueness, consider the matrices

0 ® —L®
M(k) — '—L;k) 0 :k) ,
S
L{k) Lik) L;k)
A(k) — ;k) Jék) L;k) ,
L;k) L;k) ;k)

which operate on triplets of (2k + 1)-dimensional
vectors or on 3(2k -+ 1)-dimensional vectors. In
terms of these matrices, Eqs. (A1) and (A2) can be
written as

M(k)z(k) — A(k)tn(k) — 0,

(k)
£,

where t denotes the transpose of a matrix. Lomont
and Moses showed that the subspace of eigenvectors
of M® having eigenvalue one is the orthogonal
compliment of the subspace of eigenvectors of A®
having eigenvalue zero. Thus, since £* and n®
are the components of ¢* in these orthogonal
subspaces, they are determined uniquely. But any
g(x) and h(x) satsifying

f=g-+h,

Lxg: —8, L-h=0
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yield, when expressed in terms of spherical harmonics,
the equations

(k) — i(k) + n(k)

with £* and n™® satisfying Egs. (A1) and (A2).
Thus g and h are unique.

We now turn to the proof of the generalization.
The function f(x', - - - x") can be expanded in terms
of spherical harmonics as

f(xl, . XN) — E okh"'kN.vnx."'mN(,rl, e rN)
Y%
X ch,m,(oly ¢1) ot YkNmN(GN) ¢N) (A5)
For fixed &k, --- ky, the Y ...V ipny form a basis

in the representation space of the direct product
Th ® The -+ & Ty, which is a reducible rep-
resentation of three-dimensional rotation group. The
operation of L; can be expressed in terms of the
matrix

(k1,2 kN)
Limlx."-mxv.'nx'.-"mN'
(k ) 2 (N}
1":1'"1 ® I o ® I +
k
I(” ® I® ... ® Lgmxr)mn";

or in terms of the corresponding operator L{***

The direct-product representation can be com-
pletely reduced to a direct sum of irreducible
representations

Pkl®rk2

*kN)

& Tuy = Zk: @1,

with the summation over a set of possibly repeated
values of k depending on k,, - - - ky. The representa-
tion space of the direct product is thus broken up
into orthogonal subspaces which are the representa~
tion spaces of the irreducible representations I'.
The operator L{*******¥ on the representation space
of the direct product is the direet sum of operators
on the irreducible representation spaces of the T,

Lgkh... E @L(k)

where the L{¥ are the same as those appearing
above. In other words, on each irreducible subspace
the infinitesimal generators L{***""* of the direct-
product representation act as the infinitesimal gen-
erators L{*® of the irreducible representation T'.

A vector pi* " *) of 2k, + 1) -+ Cky + 1)
components can be considered as an element of the
direct-product representation space, and written as
the sum,

pi Z pi(k),

of its uniquely determined components p{* in the
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mutually orthogonal irreducible subspaces. Such a
vector results from the coefficients of the spherical
harmonic expansion (A5) for each component of
the vector function f and for each set of fixed
values for r,, -+« ry and for &y, -« ky.

From the proof of Lomont and Moses, as out-
lined above, we have a unique decomposition

B g g, ®
satisfying Eqs. (A1) and (A2). Let

(ky,**kN) (k)
P = ;fi

with £* and n¥

and

(k: Z n(k)

be the unique vectors whose components in each
irreducible subspace are, respectively, £* and .
Then

(ka,oeckN) Z(kx."'kN) + n(kx."'kN)

We define functions g(x,, - -- x») and h(x,, --- xx)
by spherical harmonic expansions of the form (A5)
with p replaced by ¢ and 1, respectively. It follows
that

f(xl, - xN) = g(xl, o
It also follows that

xy) + h(x,, -+ xx).

Lxg = —g, L-h =0.

For example, the equation

(k kN
Lxg: R Ek Z L . m;{rm; rempy’
i

Fa, oo kN Myl yecomA’

X f’ Home m¥ X Yk‘ml et Yluvmu

Chyyone (hy,oee

— ) Z [L 1 kN) x'fh kN)]m,.---my

Jeeok
i
X Yk,m, tte YkNmN
(k) (k)

= . Z [;L xE ]rnx.---MNYkm: o Yigmy

Lveck
o
(k)

= _k E’c [;E ]mx.“'mNYk,ml e YkNmN

m sy
’ k1, kN M1,
- —k Zk & e MNY"I'M YkNmN
N

my,eemN

= —8

is seen to be a consequence of Eq. (Al). Similarly,
the equation

Lh = Z [Z L® '“(k)]fnx.---mv
ki, == kN k
my,eeemN

X y’k,m; Tt YkNmN = 0
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results from Eq. (A2). Furthermore, that g and h
are the unique decomposition of f having these
properties is clear from uniqueness of the decomposi-
tion of each ¢ into £ and n™® satisfying Eqgs.
(A1) and (A2).

Finally, we shall show that there exist functions
¢ and ¢ such that

g=1¢, h=Lx{+1.

o= 2
kl'...kN
My ,***mN

ak"”.kN'ml"“mN(Tl, . TAV)

X Yk,mx(ely ¢1) e YkNmN(0N> ¢‘N)y
U= E gk,n--kAv.m,.“'mN(T“ e
ky,eevky

™)

X Yk;mx(ely ¢1) e Ykzvmlv(olw ¢N)

In accordance with the notation used above, we
consider the expansion coefficients ot '#¥:msm¥
and g+ E¥eme Y for each set of fixed values of
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Ty, ++- ry and of k,, -+ ky to be the components,
respectively, of vectors a®""** and g{***"** in
the [(2k, + 1) --- (2ky + 1)]-dimensional rep-
resentation space of the direct-product representa-
tion of the three-dimensional rotation group. Let

gl o 3N TR L B 1
k k

be the decomposition of these vectors in terms
of their components o and 8{® in each of the

irreducible subspaces. Then

L¢ = Z (; L(k)a(k))mx,"-mNqu»: e Ykzvm)v)

Ty, eecky
Lxg+d= 25 [ZEY%™ + 6% m.ecem
ki, kN k
R
X Yk,m, e Yk]vm}v-

The existence of functions ¢ and 4 having the
desired properties is thus ensured by the existence
of solutions a® and 3* of Egs. (A3) and (A4).
These were established by Lomont and Moses.
This completes the proof of the theorem.
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The quantum electrodynamic formalism of Senitzky is developed so as to yield long-time differ-
ential equations for the time-average expectation values of electric field energy and excess molecular
population in a system composed of one resonant cavity mode, two-level molecules, and a dissipation
mechanism. The cavity-mode resonant frequency is essentially the mean molecular transition fre-
quency of either a Gaussian or Lorentzian distribution of transition frequencies. The intermolecular
and lattice Th and T time constants are assumed to be much longer than the stimulated emission
period. The field is coupled to either the electric or the magnetie dipole moments of the molecules.

Senitzky's papers are summarized and the relevant expressions for the Heisenberg field and mo-
lecular operators are listed. Modified time-average expressions are obtained for the presence of a
transient coherent driving field and perhaps an “off-resonance” molecular distribution of transition
frequencies. Time averages of the derivatives of various terms in the expected field energy are com-
pared to derivatives of time averages of those terms. Well-behaved differential equations are ob-
tained for the time-average expectation values of field energy and molecular excess population, justi-
fied on a long-time basis by the application of an intermittent similarity transformation. A differ-
ential equation for the time-average dispersion (second moment) of electric field energy is obtained,
which indicates that the relative dispersion tends to decrease during the pumping interval and in-
crease back to the thermal value during the emission interval. Energy transfer from pumping field
to molecules to the resonant field during the pumping interval is described qualitatively. The direct-
product form for the density matrix p = p(field) X p(molecules) X p(dissipation mechanism) is
justified by maximum-entropy inference. In conclusion, the equations of motion for the time-average
expectation values of field energy and molecular population are interpreted so as to explain the
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envelope modulation of a solid-state laser beam during the emission period.

I. INTRODUCTION

N this paper we present a detailed description
of the interaction between one quantized resonant
cavity mode of the electromagnetic field and an
assemblage of molecules, each of which has effectively
only two energy levels. The cavity mode may be of
either microwave or optical frequency w, and is
coupled not only to the molecules via either their
electric or their magnetic dipole moments, but also
to a stochastic dissipation mechanism in the walls.
With the exception of See. 7, the pumping field
is absent after the establishment of the initial
nonequilibrium distribution of the molecules among
their energy states. The molecular transition fre-
quency between the two energy levels is assumed
to be distributed in either a Gaussian or Lorentzian
fashion about a mean frequency wy = . The
wavefunction for the molecular system is taken to
be a direct produet of the individual wavefunctions
with a random distribution of their phases. Since
the T, or intermolecular coupling merely causes a
reshuffling of energy among the molecules all of
which are radiating into the field, this coupling
is not examined. The T,-coupling to the lattice
is neglected entirely in this first paper.
Perhaps the most important derivation in this
paper is a pair of second-order differential equations,
one for the time-average field energy at the natural

frequencies of the cavity as determined in a non-
linear way by itself and the time-average excess
molecular population, and one for the time-average
excess molecular population. This pair is valid for
arbitrarily long time intervals and implies conserva-
tion of energy between the molecules and the field.
“Time-average” means an average over many
periods of the field frequency « but during an
interval short compared to the time constant of the
empty cavity and the stimulated emission period.
Our equations are not analogous to the usual rate
equations for the amplitudes of the molecular wave-
function, so often assumed in semiclassical analysis
which neglects the perturbation of the field by the
molecules." Semiclassical analysis is often satis-
factory for gas masers and lasers but this paper is
primarily devoted to a description of the solid-state
phenomena. Nor are our differential equations the
result of evaluating commutators daccording to the
Heisenberg prescription with operator representa-
tions consisting of matrices unchanged by the
interaction. Rather, our equations are obtained by
solving the Heisenberg equations of motion for the
field and molecular operators by means of second-
order perturbation theory (in which terms quadratic
in the field-molecular coupling are retained and the

LL. I Schiff, Quantum Mechanics (McGraw-Hill Book
Company, Inc., New York, 1955) 2nd ed., Seec. 35.
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second-order field energy terms grow as t°). The
resultant equations, valid for an arbitary short-
time interval (long compared to the interval of
time averages) are then interpreted over the entire
interval during which stimulated emission occurs.
Philosophically our analysis is similar to that of
Wangsness and Bloch,” who obtained a set of first-
order differential equations for the elements of the
reduced density matrix for a statistical ensemble
of nuelei.

Our differential equations apply to time-average
field energy and molecular excess population as
averaged over an ensemble of similar systems. In
order to show how well they quantatively describe
an individual member of the ensemble we also
examine a differential equation for the dispersion
of electric field energy ¢, defined as (3¢2),, —
({3, ).a)®, where subscript ta denotes a time average.
It turns out that the dispersion which is 2({3€,):.)
in thermal equilibrium tends to decrease during the
pumping interval and increase back to the equilib-
rium value during the subsequent emission interval.
(We can analyze the dispersion at the natural
frequencies of the cavity independently of the dis-
persion of the pumping fields, according to sub-
sequent remarks.)

One might think that the application of second-
order perturbation theory successively over a large
number of short-time intervals would unavoidably
introduce an increasing cumulative error in the
time-average expectation values of field energy and
molecular population. That this, in fact, does not
occur is shown by employing an “intermittent
similarity transformation” to the molecular op-
erators at the end of each short-time interval.
This similarity transformation restores the dipole
moment and molecular Hamiltonians to their initial
off-diagonal and diagonal forms, respectively, so that
the perturbation analysis can be repeated for the next
interval. Of course the transformation must also be
applied to the density matrix for the system-—which
is assumed to be in the direct-product form of
p(field) X p(molecules) X p(loss mechanism) accord-
ing to maximum entropy inference’—thereby
obliterating the details of p(molecules) even though
it does not change the expectation values of molec-
ular operators. A further transformation must be
applied to p(field) in order to establish continuity
of the expectation values of field operators, consisting
of zeroth-, first-, and second-order portions, at the

2 I% K. Wangsness and F. Bloch, Phys. Rev. 89, 728
(1953).
3 E. T. Jaynes, Phys. Rev. 108, 171 (1957).
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end of one short~time interval with the corresponding
expectation values at the beginning of the next
interval, of zero-order only. But the individual
elements of p(field) and p(molecules) are not impor-
tant because the equations for the time-average
expectation values of field energy and (fortunately)
of electric energy dispersion do not involve them.

Our analysis is an elaboration upon the work of
Senitzky, whose many papers on the subject of
induced and spontaneous emission in a coherent
field will be summarized in the next section.

2. SENITZKY’S ANALYSIS OF THE FIELD-
MOLECULAR INTERACTION

In a series of advanced papers on the subject
of induced and spontaneous emission in a coherent
field, Senitzky has furnished a quantum electro-
dynamic description of the phenomena which is a
logical and relatively thorough extension of Ein-
stein’s derivation® of the spontaneous and induced
“4’ and “B” coeflicients for a single molecule in
a thermal field. An important assumption in his
perturbation treatment is that of resonance of the
molecular centerfrequency with the cavity-mode
frequency: wy = w. Later we shall liberalize this
condition somewhat.

In Part I° of his series he considers the inter-
action of one coherent, resonant, lossless-cavity mode
with a number of molecules all with the same
transition frequency between two energy levels equal
to the mode resonant frequency. The molecules are
coupled to the field (but not among themselves or
to the lattice in his series of papers) via their electric
dipole moments and both field and molecules are
treated quantum mechanically in the Heisenberg
framework. Expressions for the coherent and in-
coherent portions of the field strength and field
energy are derived by means of second-order
perturbation theory. The coherent portion of the
field has predictable phase; the coherent portion
of the field energy arises from the square of the
expectation values of the field amplitudes. Terms
in the expressions for field amplitudes and energies
are identified as representing either induced (propor-
tional to a field strength or its square) or spontaneous
emission. The field energy is found to consist of
the following portions [Eq. (18) of Ref. 5]: an
energy due to the initial field; induced coherent
energy growing as N¢® for wt >> 1, N being the
number of molecules and ¢ the time; another portion
of induced coherent energy depending upon the

¢ A, Einstein, Z. Physik. 18, 121 (1917).
8 I. R. Senitzky, Phys. Rev. 111, 3 (1958).
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initial phases of the various molecules; a spontaneous
coherent portion growing as #* and dependent upon
the number of molecules in the upper energy state;
a spontaneous coherent portion proportional to &
but dependent upon the phase distribution of the
molecules; and, finally, a spontaneous incoherent
energy growing as ¢° and dependent upon the number
of molecules in the upper energy state. For the
situation in which all the molecules are originally
in the upper energy state the ratio of induced
(coherent) energy to spontaneous (incoherent)
energy remains constant, for wt 3> 1, at (E:/8w)/h,
the equivalent number of photons in the cavity
E%/8n being just the classical driving-field energy.
Lastly, correlated vs uncorrelated states are dis-
cussed for the molecules with respect to spontaneous
emission.

In part II° of the series Senitzky extends the
analysis to allow for interaction of the fields of the
one cavity mode in resonance with the molecules
with an ensemble -of loss dipoles in the walls.
Initially, the molecules are absent and the inter-
action of the electric field operator amplitude P
(@ for the magnetic field) with the loss dipoles is
discussed. The integral equation is obtained for P
(averaged over the loss-mechanism states) as driven
by the coupling operator, where the latter is driven
by the loss-dipole Hamiltonian which, in turn, is
driven by the electric field coupled to it. It is shown
that the effect of the loss mechanism is not only
a linear dissipation term in the equation of motion
for P and @, but also a stochastic “drive’” of these
operators by the incoherent coupling operator
(F(@)). As a result, the expectation values of
the field operators with respect to the loss mechanism
are not affected by F” but the expectation value
of the field energy contains an incoherent (induced)
thermal portion which is just hw(é"“/*” — 1)™" after
the transient has died away. The commutator
[P, Q] = —1kh through second-order terms in the
perturbation theory, and the zero-point energy
remains 1%w for all time as it must,.

Senitzky’s paper II continues with the introdue-
tion of the molecules into a driven field, the transient
cavity field and transient portion of the driving
field having decayed away. The complete Hamil-
tonian now consists of field energy, field-dissipation
and field-molecular coupling energy, loss-mechanism
Hamiltonian, and molecular Hamiltonian. The
Heisenberg integral equations of motion for P(t)
and Q(¢) and the other operators are developed as

¢ T, R. Senitzky, Phys. Rev. 115, 227 (1959).
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a power series in the field-molecular coupling co-
efficient. Expressions for the zeroth-, first-, and
second-order portions of P and @ (the second-order
portions being integral expressions of the zero-order
cavity electric field, including the thermal field)
are developed for time ¢ > 0 and, from them,
expressions are obtained for the electric and magnetic
field energies through second-order terms. The result
is a zero-order field energy containing driving field,
zero-point, and thermal portions, a first-order field
energy which has no expectation over an assemblage
of molecules with random initial phases, and a
second-order energy consisting of two parts. The
first part is spontaneous and incoherent, becoming
proportional to the number of molecules in the upper
energy state as the transient e ¥ term goes to zero;
the second part consists of an induced coherent
portion and an induced incoherent portion due to
the thermal field. For 8¢ > 1 the spontaneous-
emission energy approaches a constant, the coherent
induced-emission energy tends to grow linearly with
the time, and the incoherent thermal energy ap-
proaches another constant. The molecular Hamil-
tonian is also studied through second-order terms
and various statements are made about the induced
and spontaneous emission.

In paper III,” the results of which appear below
for reference in our paper, Senitzky extends the
analysis of the first two papers to include a molec-
ular frequency spread. Each molecule, uncoupled
to others and to the lattice, has two well-defined
energy levels E,, and E,, and the transition fre-
quency (E,.. — E,.)/k has a Gaussian distribution
centered about the cavity resonant frequency. The
phase of the molecular wavefunctions is random.
The cavity driving field remains a coherent classical
electric dipole of frequency equal to the cavity
resonant frequency and transient fields have died
away. Those portions of the field energy resulting
from induced and spontaneous emission initially
increase as #°, but approach steady-state values
after transient periods (usually different) determined
by two time constants: cavity relaxation time and
inverse molecular-frequency spread. Both the
induced and spontaneous emission powers radiated
by the molecules initially increase linearly with the
time and approach steady-state values after transient
periods. The ratio of coherent induced to spontaneous
field energy approaches a steady-state value which
depends upon the ratio of ecavity bandwidth to
molecular frequency spread. [See our Eq. (21).]

7 1. R. Senitzky, Phys. Rev. 119, 1807 (1960).
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The important expressions from Senitzky’s paper
III" are now listed. The Hamiltonian for the system is

3 = (zmﬁ + g Qz) + 225+ 2%,
+ 4ncP[U 20 F; +u 2 va + Dus] (1)

in which the first two terms are the field energy,
3¢; and 3¢, are the Hamiltonians of the jth loss
dipole and mth molecule, U measures the strength
of the electric-field-loss-dipole coupling, « measures
the strength of the electric-field-molecule coupling
(E = —4xcPu), and D is the prescribed classical
drive

D = D, sin (wt + 6). 2
The electric and magnetic fields are
E = —47cP(ulr), H = Q(H)V xu,

with the patterns normalized as

(3a)

fuz(r) d=1, f (V xw)dv =K, & =aw/e. (3b)

For electrie-dipole coupling, it is convenient to let
u be dimensionless; for magnetic-dipole coupling
it is convenient to specify the patterns differently
according to subsequent remarks. The zero-order
uncoupled portion of F;, denoted F}"!, is represented
by an off-diagonal matrix which need not be quoted
here®; the zero-order molecular operators are rep-
resented by

—iwmt
71[:”(0 = '7[ 0 ¢ J ’ chlfl = Em‘ 0 ] ’ (4)
e“™ 0 0 E,,

for molecule m. The wavefunction for the total
system is taken to be of direct-product form,

¥ = y(dissipation)y(field) Y ¥,

\llm = am1¢wzl + am2¢m2y

(5)

with a random phase distribution among the a,.:.

After obtaining the Heisenberg equation of motion
for the operators, forming integral equations for
P(t) and Q(f), averaging them over the states of
the loss mechanism, and forming second-order
differential equations for the averaged P and @,
the solutions are (see the end of this section for the
expressions for operators P and @ appropriate for
magnetic-dipole coupling between field and mole-
cules)
Pp(t) = (wup/cB)D, cos (wt + 6)

= Py, cos (wt + 6), (6a)

8 1. R. Senitzky, Phys. Rev. 119, 670 (1960).
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t
P(t) = _::3 U Zf dtlF',Eol(tl)e_*ﬂ“"“)
X sinw(t — ), (6b)
t
P, = —-cg’u, Zf Aty (t)e et
m 0
X sino(t — t),  (60)

for the driven, loss-mechanism, and molecular-
induced portions of P, respectively. @ can be
obtained from the equation of motion

P = —('/4rd)Q. @)

8 = w/Q, is the dissipation constant, @, being the
cavity quality factor or the inverse of the empty
cavity bandwidth.

P (as well as @ and v,,) is expanded in ascending
orders,

P(t) — P[ol + P[l] + P[21 4+ ... , (8)

where (P!*'), as averaged® over the direct-product
wavefunction of Eq. (5), is

(P*'(t)) = (Pp + Py) = Py, ©)
because of the random phase of the loss dipole
operator Fi” in Eq. (6b). P! = P ~ [yl (¢,) dt,,
according to Eq. (6¢) and P! = PI*1 ~ [y (8)dt,,

m
where v!!' as a solution to the equations of motion

for itself and 3¢,,(¢) is

¢
vn () = S—nglm f dtP(t) sinwa(t — t,) (10a)
0

o)
01
(Im> = ‘ptlIm‘pm = _|am112 + |am2|2-

Evaluation of these operators yields, for the
time-average ensemble average over states of the
loss mechanism and the N molecules,

I, =
(10b)

(PM(®) =0, (11a)
(P (e = @r/BR)e’y* N(L ) Po()F,(1),  (11b)
with
Fy(t) = f‘dtle""“""
— i f Cdnet e (1)

9 The { ) denote an ensemble average at a given time with
respect to the total wavefunction ¥ of Eq. (5). Since ¥
remains in direct-product form in spite of intermittent
similarity transformations, operators which are integral
expressions of the zero-order molecular operators are averaged
with respect to both > ¥m and y (dissipation) while operators
which are integral expressions of zero-order field operators
are averaged with respect to ¢ (field) and y (dissipation).
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{I.). is the time-average population difference of
Eq. (10b) for those molecules of transition fre-
quencies w,, = w. Parameter « measures the spectral
width of the Gaussian distribution in transition
frequency w,,

P(wm) = N(a/ﬂ'%) exp [_aZ(‘-"m - w)2]) (123)
which is normalized as
f pon) duow > [ ple) dan = N,
0 -0
N is total number of molecules. (12b)

For the expectation value of field energy, we
require the following ensemble average:

<P2> = <P[0]2> + (P[”2> + <[P[0], P[11]+>
+A(P, P, (13)

where [A, B], = AB + BA. The expansion for
Q’ is similar. The result is

@sias) = (31 + (31), (14a)
@61, = B3 /87 + S + ho(@*" — 1),  (14b)
@ D) = “GT NEBLIFA(D)
+ %’fmfyz [l + Tyuf@IF(),  (140)
with

f(T) = 14 26" — 17, (15a)

¢
Fal) = [ dpeersemon
0
¢
- e‘ﬁ‘f dte™ /4t (15b)
0

The first portion of (¥!*') is induced and coherent;
the ¥, portion can be decomposed into an induced
thermal (incoherent) portion proportional to
(€"“*" — 1)"! and a remainder which is spontaneous
and incoherent.

The basic equations for the molecules are

> (se,) = —4mcu D, (Py,) (thedot is d/dt), (16)

the first-order portion of which is

2Ry = —dmweu 25 (PUYR),  (17)
which has no expectation over the assembly of
molecules with random phases among their wave-
functions. The second-order portion evaluates
conveniently as

R. M. BEVENSEE

— 2 (3 = —2meu 2 ([P, 7n'1u)
+ (P™, 3]0} = 5T NEL (L))
+ 2n(@A)NL + (L)l D)), (18)
with
f®) = f ' dte™" ', (19a)
RO = [ "t (19b)

The f, portion is induced; the f, portion can be
decomposed into thermally induced and spontaneous
parts.

Examination of the double-integral expressions for
the various portions of the field energy indicates,
after differentiation with respect to time, that the
induced coherent power flow into the total field is
exactly that from the molecules less the amount

L N )T

1 i1
X f dt, [ dtzeiﬂt,e—(z,-t,)’/m’; (203)
0 <0
the induced incoherent power flow due to the thermal
field and that part of the spontaneous power flow
due to molecular dipole moment fluctuations is less
into the total field than from the molecules by an
amount

2n () N{Ln)uef (1)

t 1 2%
X f dtl[ dtzee}ﬁ(tﬂt.)e—(t:—tz)’/4a’; (20b)
(1] 0
and the remainder of the spontaneous power flow
due to vacuum fluctuations is less into the field
than from the molecules by

mB(wuy)’ Ne ?

1 t
X f dt, f dteHf 10T (i) dar (20¢)
0 0
Expressions (20) represent the time-average power
flowing into the dissipation mechanism.

The important conclusions of Senitzky’s paper I11
may be summarized as follows. The ratio of induced
(nonthermal) to spontaneous energy, with the mole-
cules initially in the upper energy state, approaches
the steady-state value of

2n _ EL /8«

exp@A —erfr)’ "7 he

photons in cavity,

(1)
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with
cavity bandwidth
molecular linewidth

Fof.

“erf” stands for the error function. The narrower
the frequency spread of the molecules the larger
is the induced steady-state power emitted but the
longer the initial transient period becomes, with
the result that the steady-state expression for
induced field energy or induced transition prob-
ability may not be applicable.

In Senitzky’s paper IV, to which we do not
refer further in this paper, the perturbation restric-
tion upon the field is removed and each molecule is
assumed to radiate only slightly during the inter-
action time as in a molecular beam maser. Two
different molecular distributions in transition fre-
quency are considered, as well as several types of
driving field. The molecules are presumed to be
initially in an emissive state.

The foregoing equations are appropriate for
electric-dipole coupling with the field. The modifica-
tions for magnetic-dipole coupling are rather trivial
provided no dec magnetic field is present. If this is so,
4wcPu ), v., of Eq. (1) is replaced by @ > vuV xu,
v NOw being the magnetic-dipole moment, where-
upon Eqs. (6) and (7) are changed to

QF(t) = dxcl Z‘/ dtll(v’l.ol(tl)e—iﬂ(t—h)

X cos w(t — &), (22a)
m 0
X sin w(t — t,), (22b)

and the expressions for P satisfying the operator
equations of motion for P and @ are

Pp(t) = Pp, cos (wt + 6), (23a)
Pc(t) = _Zi’ U Zf_ dtlF}O](tl)e‘”““"
X sin w(t — £,), (23b)

¢
P, = — Z j; dtrya(t) -V xye ¢TI

X [——%-sin w(t — t,) + cos w(t — tl):l . (23¢)

Only the component of v, (magnetic) parallel to
the magnetic field pattern V x u is relevant.
Equations (22) and (23) cannot be transformed

19 T. R. Senitzky, Phys. Rev. 123, 1525 (1961).
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identically into Eqgs. (6) and (7) by means of ap-
propriate changes of variables. However, Senitzky’s
expressions—and the expressions in our paper—for
time-average energies and powers also describe
(except for terms proportional to 8) those energies
and powers for the case of magnetic-dipole coupling
if the following changes are made:

y(electric dipole) — y(magnetic dipole)
P — (w/47c")Q, Q — —(4nc’/w)P,
u — (¢/w)V xu.

Differences between the 8 terms of the electric-dipole
and magnetic-dipole expressions are due to the fact
that the electric field couples to the loss mechanism
in both cases.

@9

3. MODIFICATIONS TO ACCOUNT FOR TRANSIENT
DRIVING FIELD AND AN “OFF-RESONANT”
MOLECULAR DISTRIBUTION

We are primarily concerned with the equations
of motion for field and molecular operators after
the pumping source of power has been turned off
and the stimulated emission of radiation has begun.
Consequently, we must modify the work of the
preceding section in order to provide for a transient
rather than a driven coherent field. One resonant
cavity mode still interacts with the molecules, each
with only two energy levels, and the distribution
in their transition frequencies may be either Lorent-
zian or Gaussian but the mean transition frequency
wy 1s allowed to differ from w, the resonant frequency
of the cavity mode. In order that {I,) be a slowly-
varying funection of frequency and the analysis be
accurate, we require w =~ wy in the sense that
(YuBr/B)? > (0 — wy)®, B, being +/2 times the
root mean square (rms) value of the electric field.
The necessity of this condition becomes evident
after a study of the molecules driven by a classical
field (see Sec. 7). Our equations will be written
for electrie-dipole coupling, but the ensuing expres-
sions for time-average energies and powers will also
be valid for magnetic-dipole coupling provided the
changes of Eq. (24) are made.

The driving terms proportional to D in Egs. (1)
and (6a) are now removed. Otherwise, Eqs. (3)—(8)
remain valid. In order to simplify the ensuing
formulas and make some of them correspond to
analogous expressions for Brownian motion,"' we
introduce now the following definitions for the
remainder of this paper:

1t G. E. Ublenbeck and L. S. Ornstein, Phys. Rev. 36, 823
(1930).
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p = —(@rc’ /)P, (25a)
g=Q, (25b)
4rcUF™ (1) = A(). @50)

p corresponds to position and ¢ to velocity of a
particle performing one-dimensional Brownian mo-
tion under the action of a stochastic force A(f).
With these new variables, Eq. (9), modified for the
presence of a coherent transient in place of a driving
field, reads

@) = GV + ) = GV, (@)

p® to be specified in a moment. Equation (10)
remains valid when written in terms of p of Eq.
(25a) and we begin the modifications with Eq. (11).

The zero-order decaying field in the absence of the
molecules obeys the following differential equation:

) + 8" + P = A(Y),  (27a)
along with
¢ =p. (27h)
The solution is
plol(t) = p(o)(t)e-%ﬂt + wl—l f A(tl)e‘““'“)
)]
X sinw(t — t) dh,  (28a)

t
00 = O + ot [ A
0

X [—(B) sinw,(t — 1)

+ w; cos w(t — t)] diy, (28b)

where
p () = [(Bps + 2¢0)/2w,] sin w,t + P, cosw,f, (29a)
¢ = —[2w’Po + Bgo)/2w,] sin w, ¢

+ qo cos w,t, (29b)

(29¢)

We retain the small 8 term in Eq. (28b) in order
to describe exactly the time-average expectation
values of zero-order energies and powers. We neglect
the slight shift of resonant frequency from w to w;,
though the validity of the analysis depends upon
wy being sufficiently close to w, according to the
foregoing remark. The rule is: if an integral expres-
sion contains exponential factor(s) representing
relaxation, then w in the trigonometric terms is
actually w,.

Evaluation of p"!, p'*, ¢'1, ¢, 41}, and 3e{¥
proceeds in the manner described in Sec. 2 except

o] = o — 16
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that p'” is given by Eqs. (28a) and (29a). The

expectation values of p*' and ¢, as well as of
[P, p']. and [¢"", ¢'*'], in the field energy,
depend upon an ensemble average over the mole-

cules of a molecular function proportional to matrix
I, of Eq. (10b); the average over a Gaussian dis-
tribution in transition frequency is performed with
respect to the molecular density function of Eq. (12),
ag, for example,

(1, sin wn(t — 1)
= f dwmp(wm)(lm) sin w,(t — 1))

= N<IM>M6_(‘_h)’Ma’ Sil’l wM(t - t1)7

in which

(30a)

(30b)

Henceforth we shall write (I,)x as simply (I},
the time-average excess molecular population at
centerfrequency wy.

For a Lorentzian distribution,

pulon) = (@/26) Gy

Idu = |me|* = |@m|* a8t wu.

@31)
f PL(wm) dw, = N;

with respect to which the expectation of Eq. (30a)
would be

DAL sin w,(f — 8,)

= NIywe " sinwont — &). (32

To convert from Gaussian to Lorentzian distribution
in the ensuing formulas, we need only change the
exponential factor from that in Eq. (30b) to that
in Eq. (32).

The various orders of field operators, averaged
over the molecular ensemble (but not averaged
over the loss mechanism), evaluate as

@' ) = 0, (33a)
@ D) = (@rue/R)y*N(I)
) 2¢, o
X [(éﬂ%{l_) Fs(t) - poF4(t):| - Sﬁ‘l;_l‘y
X N(I) fo dt, fo dt, fo At A(t)
X e—%ﬁ(:—sne—;ﬁ(t,—:.)e-(:,—e.)=/4a'
Xsinwy(t, — t)sinw(t — ¢)sinw(t, — ), (33b)

(@' = 0, (34a)
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(g™ () = ) gy

8ps + 2qo) ] _ Sr(wwt)
X |:< % F, + poF?. T

X N(I) fo Ca, [0 " fo " LA

X e—}ﬁu—t,)e—iﬁ(t.-me—(:.—t.)=/4a=

(34b)

in which

¢
Fu®) = ¢ [ aner et — )

X sin wyn cos w(t — 1), (35a)
?
Fi() = & [ anrriet(e — o)
1]
X sin wyn 8in w(t — 7). (35b)

The fluctuation or A portions of Egs. (33b) and
(34b) are best kept in integral form for the evaluation
of the time-average thermally induced portions of
the field energy.

The time average of the zero-order electric-energy
expectation, denoted (3!°'),,, including thermally
induced energy, is

5.7 M 0, 2 (0]

4 1 2 2 . g
- sa () a)e

+ Bl + 2647 — 1A — &),

(36)

with the help of Eq. (28a). The zero-order magnetic
energy is identical.

The first-order time-average electric (or magnetic)
energy due to the molecules is spontaneous,

4 t t
o 112 1 ~\2a7,—Bt
oy (0O = drang)'Ne fo dt, fo dt,

X e‘}ﬂ(h+h)e—(h—h)’/4a’

cos (w — wy)(ty — ).  (87)

The (p'"'p"') portion of the electric energy
proportional to (P®) in Eq. (13) is zero if the mole-
cules have random initial phases; the remaining
second-order portion evaluates as follows. The
second-order electric energy consists of two portions,
one induced by the coherent decaying field and
denoted by subscript “0” and the other induced
by the thermal field, denoted by subseript “A”.
The time average of the first portion is, according
to Eqs. (28a) and (33b),

EMISSION OF RADIATION. I 315
ot
87!'62 <[pé01(t), pfllﬂ(t)]+)tn
_ w5u272 —at<<6po + 2%)2 2>
= 3 NiDe 20 T e
t N
X f dt, f dtetfmte
0 0
X e—-(t;—t,)’/4a’ cos (w - wM)(tl — tz). (38)

The time-average value of the second or thermal
portion is, according to Eqgs. (28a) and (33b),

4
(O]

gz (00, P (O] )
= —Ln(wuy)’ N ™
X ft dt, fh At ettt gm tamta) /aar
0 [}

X eos (@ — wu)(t; — B){e — 1
+ (eﬂ“ - ém)tsztn}- (39)

Terms smaller than those in Egs. (39) by the factor
B/w have been dropped. The time-average second-
order magnetic energy is also given by Egs. (38)
and (39). The very last term in Eq. (39) is only
present if { < 2¢, because of a pecularity in averaging
over the states of the loss mechanism, explained
as follows.

To evaluate the anticommutator in Eq. (39),
as given by a 4-fold integral obtained by using
Eqgs. (28a) and (33b), we must average over the
loss-mechanism states a double integral of the form

ft dto f" dt3<[A(to), A(t3)]+>eiﬁ(t.,+,,)

X sin ot — &) sinw(t, — &),  (408)
in which®
([At), A(t)]4)
= Ay D e " |Aul* 2 cos wulte — ). (40b)
ik

A, is the normalizing factor for the diagonal density
matrix of the loss-mechanism states and |4, is
the matrix element connecting states 7 and k. Upon
converting to the variables

= to + t37 (41)

that portion of Eq. (40a) evaluated over region III
of Fig. 1 involves the double integral

t+ita
[
t {—2t,

Xsinw [t — 3(¢ + Nl sinwlt, — 3 — 7).

7l=to_‘t3;

Py
dnet®™ cos wan

(42)
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]
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After integrating this over 5, it becomes apparent
that one of the terms to be averaged over the loss-
mechanism states before integration over the { range
is proportional to

e sin (wa — )& — 26)/(wi — @),

so that the { integral must be split into two portions
depending on whether or not { < 2¢,. As a result,
the last term in Eq. (39) is only present if ¢ < 2t,.

Equations (37)—(39) are written in forms which,
when differentiated with respect to time, become
equal (except for small terms proportional to )
to half of the following three portions of the time-
average power flowing from the molecules, respec-
tively,

> ("' (®), 7 (§) ), sPODEanCOUS,
2
WU .
——éz-- Z ([p})m, ’Y[nl-(]) +>ta’
2 [P, YAl Ve

The rate of increase of time-average magnetic
field energy, (w’/8wc®)(q°).. accounts for the re-
maining half of the molecular power flow.

Equations (37)—(39) may be integrated once with
with respect to the variable { = #, + ¢, of a trans-
formation like Eq. (41).

coherent induced, (43)

thermal induced.

4. TIME AVERAGES OF THE ANTICOMMUTATORS

Since the operation of taking a time average is
not usually interchangeable with differentiation with
respect to time we now list the various time averages
of derivatives of expectation terms in the field
energy. The expectations of various commutators
are taken with respect to specified p, and ¢, at the
start of the time interval of interest. p, and ¢, may
be regarded as operators which measure the initial
time-average electric (or magnetic) energy and its
rate of change. We know by the formal correspond-
ence of Eq. (27) with the equations for Brownian
motion that

(@/dKps"" N = /AP, 44)
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and similarly for ¢/°'?, including all 8 terms. For

the derivatives of the zero-order thermal energy,

(d/dt@lliom»ta = _ﬁ<p£10]2>ts = d/dt@-[io}z)ta) (45)

and similarly for ¢'*'? [refer to Eq. (36)].
The derivatives of spontaneous energy terms have
time averages determined by

@/dp"™"))ea = —BP" " )uay (46a)
@/dKg"™" N = 2(d/d1)(q"*)a + Bterms.  (46b)
For the second-order induced powers we find
@/dK[ps” (1), 6" (D] Nea = —Bpa" s 16”14 )eay  (472)
(d/dg5", 95" T+ D)en = 20/ 05", ”'N4)ay  (47D)

in which the approximation becomes an equality
if w, = wy. Also,

(d/dt<[P‘[40], pxlizl +>)tn = terms o« B; (483')
(d/dt<[q[40]; 91[42]] Nta
= 2(d/di)[g¥", ¢ +)ia + terms « 8. (48b)

Since (w’p*)ia = (¢°).a because the zero-order
spontaneous, coherent-induced, and thermal-induced
portions are separately equal, we see from Equations
(44)-(48) that the time average of the derivative
of total field energy

(©*/8r) A/ + ¢))en

is identical, except for the 8 terms, to the derivative
of the time average of total field energy. The
identity holds for the separate portions of the
total energy.

5. EQUATIONS OF MOTION FOR THE TIME-AVER-
AGE FIELD ENERGY AND MOLECULAR EXCESS
POPULATION

We now obtain a second-order differential equa-
tion for the time-average electric field energy
W, = (3.)., given by the sum of Eqgs. (36)-(39).
These expressions give the development of W.(?)
from some arbitrary reference time ¢ = 0. A first
derivative yields
W.(t) = W.0)e " 4 power flow

from the molecules at time ¢. (49)

Notice the coherent-induced portion of the molec-
ular power flow, Eq. (38), is proportional to

10 g 2 (e 20Y 1 i) - oo,

in which (I(0)) is, by definition, a time-average
ensemble average. The thermal-induced portion,
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given by the derivative of Eq. (39), is proportional
to £ and so it is negligible during an extremely
short time interval for which Eq. (49) is written.
Upon differentiating Eq. (49) once more and chang-
ing {(I(0))W.(0) to {I(£))W.(t), we obtain the equa-
tion of motion for time-average field energy at the
cavity resonant frequency during any short-time
interval,

W) + BW, = =(wuy’N
X [@/ha){IO)W (1) + 1], (50)

This remains valid even though (I) is driven by
a pumping field at a steady-state frequency.

We now claim that Eq. (50), properly interpreted,
serves to describe the behavior of W,(¢) during the
whole interval of stimulated emission. Recall first
of all that Eq. (49) was obtained according to the
time development of the field amplitude and energy
operators dependent upon the explicit forms of the
zero-order operators only insofar as !’ and e[’
were off-diagonal and on-diagonal, respectively.
During a short-time interval, they acquire diagonal
[Eq. (10a)] and off-diagonal’ components, respec-
tively. Now a similarity transformation exists, as
discussed in Appendix A, which we can apply to
v.(t) and 3¢,(f) at the end of the brief interval to
restore them to their original forms. Of course the
same transformation must be applied to all the
other operators, including the system density
matrix of direct-product form, but the transforma-
tion does not affect the field operators and, although
it does transform p(molecules), it does not affect
any molecular expectation values such as (I,) =
trace (pnl,), With p,., = |a,.|° and pn; = [a@,.)°
of Eq. (10b). So we claim that if this so-called
intermittent similarity transformation is applied to
the molecular operators at the end of each short-time
interval, the analysis which led us to Eq. (50) can
be repeated for the next short-time interval, ad
infindtum. It is important to realize that the details
of the field portion of the density matrix, p(field),
are also lost in this process because p(field) must
also be changed at the end of each interval in order
that the expectation value of each field operator
match the zero-order expectation value in terms
of the new density matrix at the beginning of the
new interval.

Equation (50) states the correct thermal equilib-
rium relationship between (I) and W.. In equilib-
rium, W, = 0and p,, = € " om1, o = hw/kT, so that

<I>equi1 = (_PMI -+ pM2)equil

= -l =D/ + 1], (5la)
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while

(We)equil = %h‘*’ + %hw/(ell- - 1)

= tho(e* + D/ — 1],  (51b)

so that the right side of Eq. (50) is indeed zero.
We believe that the correct equilibrium solution
of Eq. (50) is an important verification of the entire
analysis leading to it; Eq. (50) is based upon a state-
ment of the rate of change of field power during
an arbitrary short-time interval, and its thermal
equilibrium solution merely gives a relationship
between the equilibrium values of (I) and W.;
but this relationship ¢s the correct one.

Along with Eq. (50) we can obtain a second-order
differential equation for the time-average molecular
excess population, as follows. We observed in Sec. 3
that the derivative of the time-average electric
energy, excluding initial energy, is precisely half of
the time-average power flowing from the molecules
during an arbitrary short-time interval:

(d/dt)W, (spont + second-order induced)
= - ; ("icrn>ta'

The left side is obtained from Eqs. (37)-(39) with
respect to the initial values of (I(0)) and W,.(0).
Upon differentiating Eq. (52) once, and changing
(Z(0)) and W,(0) to {I(¢)) and W,(¢), for an arbitrary
short-time interval we obtain

(52)

2 3 et = 2lenaYN

x|[Laowo+1], o

which implies conservation of field plus molecular
energy except for the 8 decay in Eq. (50).

(I(t)) appears in both Eqgs. (50) and (53) ; therefore
we shall convert the left side of Eq. (53) into an
expression involving (d°/dt*){I(f)). First, we say
that the left side should be identical when interpreted
in the Schrédinger framework, viz.,

Z <3ém)ca = N(PMI:"CMX + PM2:’.CM2)

= N(leEMl + pMZEMZ) Schrodinger) ('54)

an expression which serves to define the Schrédinger
time-average populations pu;(¢) and pu»(f) in energy
levels 1 and 2 of the average molecules with transi-
tion frequency wy. If we define a convenient param-
eter n to measure the fractional excess molecular
population,
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n(t) = (pMB(t) - 1/2) Schrodinger

(a time-average quantity).  (55)

Equations (50) and (53) can be written as a pair
of nonlinear differential equations for the (time-
average) W, and n:

W) + W,
= 7(wuy)’ N[B/whn(t)W () + 1]
= —3iNhwyti. (56)

Equation (56) is the most important result of this
paper, valid when the electric-field pattern u
parallel to the electric dipole moments of the
molecules (or the magnetic-field pattern V xu if
coupling to the magnetic dipole moments is relevant)
is uniform over all the molecules. The interpretation
of BEq. (56), which furnishes a discription of envelope
modulation in a laser beam emitted from a cavity
many wavelengths long, is presented in Sec. 9.

The reader will observe that the parameter
(w0 — wy), the difference between the mode resonant
frequency and the molecular centerfrequency, does
not appear in Eq. (56). The factor cos (w—wwm)({,—12)
present in the integrals representing spontaneous
and induced emission [Eqs. (37)—(39)] disappeared
in the process of differentiating them twice. However
the assumption of (yE,/h)? > (0w — wy)® is implied
according to the remark in the first paragraph of
Sec. 3. If a pumping field is present, Eq. (56)
describes the behavior of the time-average electric
field energy at the natural frequencies =« -4 178
in terms of an excess molecular population which
may be determined by the fields at both those
frequencies and the pump frequency. These remarks
are elaborated upon in Sec. 7.

6. DISPERSION OF ELECTRIC ENERGY WITH TIME

The basic Eq. (56) for the time-average expecta-
tion values of electric energy W, and fractional
excess molecular population » describe an ensemble
of systems all with the same initial W,.(0) and
n(0). How well the equation for W, at the resonant
frequency o describes a given system depends upon
the dispersion D(f) of time-average electric field
energy, defined as

D) = ([36, — (3] Dia = (FD)ea — (Fo)ea)”
= (3. — W2. (57)

The smaller D(t) is with respect to W,(t) the more
accurately Eq. (56) describes a given system. It is
more convenient to describe the dispersion in terms
of p rather than 3¢, so we define a parameter d as
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d(t) = Bac’/w*)’D = (p") — (P"))’.  (58)

We shall now obtain a differential equation for d,
valid over an arbitrary time interval, by the same
reasoning which led to Eq. (56). This differential
equation, when compared to that for (p*). =
(8wc®/w*)W,, will indicate that the relative dispersion
D(f)/W? tends to remain less than the thermal
equilibrium value during the pumping and stimulated
emission intervals.

Expansion of operators like p*= (p'* +p"+p'?")*
and retention of terms no higher than second-order
(proportional to #* during a short-time interval)
yields

d(t) = {do(t) + 4ps"*Yp"*) + dun(t)
+ (2", [p0”, po*'1414)
— 208N, P
+ 4<p([)0]2><p[1]2>}u, (59)

in which the initial-value and thermal dispersions are

do®) = (") — ")) = €¥'d0),  (60a)
dth(t) = ((I)LOH> - ,[40]2>2)m
= 2(pl)’1 — ¢*)’,  (60b)

(p}) is for the thermal equilibrium field with a
Boltzmann distribution of photons. dy has been
evaluated by the reasoning presented in Ref. 11,
note I, for a particle in one-dimensional Brownian
motion. With Eq. (60) we can write the first three
terms of Eq. (59) as

[do(®) + 45" YPL") + dw(®].a
= ¢*"d(0) + Hp(0)")pin)le™™ — )
+ 2(pt)’ 1 — )2, (61)

in which d(0) and (p(0)*).. stand for time-average
values of these expectations at ¢ = 0. If there
are no molecules and the field is in thermal equilib-
rium, d(0) = 2(p%)’, (p(0)*)w = (p}.), and Eq. (61)
is just 2(p%,)°. The next term in Eq. (59) evaluates as

{<[p$0]27 [pthl y p([)2l] +]+> } ta
= Bmw’7"/BN(De > {d(0) + (p(0)*)’} .

] [
X f dtl f dt2e§B(t,—t.)e—(t.—c.)ﬂ/mi
0 [

X cos (w — wm)(t, — 1), (62)

This expression has been evaluated by expanding
the double anticommutator with regard for the
proper sequence of operators, employing Eq. (28a)
and the complete integral expression for p!* in



STIMULATED EMISSION OF RADIATION. I

place of Eq. (33), and then retaining only the
slowly varying trigonometric terms. The next term
in Eq. (59) evaluates as

{ —2(1)«[)0]2)“1750] ) pff] ]+>} ta
= —Brou’y* /BN ™ {({p(0)*)'} s

t t
X [ dt, f dtze%ﬁ(h—z,)e—(t;-t.)'/m’
0 0

X c0s (w — wy)(ty — ). 63)

The (p(0)*)° terms in Egs. (62) and (63) conveniently
cancel. The last term in Eq. (59) evaluates as

4 {82 = (@mcu/w) N7 (p0))ae™ ™"
X f‘ dt ft At gt ingm(amtat/ae
0 ! 0

X 08 (w — wu)(ty — t). (64)

We now substitute Egs. (61)-(64) into Eq. (59),
in terms of d(0) and (p(0)*).. as well as (I(0)).
Upon differentiating twice, using the relation

d(0) = —2Bd0) + 48(p(0)")ulPls),  (65)

and finally changing the argument 0 to an arbitrary
time £, we obtain the following differential equation
for d(1):

d(t) + 26d(t) = QXI(1)d
+ 48%(pl)((Pi) — PO*)a)
+ (e’ /0P ),
@ = Sru’7°N /.

(66)

Q has the dimensions of a frequency.

Equation (66) predicts an equilibrium dispersion
which is the thermal one, as may be verified by
Settmg (p(t)2>ta = <pfh> = (87"62/“’4) (We)equil and
doquin = 2(p%,)’, whereupon the right side of Eq. (66)
is zero just as the right side of Eq. (50) is zero.

We can describe the dispersion qualitatively with
respect to W, if (p()*)ea>> (P4 )and d(t) = ((p()*)ea)’,
such that only the first term on the right side
of Eq. (66) is important. Then Egs. (50) and (66)
read, the latter in terms of energy dispersion D,

W, + BW, = $25I@O)W.(1), (67a)
D + 28D = @*I@®))D(®). (67b)

Equations (67) describe the time-average electric
energy and dispersion of the “transient” fields of
complex frequencies =w + 378, which are independ-
ent of those quantities established by the pump
because the field operators of the transient fre-
quencies commute with those of the classical pump
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frequency. However (I()) will be determined in
general by both the transient and pumping fields.
Neglecting the dispersion of the pump fields, the
similarity of Eq. (67a) and (67b) descriptive of
conditions at frequencies 4w -+ 3i8 enables us
to say that, although D(¢) increases during the
pumping period when {I(¢)) is driven positive, it
increases by about the same factor as W (¢) increases
so that, at the end of the pumping period, the relative
dispersion D(t)/W.(t)* is actually less than the
thermal equilibrium value of 2. After the pump is
shut off both W, and D decay toward their thermal
equilibrium values, perhaps with some envelope
modulation to be discussed in Sec. 9, and the ratio
D/W? grows slowly back to the value 2.

Therefore we can make the important statement
that the relative dispersion, neglecting the pumping
field dispersion, remains on the order of or less
than 2 during the pumping and stimulated-emission
intervals, and hence the ensemble behavior of time-
average electric energy W (t) is qualitatively descriptive
of an tindividual system. This statement is true
when the pump operates directly between the two
mean-energy levels of the molecules, but it may not
be true in a three-level system for reasons discussed
in the next section.

7. EFFECTS DURING THE PUMPING INTERVAL

So far we have developed the equations of motion
for time-average field energy and excess molecular
population in the system isolated from external
excitation. We have described in Sec. 5 how the
equations of motion during an arbitrary short-time
interval can be interpreted as differential equations
over an arbitrarily long interval by imposing an
intermittent similarity transformation on p(mole-
cules) to restore the molecular operator matrices
at the end of each brief interval to their forms at
the beginning of the interval. p(field) must also be
changed for continuity of the time-average field
operators. Fortunately we need not keep track of
the individual elements of the density matrices in
order to follow the time-average expectations of
interest.

Now we let a pumping field be applied to the
system which includes only two-level molecules. In
most practical masers and lasers, the pump field
excites molecules into a third level through a transi-
tion frequency higher than the mean radiative
transition frequency ww. However, our equations
for a system of two-level molecules, field, and dissipa-
tion mechanism is not directly applicable to a
system in which a third level is used for pumping
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purposes because of assumptions made early in the
analysis about the forms of y!' and 3¢['. These
2 X 2 matrices are off- and on-diagonal, respec-
tively, and solutions of the Heisenberg equations
of motion yield first-order v!*! and ! which are
strictly on- and off-diagonal, respectively. Such is
not the case in a system including three-level
molecules, for which v!?’ has matrix elements be-
tween all pairs of levels. ¥!!' is then a full matrix,
which implies the expectation values of first- and
second-order field and energy operators, as well as
of the molecular power, must be recalculated and
provision made for the presence of a classical pump-
ing field. The equation of motion for an element
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of ! connecting two energy levels now depends
upon the elements of v"' and ¥!!' connecting other
pairs of levels. In view of the complexity of the
solutions for "' and %!, we shall discuss the
system of three-level molecules no further in this
paper.

Now assume that a high-level pumping field
E, cos wyt is applied to the molecules of wy = w;,
during the interval when the “transient” field at
frequencies 4w -+ %¢8 is negligible. The ensuing
remarks will apply equally well for magnetic dipole
coupling in a solid-state medium. The semiclassical
and “neoclassical’”’’”'** analyses predict a behavior
of 7,(£) = (oma(®)) — % = {|@me|*) — % for a molecule
of transition frequency w,, given by

_ (@ = @)° + (vuBo/B)? cos {[(wn — &)’ + mmmzm}
() = ”’"‘“’){ (@n — @0, + (vuBo/B) A

In order that our assumption be valid, namely,
that {I,,) = 2n,, is a slowly-varying function of w,,
we must have (v.E,/5)° > (molecular linewidth)®,
and this implies a simple harmonic motion of n
with the frequency of nearly v, F,/#. This is precisely
the behavior predicted by Eq. (56), in which
Wu® = E2/16x. On the other hand, if the assump-
tion is not valid, or if w, ¥ wu, and (v,E,/h)® is
not > (0 — wy)®, Egs. (56), based on second-order
perturbation theory, are not descriptive of the
phenomena which are better deseribed by the semi-
classical or “neoclassical”’ treatments.

In fact the application of E, cos w,t to the mole-
cules (not a sinusoidal driving field to the cavity
mode, which is a distinctly different drive) will
tend to feed energy to the molecules, which, in
turn will deliver energy to the “transient” field at
frequencies +w + 28. To investigate further lef
w, =~ w (actually w,, the real part of the cavity res-
onant frequency) and w = wy such that (v,.E./k)" >
(w — wn)®, E, being the peak value of the field
at the complex resonant frequency. Then Eq. (56)
describes the buildup of this “transient” field, as
driven by n(f). Equation (56} describes the transient-
field behavior independently of any explicit depend-

F16. 2. Envelope fluctua-
tions in the time-average
electric energy W, during
the pumping period. At
point a, the excess mo-
lecular population n(f) is
barely positive; at point
b, n is maximum positive;
point ¢, n is barely nega-
tive; point d, n is minimum
negative; point e, n is
barely positive again.

(68)

ence on the pump field because the transient-field
operators commute with those of the pump field.
Before the transient field becomes large, =, is
determined eclassically by Eq. (68); it may be
convenient to let all the molecules have the same
transition frequency wy if their spread is narrow.
The moment the pump drives n(f) positive, the
transient W (3) starts to grow exponentially, about as

e, a = (Srow’7*Nn(t)/h), (69)

and the resonant field may extract energy from the
molecules and force n(f) to go negative again.
Then W, will diminish until the pump forces n(t)
positive again, whereupon the whole cycle repeats
with a somewhat different period and amplitude.
Figure 2 shows qualitatively how W, might build
up during an interval on the order of tens of miero-
seconds. Let us estimate the exponential rise after
n(t) goes positive with the following numbers for a
l-cm X l-em X 1-m laser rod, mks units,

(@) menn = (/) V XU[2een

= 2(volume)™ = 2 X 10%

ez = 107%, o = 10", (70a)
N(total) = 10"°, A =>~107",
from which
o =7 X 10n@P. (70b)

As W, rises, in Fig. 2, the resonant field furnishes

(191623131 T. Jaynes and F. W. Cummings, Proc. IEEE 51, 89
5 F. W. Cummings, Am. J. Phys. 30, 808 (1962).
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an additional (classical) drive of the molecules and
the phase relation between ‘‘transient’” and pumping
fields becomes important. The equilibrium level is
determined by the condition that the time-average
pump powers extracted equal the power dissipated
into the cavity. If energy in the rod breaks through
the end face, decay constant 8 in Eq. (56) is changed
to a value typically on the order of 10°. Actually
the whole system composed of high-level transient
and pump fields is best described by the ‘“neo-
classical”’ analysis.

The envelope modulation shown in Fig. 2 which
is commonly observed during the stimulated emission
period is discussed in Sec. 9.

8. JUSTIFICATION OF THE DIRECT-PRODUCT
FORM FOR THE DENSITY MATRIX

Faced with the task of determining a matrix
representation for the density operator of field,
molecules, and loss mechanism in equilibrium before
the pumping field is applied, we can resort to
maximum entropy inference.® Maximum entropy
inference yields that density matrix representing
maximum system entropy consistent with con-
straints and/or known results of measurements,
thereby providing the most unbiased deseription
of the system. The density matrix, by definition,
applies to an ensemble of identically prepared
systems which are described in complete detail by
one ‘‘global” density matrix. However, for the
expectation values of interest, a “reduced” density
matrix representing projections of the “global”
matrix onto the field, molecular, and dissipation
spaces is relevant. The process of removing cor-
relations among various members of the ensemble
consists in replacing p(global) by po(field) X p(mole-
cules) X p(loss mechanism), whereupon the expecta-
tion of any operator acting on only one of the three
subsystems is calculated as well by this reduced
direct-product matrix as by the global one. First
we obtain the direct-product form, then we relate
its matrix elements to those of the (implicitly known)
global one.

Assume for the moment only one molecule is
present in the system at equilibrium. Our only
measurement is of the temperature of the dissipation
mechanism as a heat “sink”. We know only that
energy is conserved in the entire system, not how
much energy is stored between the molecules and
the field as compared to that stored between the
field and the loss mechanism. Hence only the
expectation value of total energy, (3¢; + 3¢, + 3¢4)
should be constrained among the members of the
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ensemble. The entropy S is
S = —(ln p) = —trace (p In p). (71)

We seek to maximize S subject to the constraint
on total energy. It is convenient to use the Lagrange
multiplier technique and maximize instead the
quantity

S — N3, + % + ),

where A will be determined by the measured tem-
perature of the loss mechanism. The density matrix
which maximizes S is

Pmex = € €xp [—N3C; + 3. + HI)],

\ = 1/kT, (72)

where
e™ = trace (exp [—\3c;])
X trace (exp [—M¥.]) trace (exp [—A#C4]).

)\ is determined by the temperature of the dissipation
mechanism. The maximum entropy is

Sasx = —No — A(/3N) trace (p)
= —N + M¥C; + 3¢, + 3Cy). (73)

An increment in Sn.., 8Sm., 1S caused by 8\, and
8\; in order that p remain properly normalized to
trace (p) = 1, A, is related to A in such a way that
08 = 0, thus proving the extremal property
of S... The maximal property may be readily
proved.

With many molecules present, we only replace
*.. by Z 3¢, in the absence of any detailed informa-
tion about the relative energies stored by the various
molecules.

Therefore the equilibrium density matrix is of
the direct product form

(74)

where the various factors are identified in Eq. (72).
During the pumping period an additional term
p(pump) which commutes with all other operators
might in some instances be added to p(molecules)
without destroying the direct-product form. The
intermittent similarity transformation (Appendix A)
changes p(field) to a new matrix p/, which need not
be explicitly known, restores p(molecules) to a
function of molecular parameters only, and does
not affect p(loss mechanism).

We now verify the statement that an operator,
say O acting on only the field variables has an
expectation value which may be calculated with the
direct-product matrix provided the matrix elements

Pmax = Pt X Pmol X Pdissy



322 R.

of p; are properly related to the (implicitly) known
ones of p(global) = p,.

(o) = 25 (fmd [p | f'm'd’Xf'm'd" |0;| fmd), (75)
fimiar

in which |fmd) denotes a product of a trio of eigen-

functions forming a complete set for field, molecules,

and dissipation mechanism. Since the eigenfunctions

are orthogonal among themselves this is

(0 = 25 22 (fmd lp | f'md)(” ol ). (76)
Using the direct-product form this is
(0 = 22 (fmd |pc X pmor X pal f'md)
XA o - (D)
We can break this up with the aid of relations like
1= !mz; |f'm" d"" )Xf ' m"d"|
into
) = Hz";d {f loel f'Xm | pmcr| m)
X {d |pal dXf" 104} £)- (78)

Since trace (pm.1) = trace (p,) = 1, we see that
Eq. (76) agrees with Eq. (78) if the elements of
ps are related to those of p, as

G lod 1) = T (fmd 1o 'ma).

Similarly, we may verify that the expectation value
of any operator of the molecular or dissipation space
may also be calculated with the direct-product
density matrix provided

(79a)

(M |puat] m") = f; (fmd || fm'd),  (79b)
@ lpal &'y = 2 (fmd || fmd’).  (79¢)

fm

9. ENVELOPE MODULATION DURING THE
EMISSION PERIODU.15

We shall now assume that the molecular dis-
tribution in a solid-state maser or laser has been
inverted by the pump, » > 0, and the pump has
been turned off, whereupon the system of molecules,
high-energy field, and dissipation mechanism is free
to interact according to Eq. (56), written for
magnetic-dipole coupling as

W+ BW.. — B |(c/w)V xul* n()W.(t) =0,

1 R, J, Collins, D. F. Nelson, A. L. Schawlow, W. Bond,
G. C. B. Garrett, and W. Kaiser, Phys. Rev. Letters 5, 303
1960).
¢ 18 I)’ P. Sorokin and M. J. Stevenson, Phys. Rev. Letters
5, 557 (1960).

(80a)
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ii(r, £ + (2B/hwyuN) |(c/w)V xul* nW, =0,
B = 87w’7’N /hw.

V xu is the magnetic field pattern, Eq. (3), and
W, is the time-average magnetic field energy in
the entire resonant mode. 8 is the decay constant
during the stimulated emission period. The molec-
ular centerfrequency wy is exactly, or very nearly,
w according to previous remarks and the 7'; and
T, time constants remain essentially infinity. Under
these conditions one may readily verify—when g is
very small—by expanding W = 2W,, = W™ +
W) 4+ -+ ,andn = @) + 0@ + - - that
W contains a first harmonic and W contains
four harmonics of an envelope modulation fre-
quency (.,

Qow = BW /hoN) |(c/w)V xu| ¥,

(80b)

(81)

The effect of lattice dissipation may be accounted
for phenomenologically by appending the term #/T,
to the left side of Eq. (80b), whereupon Eq. (80)
would describe qualitatively envelope modulation
which decays with a time constant different from
that of 1/8. We shall now apply Eq. (80) to the
situation in which the active material is an integral
number of wavelengths long at the frequency w,
a laser rod for example.

Let us interprete Eq. (80) with the notation
W = 2W,, total time-average field energy, and

o(r) = [(c/w)V xul.

Since various molecules experience different field
strengths measured by »(r), we must rewrite Eq.
(80) as

W + gW — B[fv o(r)’n(r, t) dV:l W) = 0. (82a)

N in coefficient B is the number of active molecules
per unit volume. Equation (80b) reads

i(r, ) + (B/haNY(r)’nlr, )W () = 0. (82b)
Suppose the normalized resonant cavity mode is
a T'M mode with the spacial dependence specified by

v(r) = ©2/L)k.(z, y) cos kz, (83)

fAvfdA ~1.

The rod is L units long in the z direction and of
cross sectional area A. From this point on we shall
assume for simplicity that v, is uniformly 47} over
the cross section, whereupon # varies spatially only
with 2,
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Expand
n@z, §) =0, §) + 1, 1),
W) = W + w0,
and neglect the BW term. The solution of the zero-
order portion of Eq. (82b),
i, t) + (2B/hoN AL)
X cos’ kW n Ve, t) =

84)

(85)
is
2%, ) = n() cos (Qt cos kz),
= {[BW®/hN)(2/AL)}}.
Q, will turn out to be the reference frequency for

the envelope modulation and can be expressed in
terms of the field-molecular coupling by Eqgs. (80b)

and (24),
o -2 (2) 1"
o AL r

the energy of coupling being (wQ® yu..v/c) according
to Eq. (1) after the transformations of Eq. (24).

We now substitute n‘” into Eq. (82a), with
8 = 0, and solve for W":

2 2 )
BALI:_/;COS kzn'® (2)

X cos (Qf cos kz) dV:|W‘°’ =0, (88

(86)

(87)

W(x) _

If we neglect variations in initial excess population
7' (2) along the rod and introduce the well known
identity

cos (Qf cos kz)
= Jo(Qot) - 2J2(Qot) COS 2k3 + Tty (89)

in which J, is a Bessel function, we notice only
the J, and J, terms contribute to the integral.
We obtain easily

WD — Br @)W [Jo(t) — Jo(2)] = 0. (90)

The bracketed quantity can be integrated twice
according to well-known relations, with the result

W@ = —[2Bn QW /RI[Jo(2t) — 1]. (1)

Equation (91) describes the envelope modulation
as a nearly sinusoidal fluctuation decaying in
magnitude about as (2t)~? for @it = 5.

If now W is substituted into the first-order
portion of Eq. (82b),

iV, t) + @B/hwNAL)

X COSZ kz(Ww)n(l) _|_ n(O)Wu)) = O, (92)

nVe, ) =
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The solution may be verified to be

2B

Wy, (O
N ALG, cos sz WP, 7

X sin @t — 7) dr, 93)
Q = Q cos kz.
Evaluation of n” and W*® (¢) in terms of
m O OWPE) + 0P OW ]
yields still more fluctuations in the field energy.

APPENDIX A, THE INTERMITTENT SIMILARITY
TRANSFORMATION

Assume that the electric-dipole matrix (or mag-
netic-dipole matrix if rf magnetic field coupling is
involved, with no dc¢ magnetic field present) is
off-diagonal at a certain time ¢ = 0.

10

During a short time (many periods of the maser
or laser frequency but long compared to the time
during which a time average is taken), v, develops
according to Eq. (10a) into

real. (A1)

—twmt 2

ld) = [ n+ 0 e+ e(t)] @9
mt ) m + o)
where

v = Bre/hyuy f ALP(t) sinwn(t — £).  (A3)

o(t*) represents terms proportional to .

Consider the matrix T,
T = [1 "”} , (A%)
7 1

n = ——'wy f dbe POy dt,.  (AB)

T is unitary with error of 0(t*). If we transform
7.(t) we obtain

0 e~ o + o)
~ tWmt + O(t) 0

This is of the form (A1); the e**“"* terms may be

transformed away by using 77 = diag (¢*“"¥,
—u.:m}t)

Ty (OT" = [ } (A8)

T also rediagonalizes 3¢, which starts out

3,(0) = [E 0], (A7)
0 E,
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and ends up’

B, + o) H, + e(t’)] A8)

X.() = [
Hf 4+ o) Eh: + o)
in which

4 ' —iw
H, = Zoui(Ba — Bl fo dte™"*""PN(t).  (A9)

BEVENSEE

We find, within 0(¢),

T3, ()T

[ 1 (Er’nl - E,'nz)ﬂ + H1 .
(E:nl - E,'nz)ﬂ* + H¥ e

(A10)

The off-diagonal elements are zero by (A5) and
(A9), so the matrix of (A7) is restored.
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The functional derivative with respect to operators of operator functionals is defined for operators
which satisfy certain commutation relations of interest in quantum field theory. From this definition,
a functional differential caleulus is developed for functionals of tensor as well as spinor fields. It is
noted that an implicit definition of the functional derivative can always be given while an explicit
one seems to exist only for those operator fields which need not be restricted by supplementary
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INTRODUCTION

TTEMPTS to define functional derivatives
with respect to operators have in the past been
beset with difficulties of various sorts. At the same
time, these attempts were characterized by the
great generality of the operators involved.

In the present paper a satisfactory functional
differential calculus is developed by restricting the
operators with respect to which the differentiations
are carried out. This restriction is effectively limited
to those operators which are of interest in quantum
field theory. Functional differentiation was first
used extensively in the theory by Schwinger,' who
differentiated with respect to unquantized fields.
The present formalism permits differentiation also
with respect to quantized fields.

The finite formulation of quantum field theory®
involves functional derivatives only with respect
to the “in” and “out” field operators. The latter
are characterized by well-known commutation rela-
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(1915.1]3 Schwinger, Proc. Natl. Acad. Sei. U. 8. 37, 452, 455
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tions. It is therefore natural to base the functional
differential calculus on an essentially algebraic
foundation of commutators.

In Sec. I, functionals of a real scalar field are
studied. The generalizations to complex tensor fields
are indicated in Sec. II. A very important extension
of this differential calculus to functionals of Dirac
spinor fields is carried through in Sec. III. The
results are compared with the analytic definition
of the functional derivative in Sec. IV, where it
becomes evident why the algebraic definition is not
beset by the same difficulties. Section V sums up
the salient points of this study.

I. REAL SCALAR OPERATOR FIELDS

Consider an operator field A (x) which is real,

A*(x) = A(z), (1.1)
and which satisfies the commutation relations
[A@), A(W)]- = —iAlx — y). (1.2)

While it would be sufficient to assume the independ-
ent variable z to refer to a real one-dimensional
space, it is just as easy and much more convenient
for the purpose of future applications to relativistic
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quantum field theory to assume that z is a four-
vector in four-dimensional Minkowski space. In
that case, the A function in (1.2) is defined in the
usual well-known manner.?

Let F(A4) be a functional* of 4. Then we define
the functional derivative of F with respect to A{z)
by the implicit relation®

8F(4)

(4@, P = —i [ 2w - Ty @)
In particular, we require
bAG)/0AG) = oy — ). (L)
For example, if
FA) = [ f@, 2, - 2)A@)AG) -+
X Alz,) dz, dzy - -+ dz,, (1.5)

with f(z,, 2, -
of its variables,

- z,) a given symmetric function

[4@), PA- = [ fGas, -+ 2.

X [Az), A(xy) -+ (Adz)]- doy -+ dx..
Successive use of
[A(z), B(x,))B(x,)]- = [A(2), B(z,)]-B(xs)

+ B(z,))[A(x), B(x,)]-

and (1.2) then yields an expression which has the
form of the right-hand side of (1.3).

The dimensions of §F/8A follow to be those of
F/A divided by the dimensions of the volume
involved in the integration (I.3). However, the
implicit definition is not unique because one can
always add terms of the type #(y) which contribute
a vanishing integral

(1.6)

f Al — y)iy) dy = 0.

It is therefore preferable to solve (I1.3) for the
derivative.

To this end a new commutator can be defined
which has the following properties (1.7) and (1.8).
First, the usual commutation relations hold,

3 J. M, Jauch and F. Rohrlich, Theory of Photons and Elec-
trons (Addison-Wesley Publishing Company, Ine., Reading,
Massachusetts, 1959).

4 We use the notation F(A) rather than F[4], since square
brackets will be used below with different meaning.

& When z refers to Minkowski space,

dr = diz = dx° da! da? dad.
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[4,M\: =0,
[A)Bl + B2]-I- = [A) Bl]1 + [A: B2]£7
[A, + A,, Bl = [4,, B]L + [4,, Bl;, 1.7

[4, BB)]L = [4, B)!B; + Bi[4, B,].,
{AlAz, B]I_ = Al[.A.z, B]£ + [A, B]{.Az,

where A, 4,, B, B,, B, are products of the operator
field (I.1), while X is not an operator. Secondly,
we require that, in addition to (1.7), this commutator
satisfies, with the help of (I1.2), the inhomogeneous
equation

K@)[A@), A = s —y). (18)

With the notation of Ref. 3 for A(z), such com-
mutators are given by
[Ax), A))E = —iA'(x — y),

and AT is Ap(x), A«{z), or any suitable linear
combination of these, such as Ap(z),

Bp(r) = 8@)A(z), Au(z) = —H(—2)A)
Ap(z) = 3e()A@).

Thus, [A(z), A()]L becomes a linear functional
of [A(z), A(y)]-. All inhomogeneous A functions
A” satisfy

KA'(z) = (O — mHA' (@) = —8(z), (1.10)

so that K(z) in (1.8) is to be identified with the
Klein—Gordon operator in this case.
The implicit equation {I.3) now becomes

[4@), FAL = i [ 8@ — ) gﬁ%dy (L.11)

(1.9)

and can be solved in virtue of (1.8).
18F(4)/84(z) = K(@)[A@), F(A)]~. (1.12)

This is the explicit definition of the functional
derivative with respeet to an operator. While it
requires a very speeial class of operators, this class
18 just the one which contains the operator field
of importance in quantum field theory.

The differentiation operation thus defined results
in a number of relations which follow immediately
from (1.7):

SQ\F)/5A(x) = NoF/8A(x)
(A not an operator),

MF +G)  oF L 8G
sA(x) — 5A(x) ' sA(x)’
SFG) _ oF 8G

3A(x) ~ sA(@) G=F 8A(z)’

(1.13a)

(1.13b)
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or
] SF
[6A(x) , F:I = 4@ (I.13c)
As an example, the functional (1.5) gives
6A(x) 3 RCENRIEN
X A(xl) A A(x,._l) dx; v dx"—l.

Higher derivatives are obtained by successive
application of the defining equation. Thus, (I.3)
implies

[A®), [4(), F(4)]-]-

= —fA(y—y’)dy’gf(f)

X[[ Az — z') dz’ 6A(x)]

8°F )
8A(y") 8A@E")
From this equation follows immediately

S°F/3A(y) A(x) = 8°F/8A(x) 6A(y) (1.14)
for the integrand by means of the Jacobi identity,
[A@), [A@), F1-]- + [A@), [F, AW)]-]-

+ [F, [A(), A@)]-]- = 0.

Higher functional derivatives can thus be derived
in an obvious way.
A theorem of special interest is the equation

f Ay ~y') dy’

X f Alx — ') d’

eXﬁ/BA (z)F(A)e—HNA (z)

= F(A(y) + No(xz — y)), (1.15)

where the right side means that each A (y) occurring
in F is to be replaced by the indicated expression.
The proof follows from the identity

eXABe—)\A — Z

n=0

1[4, Bl
where
[A; B],. = [A; [Ay B]n—l]-) [A: B]O = BJ

which is valid for any two operators A and B,
One first obtains the series

eI R

which is recognized as the “Taylor series” of the
right side of (1.15).

Equations (I.14) and (1.4) can be written, using
(I.13c),
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[5/54‘1(23), 5/51‘1(?/)]- =0, (116)
[8/8A(x), AW]- = &=z — ). (1.17)

II. GENERALIZATION TO OTHER TENSOR
OPERATOR FIELDS

The complex scalar operator field satisfies
[A@®), AW)]- =0, [A@), A*W)]-
= [4*@), A@))- = —iA@ —y). (L1
Correspondingly, the implicit definition (I.3) becomes
[A(x), F(4, A%)]-

= —i [ A - y)%%—ﬂdy, (I1.2)
and
[A*(@), F(A, A%)]-

= —i [ aw - y)ﬂ%%:)dy. (IL.3)

Its solution requires the inhomogeneous com-
mutators which are defined in (I.7). Examples of
Al(z) were given in (1.9). Thus, one has the same
Egs. (I1.2) and (II1.3) also for the inhomogeneous
commutator when A is replaced by A'. The in-
homogeneous Eq. (1.10) then allows the solution
18F (A, A*)/5A*(z)

= K@)[A(@), F(4, AM]-,
18F(A, A*)/5A(x)

= K(@@)[4*(x), F(4, AM)]-.

(I11.4)

(IL.5)

This provides the explicit form of the functional
derivatives with respect to the complex scalar
operator field. The same differentiation law (I.13)
holds here as in the real case. Equations (I.16) and
(1.17) are, however, generalized to yield

|: 8 0 1 _y

3A()  SA() -~ ' (11.6)

.l -

5A*) ’ sAy) )~
5 1 _

[6A(x) AW | = e =), (IL.7)
5 T

[BA*(x) ’ A(y)__ B O'-

This simple generalization from real to complex
scalar fields can be followed by a further generaliza-~
tion of the results of the previous Section to vector

fields.
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First, consider the real massless field (electro-
magnetic field). It satisfies

AY = A, (IL.8)
and
[Au(x): Ar(y)]— = —zg,,,,D(x - y)' (IIQ)
The implicit definition is therefore
. oF
(4,0), FI- = =i [ 0aDG — 1) 525 dy
= —1 | D{x — d 11.10
i[pe—wsa @

Inhomogeneous commutators can be defined as in
the real scalar case,

E][Au(x)y Ar(y)]£ = —'I:g#v DDI(” - y)

= +1g,, 8z — y), (IL.11)
yielding
oF ; 5F
p = [O[4,&), FIL. I1.12
DEE " L | DO e (D)

The commutators of the functional derivative
operator with itself and with A, are

[6Ai(x) ’ aAa"(y):I_ =0

(11.13)
) Av(y)] = 9.8 — y),

[ 6A§(x)

and the translation theorem can be generalized
analogously.

We now turn to the vector fields with mass
m #= 0. Here an essentially new situation arises.
As we shall see presently, there is no simple way
of solving the implicit equation into an explicit
expression for the derivative.

Consider the complex vector field ¢"(x). It is
assumed to satisfy the commutation relations

[¢u(x)7 ¢v(y)]— =0,
[d’t(x); ¢V(y)]— = ‘—’L'A,,,,(x - y);

(11.14)

where

Au(z) =
Thus, we have

[¢%(x), F(o, 9*)]-
- —i f An — 4) 8¢( )dy (I1.16)

(9u — 3.9,/MmDA).  (I1.15)

as the implicit definition. However, there does not
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seem to exist an inhomogeneous commutator

[o%(), 6, W)])E = —iALz — ¥)

satisfying an equation analogous to (I.10). This is
related to the fact that the four components ¢,
are not independent and that, in fact, in vector
meson theory, the canonical conjugate to ¢, vanishes.
If one restricts u in (IL.16) to & = 1, 2, 3, in-
homogeneous commutators A, do exist, since e.g.,

[$3(), ¢.)1"

—i8(x — Y)(gr — 03,/ m Al — y)
= _i(gky - aka,,/m2)AR(x —_— y).
Correspondingly, (I1.16) yields

K[¢%(x), FL
= —i(ge, — 8,9,/m")8F/8¢,(x). (I1.17)

But this equation is neither covariant nor does it
provide an explicit expression for the functional
derivative.

The difficulty is apparently related to the number
of degrees of freedom which is smaller than the
number of ecomponents of the tensor operator, as
is manifest by the need for a condition

a,4" = 0, (I1.18)

in addition to the field equations satisfied by ¢,.
Thus all higher-rank tensor operator fields will
involve this difficulty.

For the real vector field with m £ 0, the difficulty
can be avoided in the same way as one makes this
theory renormalizable, i.e., by removing the 48,9,
term in (II.15) from the commutation relations
(Stiickelberg’s method).

Adopting the implicit Eq. (IL.16), the various
differentiation rules derivable from the properties
of the commutator will also be valid only in the
corresponding implicit form.

III. DIRAC SPINOR OPERATOR FIELDS

The operator fields np(x) and J(z) are charac-
terized by®

[¥@), y@))s =0, [¥@), W] =0,  (IIL1)
and
[¥(x), ¥@)]. = iS& — y), (111.2)
with
S@) = (v-9 — m)A®). (111.3)

The fact that we are now dealing with anti-
commutators rather than commutators has impor-
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tant bearing on the signs of the following equations.
In particular, it is essential to know whether F(y, §)
transforms like the product of an even or an odd
number of spinors. This can be seen as follows.
The commutator of an operator with a product
can again be expressed in terms of commutators
[see (1.7)], but the anticommutator of an operator
with a product involves one commutator and one
anticommutator,

[4, B\B;]. = B\[A, B,], + [4, B,]-B,
= [A; B1]+B2 - Bl[A, Bg]_.

A consistent procedure thus requires a distinction
between products of even and odd numbers of
spinors. Note that the commutator of an operator
with a product can be written in terms of anti-
commutators,

[A, B,B;]. =
Thus,
(¥a(@), TN, (@")]- = iSuplz — 2)¥, (")
— @ )iSay (@ — 2').

[4, B.1.B, — Bi[4, B]..

Therefore, we can put
[Va(@), Yslz)¥, @)

More generally,

a(Jan(ml)‘za.(xZ) e ‘;an(xn))
8d(y)
- :Zl (_1)k+l¢a1(xl) e ‘pab—x(xk—l)
X Bagxa(xk - y)‘;ak+x(xk+l) e I;aln(xn)' (1114)

If some of the ¥ in the product are ¢, they will
give no contribution to (III.4), except that they
must be included in the counting to assure the
correct sign factor. One is thus led to the general-
ization

[¥a@), FOby Pl
=i [ sae v

The *sign indicator” s is +1 or —1 when F trans-
forms like the product of an even or odd number
of spinors. The distinction between positive and
negative s in (II1.5) should not be surprising. If
the underlying invariance group is the Lorentz
group, it means that when F transforms according

dy. (I11.5)
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to an irreducible representation ©”, the indicator
s is +1 when j + § is an integer and —1 when
i -+ 7 is a half-odd integer,

§ = (=1)76+0, (I11.6)

Thus, F(¢, ¢), for which s = +1 (—1), belongs to
a tensor (spinor) representation and must have the
functional derivative defined by a commutator
(anticommutator).

The solution of (ITII.5) is again possible due to
the existence of ¢nhomogencous anticommutators,
satisfying

(¥, 0. + 0] = [¥, 0,15 + [¥, 0.0k, (IIL.7a)
(¢, OE]: = [¥, O1:E — Oly, E]-, (I11.7b)
[y, EOL. = [¥, E]0 + Ely, Ol..
We also note
(¥, 0,0 = [¢, 0,1:0. — Oi[¢, 0.3, (I11.70)
v, E.E;]~ = [¢, B,]'E, + E,[y, E;]-.

In these relations £ and O are functionals with

= <41 and —1, respectively, i.e., are of tensor
or spinor type. Furthermore, in analogy to (I.8),
we require

(v-0 + m¥@), ¥l = —8 —y).  (IIL8)

Examples of inhomogeneous anticommutators -

[¥@), ¥W)]: = i8S — v) (I111.9)
include
Si@) = 0@S@, S) = —0-DS@, (111 101
Se(x) = 3e()S(x).

The defining equation (II1.5) now becomes
[¥.(), F(¥, DI

=1 f Sz —
v a%( )
It permits an immediate solution. Using (I11.8),

(y'9 + m)[‘l/a(x)a F('l’; lV)]I—

— D 1119

" T50.@)
This is the explicit definition analogous to (I.12).
The properties of the inhomogeneous commutators
and anticommutators (II1.7) permit the following
conclusions:

dy.  (II1.11)

S(NF)/ 8¢ = >\(6F/5$),

M+ &) _ G
5y a\; A w

(I11.13)

(ITI.14)
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8(E.\E,) _ OB, 8B,
6¢ 5‘; EZ + El 61/-/ ’
5(0102) — _6__0_1 O . O 602
oY % (I1.15)
%0B) _ 50 5 _ o 3E
oy oy oy’
JEO) _ 3B ) 580,
5y op ¥

This last set of equations can be written more
elegantly as

2 gl -2 [_’5_ ]=‘3—0- 115’
[—;E]_— R :0+ 6‘7/’ (II )

3 SF

| F, —::| = s@, —=, II1.15"
G[ Y7 MY ( )
where G, is a functional with indicator s.
The functional derivative with respect to the
operator field ¢(z) can be obtained in complete

analogy. The implicit definition is [compare (III.5)]
[F(¥, ¥), ¥(@)]-,

oF
=1 | — = Sy — 2) dy, I1.16
i [ 305 Sy~ 9 dy, (1110
with
(Yan(@a) -+ Yo, (21))
()
= 3 D) - Vieinn)
X 8l¥k)\8(xk - y)ﬂ”k—x(xkq) e \0‘1,(381). (III.17)

The inhomogeneous anticommutators of interest
here satisfy

[01 + 027 J]i = [01: ‘;]i + [02y ‘;]'IH
[OE, ¥]. = O[E, ¥)L + [0, J].E,

We also note

[0,0,, \ﬂi = 0,{0;, ‘7’]5— - {0y, ‘Z]E-Om

[E1E2: KZ]E- = EI[E27 ‘;]£ + {El) J’]I—E2

Again, an inhomogeneous equation is satisfied,

[¥@), $@]i(~y-3. + m) = —8y — x). (IIL.19)

The same inhomogeneous anticommutators (I11.9)
and (II1.10), as before, are examples also for the
present case.

(111.182)

(IT1.18b)

(I11.18¢)
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The implicit equation (II1.16) becomes
F(¥, §), ¥,
i [ st —ady, (II1.20)
63&)\(?/) Ma b}
and results in
4 SF (¢, ¥)
LJVRED)
= [F(¥, §), $.@1(—7-0: + m).  (II1.21)

The following basic differentiation rules obtain as
a consequence of (ITI.18),

SONF)/by = NoF/8y),  (I11.22)
(S(L;_G) _ g_i ¥ g% ,  (II1.23)

@;fz_) = E, %‘% + %Ez,

6(2—:002) -0 % - %0“ (I11.24)
%f) 0 g—{i + i—sz,
ﬁ%@ = E %g — %;0.

More elegantly, this last set of equations is

B oF s 80
[Eav] = [Osﬂ =0

or

(II1.24%)

8 oF
I:w B F]_G, = Sa—‘l/G,,

where @, is a functional of spinor operators with
indicator s. The difference in the signs of (II11.24)
and (I11.15) should be noted.

As a check on the explicit definitions of the
functional derivatives (II1.12) and (II1.21) one sees
that, if the functional F' is replaced by a function
as in (II1.4) and in (II1.17), these equations are
recovered.

It is clear that the derivative with respect to
¥ or ¥ of a functional of tensor type (spinor type)
is of spinor type (tensor type). One can therefore
make use of the identities which are similar to
the Jacobi identity,

(4,[B, C]-1. + [B,[4, C]].
= [[A) B]+’ C]—:

(I11.24"")

(I11.25)
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and
4, [B, Cl,]- + [B, [C, 4]:]-
+[C,[4,B})- = 0.  (II1.26)

From these one concludes that the following anti-
coramutation relations must hold:

To these equations should be added special cases
of (I11.15) and (111.24):

(111.27)

8 -
[m 3 \Pﬁ('y)]+ = 50“35(2: -~ ),

555 w0 =0,

-

#0555 =0,

—

&
[%(x), Wl = Sqp8(z — Y).

On the other hand, the following relations involve
commutators:

(I11.28)

(111.29)

_6 & I _
[61/7(33) ’ 5,;,(3,)]_' 0, (111.30)
_ 5 ~
[‘b“(x)’ Wl = 08l = 0, (IT1.31)
3
[‘/’(x)) W]‘ = 0’
6 o
oo vy =0,
[Mx) ]" (I11.32)

a
[W , 1//5@)]_ = 88,58(r — ).

In the last two equations, s is the indicator of the
functional to the left and right, respeetively.

It is not surprising that the symmetry of the
anticommutation relations (I1L.1) and (I11.2)
results in the need to introduce functional deriva-
tives which ean act to the left in addition to those
which act to the right.®

Equations (I11.30)-(I11.32) are very useful. In
particular, they permit the derivation of the “trans-

. ¢ This possibility which also exists with ordinary deriva-
tives (as in (II1.19) must be clearly distinguished from the
“right derivative’”” and “left derivative’’ defined by N. N,
Bogoliubov and D. V. Shirkov in Iniroduction to the Theory
of Quantized Fields (Interscience Publishers, Inc., New York
1959), p. 547. This ambiguity is eliminated in our treatment.
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lation theorem” (I.15) also for the spinor case,
Using the same identity as in the derivation of
(1.15) one finds with (111.32)

A /8¢ (2) ~AE/ Y o (x)
eV Ty

= Y(y) + sN\o..8 — y),  (IIL.33)

where s refers again to the functional (to the right!)
on which this expression operates. Its generalization,
obtained by means of (I11.24), is

e)\ﬁ/ﬁwa(z)Fr(‘p’ Iz)e-)u!/ﬁ'lla(z)
= F(y + sAl, §).  (IIL34)

It depends on the indicator of the functional on
which it operates. The meaning of the unit operator
1 is evident from (I11.33).

Analogous to this result is the “translation
theorem” for ¢,

exp (\3/88.@DF (Y, ¥) exp (—\[8/88.(2)])
=F{y, § —a\l), (111.35)

where s is the indieator of the functional to the left
of this expression.

IV. ANALYTIC DEFINITION OF THE FUNCTIONAL
DERIVATIVE

From (1.15), for small A,
ek&,f&A(z)F(A)e—M/ﬁA (€3]
= F(4) + NF/3A(z) + O(V),

follows

SF(A) _ .. F(AQY) + No(x — y)) — F(4)
2A@) 1&1 X - (IV.1)

A completely analogous equation is obtanied for the
tensor operator fields discussed in See. II. This
equation is, in fact, often used as the defining
equation of the functional derivative.

The usual justification for the definition (IV.1)
i3 given in terms of the functional derivative with
respect to a ¢ number: Let a(x) be a c-number
function. Then one defines®

SF(4) _ oF(A + a)
sA(x) da(z) am0

The deduetion of (IV.1) from our algebraic definition
of the functional derivative justifies this procedure
for the tensor operators in question.

The situation is different in the case of spinor
operators. The definition (IV.2) cannot be applied
consistently to anffcommuting operators unless one
admits the existence of ¢ numbers a(z) which also

(IvV.2)
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anticommute. Our algebraic definition is not beset
with this difficulty. In fact, one deduces from
(IT1.34),

SF (¥, ¥)

3Ya(z)

= lim F(‘I’u(y)+€aua6(y:x); J)'—'F(‘l’a ‘p) , (IV3)
with ¢ = s\. Similarly, from (II1.35),
SF(Y, ¥)

8¢.a(z) i

= 1im £ %(y)+e5ua«:(y—x))—F(tl/, 9 (qv.a)
with ¢ = —s\. Both Egs., (IV.3) and (IV.4) are

independent of s.
The operator functional

is also well defined. But no relationship between
8,F and 6F /&y exists other than (IV.3). No quantity
oy has been defined, and there is no question whether
oF is given by &Y (6F/6¢) or by (8F/&)éy. This
difficulty arises only when one starts with a varia-
tional expression 6F involving &b. The above
definitions are free of this difficulty.

V. CONCLUSION

The essential features of the above presentation
can be stated as follows. Let u.(x) be an operator
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field which transforms according to the irreducible
Lorentz group representation D", Let u.(z) be
its adjoint, such that the commutators

V.

Then the functional derivative of a functional F
of u and 4 is given implicitly by

[Ual(@), Te@)]-nyrtisires = —TA,5x — ¥).

oF
8i(y)

where 8 = +1 (—1) when F transforms like a
tensor (spinor) representation, i.e., 2(j + 7) is
even (odd).

Under certain conditions, (V.2) ean be solved
and an explicit expression can be obtained for the
functional derivative. These conditions are satisfied
for fields for which A,s contains no more than one
derivative of the A function.

When the explicit form exists, the translation
theorem can be derived and the analytic form of
the functional derivative can be obtained from it.
The problem of the so-called “anticommuting ¢
numbers” does not arise.

ua(e), Pl = =i [ Ao — ) 5~ dy,  (V2)
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Feynman integrals, in the context of the Schrédinger equation with a scalar potential, are defined
by means of an analytic continuation in the mass parameter from the corresponding Wiener integrals.
The method yields a new interpretation of highly singular attractive potentials in quantum me-
chanics. For the example of the attractive 1/r2 potential, this interpretation agrees with classical

mechanics in the correspondence limit.

INTRODUCTION

T has been recognized since Feynman introduced

his integrals' that there is a close formal analogy
with Wiener integrals. In this paper we make the
connection precise by using an analytic continuation
to connect the two integrals. This idea is not new,’
but by performing the analytic continuation in the
mass parameter, rather than in the time or %, we
are able to treat attractive potentials as well as
repulsive ones. In fact, the method yields new
results concerning highly singular attractive poten-
tials ¥V which are not amenable to treatment by
standard methods [such that there is no uniquely
determined self-adjoint operator corresponding in a
natural way to the expression — (1/2m)A’A + V.

The proper mathematical context of the theory
involves abstract Markoff processes. Here we shall
develop the theory only for the special case of
Brownian motion on Euclidean space without
striving for maximum generality on the nature of
the potential V. The relevant mathematical prop-
erties of Brownian motion are discussed in Appendix
A, which is entirely expository. Similar properties
of Markoff processes in general are well-known to
the specialist in probability theory, but are not
very accessible to the nonspecialist.

Appendix B is a largely expository account of a
perturbation theory® due to Kato and Trotter. In
Sec. 1 we show that this theory gives immediately

* This work was supported by a fellowship from the
Alfred P. Sloan Foundation.
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the existence of the Feynman integrals for the class
of potentials discussed by Kato.

1. FEYNMAN INTEGRALS FOR THE SCHRODINGER
EQUATION WITH REGULAR POTENTIALS

Consider the initial-value problem for the
Schrédinger equation

du/at = d(1/2mA — Viu@t), u(©0) = 0

Here Ais the Laplace operator 8°/dz% + - - - 4 8°/0x3
on l-dimensional Euclidean space R', V is a real
measurable function on R', ¢ and each u(t) are
elements of £*(R’), and m is a constant. [We have
set & = 1, so that if [ = 3 then (1) is the Schrodinger
equation for a single particle of mass m with the
Hamiltonian — (3*/2m)A + V.]

First suppose that V = 0. Then (1) may be
solved explicitly by use of the Fourier transform.
We recall briefly how this is done in order to fix
some notation. Let § denote the Fourier trans-
formation, 3! its inverse. We define as usual

Ay = 5 (— 5y @

on the domain D(A) of all square-integrable ¢, such
that —|\* ¢ is also square-integrable. (Here A
denotes the variable in momentum space and

A? = A} 4+ --- + A}.) Then A is self-adjoint, and if
K, = exp it(1/2m)A, (3)

then u(t) = K}y is the solution of (1) for V =
Explicitly,
Ko¥(x) = @mit/m)™"

X [ exp ligm(lz ~ yP/010G) du, @
where 27 has that determination which is positive
for z = 2mit/m positive, the complex plane being

cut along the negative half-axis, and where dy
dy, --- dy,. The integral in (4) exists for all ¢
in £ N g£>—for a general ¢ in £* we interpret
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K'Yy as the limit in £* as K — o of the integral
restricted to [y| < K.

Secondly, suppose that 1/2m is replaced by O
in (1). The operator V of multiplication by the
function V, on the domain (V) of all ¢ in £* such
that V¢ is also in £ is self-adjoint, and if

My = exp (—itV), )
then u(t) = My is the solution of (1) with 1/2m
replaced by 0.

Kato® has found conditions under which the

operator (1/2m)A — V is self-adjoint, and under
these conditions if we let

U...v = exp it[(1/2m)A — V], (6)
then a theorem of Trotter® asserts that for all ¢
in £,

Un.v¥ = lim (K,"My")"y. @

n—wo

This is discussed in detail in Appendix B.
Using (4) and (5) we find that

KM () = 2rit/nm)” "

X [ [ese gy @

where we have set z, = z and

S(xO) Tty Ty t)
S~ m iz, — 2007 ¢
- X 3 Wy va)lt ©

Let » be a trajectory; that is, a function from [0, 7]
to R, with «(0) = z and set z; = w(jt/n) for
j =0, ---, n. Then (9) is, formally, the Riemann
sum for the action

Sw; f) = fo ' [? o — V(w(s))] ds  (10)

of a particle of mass m with the trajectory « in
the presence of the potential V. Taking the limit
formally in (8) yields the Feynman integral
constant f e* 0 YD) Do, 11)
2s

where @, is the set of all trajectories with w(0) = z.
As is well-known, there are difficulties in inter-
preting (11): the constant is infinite (of infinite
order), the action (10) exists only if w and V are
sufficiently smooth, and Dw = [Jo<,<. dz, has no
meaning. However, (8) is well-defined, and according

to (7) converges in £ to the solution of the Schrod-
inger equation. Thus the results of Kato and
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Trotter give a precise meaning to the Feynman
integral when the potential V is sufficiently regular.
In the following sections we give a different inter-
pretation of the Feynman integral, relating it to
a genuine integration over trajectories, which is
valid for a much wider class of potentials.

2. THE SCHRODINGER EQUATION WITH
IMAGINARY MASS

The results of this section which are used in the
sequel are summarized in Theorem 1 near the end
of the section.

If m is purely imaginary with Im m > 0, let
us put D = 2/2m, so that D > 0. Then (1) becomes
the heat equation with zero-order term ¢V,

du/dt = DAu — iVu;  w(0) = ¢. (12)

Kac* has shown how to solve such equations by
means of Wiener integrals. We shall make the
following assumption on the function V:

There is a closed set F in R’ of capacity
0 such that V is continuous and real on

the complement of F. (13)

For example, if I > 1 and V is a function which
is continuous except at one point, say the origin
(with an arbitrary singularity at the origin and
arbitrary growth at infinity), then V satisfies (13).
Let z be any point in the complement of F and
Pr, the corresponding Wiener measure, with diffusion
constant D = £/2m > 0, on the space @ of all
trajectories. Then for almost every w in @, V(w(?))
is a continuous function of ¢ for 0 < ¢ < « (thisis
discussed in detail in Appendix A), and so we may
form the integral

Ut@) = [ exp| i [ Veath s

X Yo®)Pr.(dw)  (14)
for any ¢ in £° and any ¢ > 0. In fact, the integrand
is defined for almost every o in @, and it is bounded
in absolute value by [¢(w(t))|. But this is integrable,
for by definition® [q [¥(w(f))| Pr.(dw) = K} [¢| (z),
and this is finite by (4).

Since V(w(s)) is continuous for almost every w,

lim > V(w<j ;f)) %
n—oo =1

4 M. Kac, Proceedings of the Second Berkeley Symposium
on Mathematical Statistics and Probability (University of
California Press, Berkeley and Los Angeles, 1951), p. 189.

5 The operator which in Appendix A is denoted P is here
denoted Kn* as in (4), with D = ¢/2m > 0.

fo ' Viels) ds =
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for almost every «. By the Lebesgue dominated
convergence theorem,’ this implies that

Un.ri(e) = lim fg exp [‘i i_; V(“’(j i)) ﬂ
X Yl(D)Pr.(dw)

for all x ¢ F, and by definition of the Wiener
integral, this means that for all z & F

Un,vd(x) = lim (K,"My")¥(z).

A set F of capacity 0 has Lebesgue measure 0,
and so if ¥, = (KY"M*)"y, then ¥, converges
almost everywhere in R’ to U, ;. By (4), |[K.e| <
K} |¢| for i/2m > 0 and by (5), M is multiplication
by a function of modulus 1. Consequently, [¥.] <
K! ||, and so [ — ¥ |° < 4(K.: [¢])?, which is
in £'. Therefore, by the Lebesgue dominated con-
vergence theorem, ¢, is a Cauchy sequence in £°,
and so

Un.v¥ = lim (K;/"MY")"y, (15)
the limit now being taken in £7

Now let ¥ be of class G* with compact support
in the complement of F, and let D, be the set of
all such ¢. Then, by (14),

Uo¥@ = [ [ — itV @I eO)Pr.Ee) + o).

The term o(¢) is uniform in z, for z in a neighborhood
of the support of ¢, by Lemma 3 of Appendix A.
Therefore,

Un.vi¥(z) = K@) — itVEK.(@) + o(t),

and so

lmd Wi — 0 =izEa- )y, o)

-0 t 2m
for all ¥ in D,. The limit in (16) is uniform in z
for z in a neighborhood N of the support of y.
On the complement of N, (1/)(U., w — ¢¥) =
(/0 U,, v converges to 0 = ¢[(1/2m)A — VI in
L*(R' — N), by (14), so that (16) holds with the
limit taken in L*(R’). In particular,
lim U, v¢ = ¢ (17
t—0

for all ¢ in D,, and since D, is dense in £ and

1T 5]l < 1, (17) bolds for all ¢ in £
An easy consequence of this fact and (15) is

¢ See P. R. Halmos, Measure Theory (D. Van Nostrand,
Inc., New York, 1950).
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that U,, , is a strongly continuous semigroup on
£%; that is,

UnvUnyv = (18)
and for all ¢ in £°, ¢t — U: ¢ is continuous from

[0, ») to £°. Let A,y be the infinitesimal generator
of the semigroup U:, . That is,

t+e
m, V)

0<¢ts< o,

Augb =limi Want = ¥)  (19)
on the domain D of all ¥ in £° for which the limit
exists in £°. By (16), ®y C © and A, W =
i[(1/2m)A — V]y for all ¢ in D,.

We shall need more precise information on the
domain . To obtain this, let

iy 1< V@),
Vi) = V@), —ji< V) <j (20)
—§ V@) < —j.

Thus V; is a bounded continuous function on the
complement of F, and lim;,. V;(z) = V(z) for
z € F. By the same kind of argument used to
establish (15),

lim f Y fole) ds = f ' Vi) ds

i

for almost every v, and

lim Un,v i = Unwy 2D
for all ¥ in £%. Let
Ruwt = [ & “Uhrvat @2)
[1]

for all ¢ in £°, and define R, v, similarly. Then
clearly

lim Rm'v,\l/ = R,,.,Vsb

§—o

(23)

for all ¥ in £°. However, each V, is bounded and
it is easily seen that the infinitesimal generator 4., v,
of Ul v, is i[(1/2m)A — V;] = DA — iV;, with
the same domain as A.

Define

ladol” = 3

where d¢/dz, is an £° derivative, which may be
defined by 3¢/9z, = F 'iI\Fe on the domain of all
square-integrable ¢ such that \,J¢ is also square-
integrable. If p; — ¢ in £% and [|grad ¢;]| is uniformly
bounded, then it is easy to see that ||grad ¢|| < «.
For all ¢ in the domain of 4,,,v,,

(24)

dp o
axk (z). dx)
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Re (1 — An.v)e, 0) = D |lgrad o|[* + |lell”.

In particular, for ¢ = R,.yy, since’ R,.v, =
(1 — A4,.v)7", we have Re (1 — 4. v,)e, @) =
Re (¢, R..v;¥) < [¥|[°, and consequently

1
llgrad Bov gl < S100E 25)
By (23) and (25),
N |
|lgrad B, v¢|* < 5 11411 (26)

Since the range of R, v is equal to the domain ©
of A,.y, we conclude that every element ¢ in D
has the property that ||grad ¢|| < .

We have proved the following theorem.

Theorem 1. Let m be purely tmaginary with Im m>0
and let V satisfy (13). Then for all ¥ in £° and
t > 0, the imit (15) exists (where K} and M, are
defined by (4) and (5), respectively). The operalors
U;, » so defined have the semigroup property (18) and
for all ¢ in £°, t — U, ¥ is continuous from [0, «)
to £%. If A, v is defined by (19), then for all ¢ in the
domain of A, v, ||grad || < o, where ||grad ¢|| is
defined by (24).

We remark without proof that, if u(t, z) =
U, ¥ (x) then u satisfies (12) in the sense of dis-
“tributions for z in the complement of F.

3. THE SCHRODINGER EQUATION WITH COMPLEX
MASS

Theorem 2. Theorem 1 remains true for all complex
m with Im m > 0.

To prove this, observe that from the definition
(3) of K.} and the fact that A is a negative operator,
K.} is a holomorphic operator-valued function’ of
m in the upper half-plane Im m > 0, for each ¢ > 0.
Consequently if ¢ is in £7, (K/"M‘/*)"¥ is a holomor-
phic £’-valued function of m for Im m > 0, and
the sequence is uniformly bounded in norm by
[l¢|l. By Theorem 1, the sequence converges for
m on the imaginary upper half-axis. But a uniformly
bounded sequence of holomorphic functions which
converges on a determining set, converges on the
entire domain, so that the limit (15) exists for all
¢y in £ ¢ > 0, and Im m > 0. We take (15) as
the definition of U}, , for Im m > 0—it is not
defined by a functional integral when m is not
purely imaginary, as Cameron® showed. The same
argument shows that ¢ — Uj, ¢ is continuous

7 See E. Hille and R. S. Phillips, Funcitonal Analysis and

Semi-Groups (American Mathematical Society Colloquium
Publications, Providence, Rhode Island, 1957), Vol. 31.
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from [0, «) to £°, whenever Im m > 0 and ¢ is
in £% The semigroup property (18) continues to
hold by analytic continuation. If A4,, , is defined
by (19), then it can be shown (as before by con-
sidering the bounded functions V; and obtaining
an estimate independent of j) that each ¢ in the
domain of 4, v, for Im m> 0, satisfies ||grad ¢|| < .
As we shall not need this last fact, we omit the details.

4. THE SCHRODINGER EQUATION WITH REAL
MASS

Theorem 8. Let V satisfy (13). There is a set N
of real mumbers of Lebesgue measure 0 such that for
alm &N, ¢yingLandt >0

Un ¥ = lim Up vy @7)
exists when m' approaches m montangenitally from
the upper half-plane (that is, Im m’ > 0, m’ — m,
and |[Re (m’ — m)|/Im m’ is bounded). The operators
Ui v so defined have the semigroup property (18)
and for all ¥ in £, t — U , is continuous from
0, =) to £°.

The restriction to almost every real value of the
mass parameter is an unsatisfactory feature of the
theory. It would be interesting to know whether
U:. v always has continuous boundary values for
1/2m real. The example of See. 5 shows that,
for m real, (K/"Mi/™)"¢ does not always have a
limit. As a function of m it may have a highly
oscillatory part which in the limit as n — « makes
no contribution to the analytic extension to the
upper half-plane. The proof of Theorem 3 is based
on the Fatou-Privaloff theorem® which asserts that
a bounded holomorphie function has a nontangential
limit almost everywhere on the real axis. The
remainder of this section is devoted to the measure-
theoretic details of the proof.

Let ¢ and ¢ be in £ so that (U, ¥, ¢) is a
bounded holomorphic® complex-valued function of
m' for Im m’ > 0. By the Fatou—Privaloff theorem,
for almost every real m,

(Uarty o) = lim Uhvty ) (29)
exists. (Throughout this section a limit on m’ will
mean a nontangential limit.) That is, U}, ,¢ has
a nontangential limit almost everywhere in the
weak topology of £°. The limit U, ,¢ is a weakly

8 See L. P. Priwalow, Randeigenschaften Analytischer
Funktionen (VEB Deutscher Verlag der Wissenschaften,
Berlin, 1958).

? Qur inner products are linear in the first vector and
conjugate linear in the second.
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measurable function of m, and since £* is separable
it is a strongly measurable’ function of m. If m’ =
z -+ iy, ¥y > 0, then by the Poisson formula
¢ _ 1 f ® Y t

Um’.V‘p = T Jow yz + (.'l) — m)z U,,,'V\l/ dm.
Since U, ¢ is strongly measurable, (29) holds
as a strong (Bochner) integral, and using the
Schwarz inequality we find that

Wil = [ [} i

U,.. v¥) dm, dm,

(29)

Y ¢
X yz + (x _ 2 (Um,,V‘p}

M)

<| [l wtlan |

Therefore,

[Uspll > liminf [T pvl] (30)
for almost every m. In a Hilbert space, (28) and
(30) together imply strong convergence, so that
for every ¢ in £° and ¢ > 0, (27) holds for almost
every m.

The exceptional set may depend on ¢ and i.
However, (27) must hold almost everywhere
simultaneously for a countable dense set of s,
and since the U;., are linear operators with
uniformly bounded norms (||UL. .|| < 1), (27)
holds almost everywhere simultaneously for all
in £% That is, for each ¢ > 0, there is a set N,
of measure 0 such that for all m&N, and all ¢
in £°, (27) holds. By Fubini’s theorem,® there is
a set N of measure 0 such that for all m & N and
all ¢ in £% (27) holds for almost every ¢ > 0. Now
U, vUs »=U.% for Imm’ > 0, and if lim,,. U, 5
and lim,,. U, , exist in the strong operator topology,
so does lim,,. U,,. ,U:,. 5. But if we have a subset
of (0, ») whose complement is of measure 0, then
every number in (0, «) is of the form ¢ + s for
some ¢ and s in the subset. Consequently (27)
holds for all ¢ in £* and all ¢ > 0 whenever m ¢ N,
and the semigroup property (18) holds whenever
m & N.

By their construction, the U}, , are strongly
measurable functions of ¢ for m & N, and this
together with (18) implies’ that U?, ,¢ is continuous
in ¢ for ¢ > 0. To finish the proof of the theorem,
we need only show that U, ¢ — ¢ as t — 0 for
all ¢ in £°, By the Poisson formula,

Re (Uftn'.Vll’y '//)

I N N ,
= ‘/;m yz + .(.’L' — m)z Re (U,,,'V\p, gl/) dm,
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where m’ = z + ¢y, y > 0. By the Lebesgue
dominated convergence theorem,

1 [ y

(\b:‘p)“';f_my2+(x_m)2

X lim inf Re (U, v¥, ¥) dm,

t—0

and so lim inf, s Re (U, ¥, ¥) = ¢, ¢) for almost
every m. Since [|[U, ¥ — ¥I|° = 2@, ¥)
2 Re (U, ¥, ¥), lim sup,., Unv¥ — ¥l =
for almost every m. This is true simultaneously
for a countable dense set of ¥’s and consequently
simultaneously for all ¥ in £°. Therefore, by enlarg-
ing the set N if necessary, forallm & N, t — UL, ¢
is continuous from [0, =) to £% for all ¢ in £
This concludes the proof of Theorem 3.

It is not difficult to show that if u(z, £) = U;, W (x),
then u satisfies (1) in the sense of distributions
form ¢ Nandz & F.

Notice that if V is a Kato potential as in Sec.
1 then lim,.. (K!/"MY™)™ exists for all m with
Im m > 0, m # 0 and so the Feynman integral
as constructed in Secs. 2-4 agrees with the Feynman
integral of Sec. 1 whenever the latter exists.

We remark that a completely analogous theory
for t < 0 may be developed by taking m in the lower
half-plane. Since (K M ;)* = M;'K=', we find that

(Um,V)* = %fv- (31)
5. THE 1/r» POTENTIAL

The 1/7° potential has been discussed by a
number of authors.’® The conclusions of Case are
essentially that for certain values of the parameters
the Hamiltonian is semibounded and the usual
extension (the Friedrichs extension) is a self-adjoint
operator, while for the other values of the parameters
this is no longer true; one is in the limit circle
case'’ and there is a one-parameter family of self-
adjoint extensions, no one of which is singled out
in any natural way. The solution of the Schrédinger
equation by means of Feynman integrals, as de-
scribed in the preceding sections, leads to very
different results which bear out the interpretation
of Landau and Lifschitz'® of the possibility of a
collision with the center of attraction.

We consider now a three-dimensional Euclidean
space, and write £*(R*) as the direct sum of the
subspaces 3C; of wavefunctions with azimuthal

10 K. M. Case, Phys. Rev. 80, 797 (1950); L. D. Landau
and E. M. Lifshitz, Quantum Mechanics—N. on-Relativistic
Theory, translated by J. B. Sykes and J. S. Bell, (Addison—
Vggsslfy Publishing Company, Inc., Reading, Massachusetts,
1

11 H, Weyl, Math. Ann. 68, 220 (1910).
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quantum number . Let us define u by ¢, = wur,
where r is the distance to the origin and ¢, is the
radial part of ¢ in 3C,. Then Schrédinger’s equation
with a centrally symmetric potential V becomes
(see, e.g., Landau and Lifschitz'’)

S+

om 1

ou_ i

at " 2mar
where for each ¢, u(tf) lies in £°(0, ). We shall
use the same notation Ul ,, ete. for operators on
3¢, and the corresponding operators on £2(0, ).
Consider the potential V = —1/r’. Let us find
the kernel of the integral operator R, v defined
by (22); that is, we wish to find a function % such
that

(d/dr*yu + {2mi + [2m — 11 + DI//*u

= —2mid(r — 1,),

— 1Vu,

32)

where r, is 'some fixed point in (0, «). Then (32)
for r 5% 7, is a form of Bessel’s equation'® and has
the solutions

Ti (¢4 v((2 mi)%’r y

where »¥* = 1 4+ [l + 1) — 2m and @, denotes
any linear combination of the Hankel functions H:
and H? of order »; for example, the Bessel function
J,. The determination of (2m:)} is unimportant.
We choose that determination which is positive
imaginary when m is positive imaginary, the m
plane being cut along the negative imaginary half-
axis. Then to the right of r, there is no problem—u
must be square-integrable near «, and so

u(r) = constant r*H((2mi)hr), T > To. (33)

The determination of » is crucial. We use the fact,
established in Theorem 1, that every element ¢
in the domain of A4, », for m purely imaginary
with Im m > 0, satisfies ||grad ¢|| < . This
implies that du/dr is square-integrable near 0. Now
7,((2mi)*r) has an expansion beginning

ertt”, (34)

where ¢ is a nonzero constant. When m is purely
imaginary with Imm > 0,»* = 1 4+ (I 4 1) — 2m
lies in the fourth quandrant, and so » lies in the
second or fourth quadrant. To ensure that du/dr
be square-integrable near 0, we must choose » to
lie in the fourth quandrant, by (34). By analytic
continuation, Im » < 0 when Im m > 0, and
when m is real, » lies on the boundary of the fourth

12 (3, N. Watson, A Treatise on the Theory of Bessel Func-

tlzgzz) (Cambridge University Press, Cambridge, England,
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quadrant. That is,
u(r) = constant *J,(@mi)Y), r<m,  (35)

where ¥ = L 4+ I(1 4+ 1) — 2m, » > 0if »* > 0,
and v is negative imaginary if »* < 0. Thus we
have determined the Green’s function for our
problem, by (33) and (35) (except for the values
of the constants, which we will not need).

Now let ¢ be of class @® on [0, »), { = 1 near
0 and ¢{ = 0 near «. Then

| 1) = r*J.(@m)hn)s ()
is in the domain of the infinitesimal generator 4,,,» of
t..v- Now ©4,, v is an extension of —(1/2m)A + V
on the domain of all ©* functions with compact
support in R* — {0}, by (16), but

it ) = [ (&5 + 22K D) o
[ (-4

df
im & (90

If »* < 0, this is equal to a + [c|*», by (34), where
a is real. Consequently, if »* < 0, 74,y is not
symmetric, let alone self-adjoint, even though it is
an extension of a symmetric operator, and so U}, ,
is not unitary. In fact,

(@/at) NUnflI* -0 = — |e]* <O,

so that ||UL, +fl| < |lf]| for ¢ > 0.

It is easily verified that if »* > 0 our U} , is
the usual unitary group of operators generated by the
Friedrichs extension of —(1/2m)A 4+ V. Now
—(1/2m)A + V is unitarily equivalent to any
strictly positive constant multiple of itself, since
for £ > 0, ¥(z) — Ek%(kx) is unitary on £*(R?),
and A corresponds to k™A and V = —1/r cor-
responds to k™*V. Thus when »* > 0, 4,y is
self-adjoint with speectrum [0, «) and no bound
states. When »* = 0, U, , is isometrie, being a
limit of unitary operators. The same argument
works for negative ¢, and so by (31) U, , is still
unitary when »* = 0. It may be verified that the
operator i4,, v is still bounded below by 0 when
v = 0, but since du/dr is not square-integrable
near 0, by (34), there are functions  in the domain of
i4.,,,v such that the kinetic energy (1/2m) ||grad ¢/||?
is o and the potential energy (Vy, ¢¥) is — .
For »* < 0 we have seen that 74,,. v is not self-adjoint.

Let us insert dimensional parameters, so that
our Hamiltonian becomes — (1/2m)A*A + (B8/r),
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where 8 has the dimensions ML*T~% Then »* =
PRIl + 1) + i — 2mB. Let J* = KI( + 1),
so that J is the angular momentum, and let ¢ be
a state vector with angular momentum J(¥ &€ 3¢,
[l¢]] = 1). Then our conclusions on the motion
of a Schrodinger particle of mass m in the presence
of the potential —g/r* may be summarized as
follows:

Case 1. 2mB8 < J*+1h’. The motion is described
by a unitary group of operators and the energy
is bounded below.

Case IL. 2mB=J°+14". The motion is described
by a unitary group of operators but the potential
energy is not bounded below in terms of the total
energy.

Case III. 2mB > J*41k% The motion is described
by a nonunitary semigroup of operators U, ,, and
in general 1 — ||U. ,¥|]° > 0. We interpret 1 —
[|U: »¥||* as the probability that the particle has
collided with the center of attraction by time ¢.
There is no lower bound on the energy.

It is interesting to compare these results with the
known results for the motion of a classical particle
of mass m in the presence of the potential —g/r*;
i.e,, in the presence of the central force 28/r°.
According to Whittaker'® the orbits in polar coor-
dinates are

-rl- = Acos(k0+; K =1— 2mp/J?,
omB < P, (36)
oAt 2mp=, 37)

rl = Acosh (k0 +¢; K = 2mg/J* — 1,
2mg > J:.  (38)

To obtain a complete list we should adjoin the
limiting case of (38):

;1- = Asinh k60 + ¢; k' =2mg/J* — 1,

2mg > J*,  (39)

and 0 = constant for / = 0. Here 4 and ¢ are
constants of integration which may be arbitrary
real numbers except that A < 0 for (36), (38), and
(39), and J is the classical angular momentum,
J = mr®d, so that the time is given by

m

t ==

7 r* d + constant.

1B E, T. Whittaker, A Treatise on the Analytical Dynamics
of Particles and Rigid Bodies, (Cambridge University Press,
Cambridge, England, 1927), 3rd ed., p. 82. -
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The motion of a classical particle of mass m
in the presence of the potential —B/r’ may be
summarized as follows:

Case 1. 2m/8 < J* The motion is described by
a group of transformations and the potential energy
is bounded below.

Case II. 2m/8 = J°. The motion is described
by a group of transformations but the potential
energy is not bounded below [unless A = 0 in (37)].

Case III. 2mB8 > J°. The particle collides with
the center of attraction at a finite time. There is
no lower bound on the potential energy.

This example suggests that, for highly attractive
singular potentials, the solution of the Schrodinger
equation obtained by Feynman integrals as de-
veloped here is physieally relevant even though the
operators may not be unitary. If the energy is not
bounded below, the potential may produce collisions
as well as scattering,
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APPENDIX A

This appendix is devoted to an exposition of the
definition of Wiener integrals, a proof of the con-
tinuity of trajectories, and the connection with
potential theory. It is hoped that this will be useful
to the nonspecialist in probability theory who is
interested in the mathematical basis of functional
integration. The material is by its nature technical.

Wiener Integrals

We use the notation
p'(z, dy) = 4z D)™ exp (— |z — y|’/4Dt) dy, (A1)

where z and y are in [-dimensional Euclidean space
R dy = dy, -+~ dy,, |2’ = o} + -+ + &}, and
D is a strictly positive constant. This is interpreted
as the probability that a particle, performing
Brownian motion with diffusion constant D, which
starts at  at time 0, will be in dy at time ¢. We let

Pi) = [ 9, difw).

We wish to construct a probability measure Pr,
on the space @ of all trajectories. It is convenient
to introduce the one-point compactification™ R’ of
R’ by a point =, and let @ be the Cartesian product

14 John L. Kelley, General Topology, (D. Van Nostrand,
Inc., New York, 1955).
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space
= ]I R.
0<t<

Thus an element w of Q is an entirely arbitrary
function from time [0, =) to space R'. Let us give
Q the product topology, so that by the Tychonoff
theorem™ Q is a compact Hausdorff space.

Now we can define the Wiener integral of a
functional ¢; i.e., of a function ¢ defined on Q.
Consider first a function ¢ of the simple form

(0((:)) == F(w(tl)r e )w(tn))) h < - < i (A2)
Let z be a point in R and let
Prip) = [ - [0, dodp e, o) -

X p‘natn_l(xn—l; dxn)F(xly Ty xn)y (A3)

provided the integrals exist. For example, if
E, ---,E,are BorelsetsinR'and F(z,, - -+, z,)=1
fz; EEiforj=1,---,n Flx, ---,2) =0
otherwise, then (A3) is

f s | opty dry) e pT T (@, A7),
E, En

and is interpreted as the probability that a particle
starting at z at time 0 is in E; at time ¢;, for all
j=1,---, n Let () be the set of all continuous
functions on Q, C¢;,(2) the set of all those of the
form (A2) where F is continuous. Any function
in €(2) may be uniformly approximated by functions
in €;,(Q2), by the Stone~Weierstrass theorem.'* The
mapping ¢ — Pr,(¢) is a linear functional on €y;,(Q),
which is such that Pr.(1) = 1 and Pr.(¢) > 0
whenever ¢>0. Consequently, |Pr.(¢)| <sup, |¢(w)],
and so the mapping ¢ — Pr.(¢) has a unique exten-
sion to a positive linear functional defined for all
¢ in €(Q). The Riesz representation theorem® asserts
that there is a regular® probability measure, also
denoted Pr,, such that

Pre) = [ olo)Pr.(d)

for all ¢ in €(Q). This is Wiener measure. A con-
sequence of regularity which we shall use is this:
if T's is an arbitrary (possibly uncountable) collection
of open subsets of 2, such that the union of finitely
many of the I's is always again in the collection,
and if T denotes the union of all of the I'g, then

Pr(TI) = sup Pr.(I's). (A4)

The positivity of the kernel p*(z, dy) is essential
in the above proof of the existence of Wiener
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measure. There is no corresponding measure for
complex values of D, despite the contrary assertion
of Gelfand and Yaglom, as Cameron shows.®

Continuity of Trajectories

The elements of @ were allowed to be arbitrary
trajectories, even taking the value «. We turn now
to a proof of the well-known, but nontrivial, result
that the measure Pr. is concentrated on the con-
tinuous trajectories taking values in R’ This is
based on the fact that if ¢ > 0 and

e, =swp [ pla,dy

t<d v |y—z|>e

(this is clearly independent of z), then by (A1),

ple, 8) = o(9). (A5)

Lemma 1. Let ¢ > 0, § > 0, x € R, and let
0<t< - <tywitht, —t, < é. Let

A = {o: |o(t,) —(t;)| > e forsomej=1, --- ,n}.
Then Pr,(A) < 2p(3¢, 0).

The crucial aspect of this estimate is that it is
independent of the number n of times considered.
To prove the lemma, let

B = {o: |o(t) — w(t)| > e},
C; = {w: |o(t) — wlt)] > 3¢},
D; = {w: |o(t) — o(t)| > € and |w(t) — w(t)]
<e for k=1,.---,7—1}.

Then A C BU ., (C; N\ D)), forif wis in A,
there is a least j such that |w(t;) — w(t;)|] > ¢
80 that wis in D;. If now w is not in B, then w must be
in C;, since |o(t) —w(t,)| < $eand [w(t)—w(t)] > ¢
so that |w(t;) — w(t,)| > %e Therefore,

Pr(4) < Pr.B)+ X Pr(C; N\ D). (A6)
i=1
Let D(w(t), + -+ , () = 1if w € Dy, 0.0therwise,

and let C(w(?;), w(t.)) = 1if w € C;, 0 otherwise.
Then by (A3),

Pr(C; N\ D, = f fp“(x, dzy) -
X T (@, da)p" (@4, da,) Dy, ce e, z;)

X Clx;, z.) < ple, 5)f fp"(x, dz,) ---

X p”-”_l(xi—n dz;) D(z,, - -
Since the D; are disjoint,

) X)) = ple, a)Prz(Di)-
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i Pr(C; N\ D;) <

=1

émmwmsmw,

and since Pr.(B) < pl¢, 8), the lemma follows
by (A6).

The intuitive idea back of this proof is that the
particle has no memory. Given that the particle
is at x; at time {;, the past (that w lies in D;) has
no influence on the future (whether o lies in C;).
This lack of memory, called the Markoff property,
is built into Wiener measure via the definition (A3).

Lemma 2. With the notation of Lemma 1, let
E = {w: |o{t)) — olt)] > 2¢ for some j and k,
1 <4,k < n}. Then Pr.(E) £ 2p(%¢, 8).

This follows at once from Lemma 1, since £ C 4,
for if |w(t;) — w(t)| > 2¢, then |w(t) — ()] > €
or |w(t,) — w(ty)| > e

The rest of the proof of the continuity of trajec-
tories is merely technical, for Lemoma 2 says that
the probability of a 2¢ variation in a given interval
of length & is 0(8), and hence the probability of a
2¢ variation in some interval of length § is o(1),
and since this is so for all ¢ > 0, the trajectories
must be continuous with probability 1. ’

Lemma 3. Let 0 < a < bwithb — a < 6. Let
E(a, b, ¢) = {w: |o@) — w(s)| > 2¢ for some ¢ and s
wn [a, b]}. Then Pr.(E(e, b, ) < 2p(}¢, 8).

To prove this, let 8 denote a finite subset of
[a, b] and let E(a, b, ¢, 8) = {w: |w{t) — w(s)| > 2¢
for some f and s in S}. Then the E(a, b, ¢, 8) are a
collection of open subsets of @ whose union is
E(a, b, ¢, so that by (A4), Pr.(E(a, b, &) =
sups Pr(E(4, b, ¢ S)). By Lemma 2, for each S,
Pr.(E(a, b, ¢, 8)) < 2p(}¢, 8), concluding the proof.

Lemma 4. Let k& be a positive integer, e > 0, § > 0,
and assume that 1/8 is an integer. Let F(k, ¢ 8) =
{w: Jo(f) — w(s)| > 4e for some t and s in [0, k]
with |t — s| < 8}. Then Pr.(F(k, ¢, 8)) < 2kp(e, 8)/6.

The interval [0, k] is the union of the k/§ sub~
intervals [0, 8], [5, 28], -++ , [k — &, k. f wisin
F(k, ¢, 8) then |w(f) — w(s)] > 4e for some ¢ and
s lying in the same or adjacent subintervals, and
so0, in the notation of Lemma 3, w is in E(a, b, €
for [a, b] one of the subintervals. Hence Lemmas 4
follows from Lemma 3.

Theorem 4. (Wiener'®) Let & be the set of all
which are continuous and such that w(t) lies in R
for 0 <t < =, and let x be in R". Then Pr.(®) = 1.

15 N. Wiener, J. Math. and Phyé. 2, 131 (1923).
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Observe that

8= ANUFG e 5,

k=1 >0 >0

(A7)

where F'(k, ¢ §) is the complement of F(k, ¢ &)
of Lemma 4. This merely expresses the fact that
w is continuous from [0, «) to R’ if and only if
it is uniformly continuous on each interval [0, %].
The ¢ and 8 in (A7) may be restricted to be recip-
rocals of integers. Since each F'(k, ¢, 8) is a closed set,
® is a Borel set, and Pr.(®) is meaningful. To show
that Pr.(®) = 1, we need only show for each k and
e that lim;., Pr.(F(k, ¢ 8)) = 0. But this is frue
by Lemma 4 and (A5).

Potential Theory

Next we develop briefly the connection between
Brownian motion and potential theory.'®

Lemma 5. Let f be o positive measurable function
on R’ such that for all ¢ > 0, P'f < f. Lett, < --- <,
and let A > 0. Then for all z in R',

Pr({o: max f(t)) > A < f@)/N. (A8)

Again, the point is that the estimate is independent
of n. We may think of f(w(f)) as the fortune of a
gambler playing a game which is unfavorable to
him since P‘f < f. From this point of view (which
is Doob’s'®), (A8) is quite intuitive.

To prove Lemma 5, let & be the set occurring
in (A8), and for all » in &, let m(w) be the smallest
value of § such that f(w(t;)) > X. Then

Wr(@®) < [ foltnu)Pre).  (49)
Let x be the operator of multiplication by the
function which is 1 where f{) > A and 0 elsewhere.
Then by the definition of Wiener integrals, the
right-hand side of (A9) is the value at ¢ of

Pixf 4 PU(L = 0P“"f + -+
+P(L =) - P — PR (ALD)

But (A10) telescopes and is < f. To see this, suppose
that n = 3. Then, since P*"™"*xf < P %f < f,

Pixf + PU(1 — 0P "xf
+ P41 — 0P (1 — )P *xf
S Phxf + Ptx(l —_ X)Pts—sx]: S Ph}c .<._ f-

Therefore, by (A9), A\Pr.(®) < {(z), concluding
the proof.

16 J, L. Doob, Trans. Am. Math. Soc. 77, 86 (1954).
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Lemma 6. Let f be a lower semicontinuous function
from R* to [0, ] (the value « is allowed) such that
P'f < fforallt > 0. Then for all A > 0 and z in R’,

Prfe: sup fw(t) > M) < f@/n

Lower semicontinuity means that {y: f(y) > A}
is open. Lemma 6 follows immediately from (A4)
and Lemma 5.

Theorem 5. (Doob'®) Let F be a closed subset of
R' of capacity 0 and let = be a point which is not
in F. Then

Prllo:a@ € F for 0<t< @})=1.

There is no loss of generality in assuming that
F is compact, since any closed set in R’ is a count-
able union of compact subsets. If I > 3, a theorem
of Cartan'” asserts that, given a compact set F
in R’ of capacity 0, there is a positive superharmonic
function f, equal to « on F and finite on the comple-
ment of F, and continuous from R' to [0, o].
Since f is superharmonic, f(z) is greater than the
average of f on any sphere with 2 as center, and
so by (Al), P'f < ffor all ¢t > 0. By Lemma 6
the probability that w(t) & F for some tis < f(z)/A
for all A > 0, and so is 0, concluding the proof
in the case I > 3. It is not difficult to modify the
proof for the case'® I = 2. If I = 1 there are no
nonempty sets of capacity 0.

We remark that the assumption that F is closed
is not necessary. The existence of the function f
which Cartan’s theory gives is in practice as easy
to verify as the usual definition of ecapacity 0
(which we have not stated). For example, if I > 3
and F = {0} consists of the origin alone (as in
Sec. 5), then f(z) = 1/r'"%, where r = [z, has the
required properties.

APPENDIX B

This appendix develops the perturbation theory®
which is due to Kato and to Trotter. Although
the principal ideas are those of these authors,
some of the results are new and there is some
simplification of the proofs. We begin by recasting
the basic theorem on the generation of contraction
semigroups, the Hille-Yosida theorem,'® in a form
which is more convenient for our purposes.

Dissipative Operators

By a contraction semigroup on a Banach space X
we shall mean a family of bounded everywhere-
17 H. Cartan, Bull. Soc. Math. France 73, 74 (1945).

18 We ghall use the form of the theorem due to K. Yosida,
J. Math, Soc. Japan 1, 15 (1948).
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defined linear operators P’, 0 < t < o, mapping
¥ into itself such that

P’=1,
PP =P 0<ls< =,
PP <1, 05i< =,
imP'y =y, ¢EX

-0

The infinitesimal generator A of a contraetion
semigroup P’ is defined by

A¢ = lim (PY = ) (B1)
on the domain D(A) of all ¢ in ¥ for which the
limit exists. The well-known theorem of Yosida'®
asserts that A4 is the infinitesimal generator of a
contraction semigroup if and only if 4 is densely
defined and there is a real A, such that for all X > A,
) is in the resolvent set” of 4 and [|(A — 4)7']| < 1/
Note that since 4 has a nonempty resolvent set, A is
a closed operator. Also, A — A)™ " = [T e ™MPY dt
for all ¢ in ¥ whenever Re A > 0, from which it
follows that ||\ — A4)7']] < 1/Re N whenever
Rex > 0.

We shall call an operator 4 on a Banach space
¥ dissipative in case for all ¢ in D(A), if ¢ is in the
space X¥* of continuous linear functionals on %,
llell = 1 and (¢, ¢) = ||¥|| then Re (4¢, ¢) < 0.
Geometrically such a ¢ represents a supporting
hyperplane at the point ¢ on the sphere of radius
[[¢]] in % (or more precisely Re ¢ does on ¥ regarded
as a real Banach space) and the condition that 4
be dissipative is that ¢ + tAy lie on the same side
of this hyperplane as the origin, for¢ > 0. If ¥is a
Hilbert space, we must have ¢ = ¢/|l¢|| for ¢ = 0,
and so an operator 4 on a Hilbert space is dissipative
if and only if Re (4¢, ¢) < 0 for all ¢ on D(4).
Thus our terminology agrees with that of Phillips™®
for Hilbert spaces.

If A is a dissipative operator on a Banach space
%, and ¢ € ¥, there always exists a ¢ in ¥* such
that [l¢l| = 1 and (¥, ¢) = ||¢|], by the Hahn-
Banach theorem.” (The linear functional ¢ is
obtained by extending the linear functional ay —
a ||¢]] defined on the one-dimensional subspace of
% containing ¢.) Since [[¢]] = 1, [0 — AW >
Re (A — A}, @) = N [[¢]] — Re (4¢, @) =\ ¥
for all real X. That is, if 4 is dissipative,

19 R. 8. Phillips, Trans. Am. Math. Soc. 90, 193 (1959).
This notion of a dissipative operator is very closely related
to the dissipative operators in a Banach space of G. Lumer
and R. 8. Phillips, Pacific J. Math. 11, 679 (1961).
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[l = Al 2 1Yl (B2)

whenever ¢ € D(A) and A is real.

Theorem 6. A densely defined linear operator A
on a Banach space X s the infinitesimal generator
of a contraction semigroup tf and only if it is dissipa-
tive and there is a real N, such that \ is in the resolvent
set of A whenever X > Ao, ‘

To prove this, let A be the infinitesimal generator
of a contraction semigroup P*, and let ¢ be in D(4).
Then X\ is in the resolvent set of A whenever A > 0.
Let ¢ be in ©(4) and suppose that ¢ is in X%,
llell = 1, and (¢, ¢) = [[¥||. Then [(P*¥, ¢)| <|l¥]|=
#, ¢) and so ™ Re (P'¥ — ¢, ¢) < 0. By (B1),
A is dissipative.

Conversely, suppose that A4 is densely defined,
dissipative, and that X is in the resolvent set of 4
whenever A > A,. By Yosida’s theorem, we need
only show that |[(\ — A)7Y| < 1/A for A > A,
but this is true by (B2).

The advantage of this version of Yosida’s theorem
is that the set of dissipative operators clearly forms
a convex cone, whereas this is not true of the set
of all operators satisfying (B2).

Perturbation of Dissipative Operators

The following theorem is a slight extension of a
result of Trotter.’

Theorem 7. Let A be the infinitestmal generator
of a coniraction semigroup on the Banach space %
and let B be a dissipative operator with D(B) D D(A).
If there exist constants a and b with a < } such that
for all ¢ in DH(A)

B¢l < a |4yl + b 1]¥]l,

then A + B 1is the infinitesimal generator of a contrac-
tton semigroup.

(B3)

The operator 4 is dissipative by Theorem 6,
and B is dissipative by assumption, so that A + B
is dissipative. By Theorem 6 we need only show
that there is a A, such that A is in the resolvent set of
A + B whenever A > N\o. Let Ay = b/(1 — 2a), so
that if A>, then 2a+b/X<1. Since D(B) D D(4),
B(\—A)'iseverywhere-defined and ||[B(A—A4) || <
allAd — A7 + b |6 = A)7Y| by (B3). Now
A=A <1/nand AN — 4) =AM —4) ' —1,
so that [|JA(\—A4)7"||<2. Therefore, |[BOA—A)7Y|<
2a 4 b/A < 1for A > Ao Consequently, the range
of 1 — B(A\ — A)™'is ¥ for A > .. But, using ®
to denote the range of an operator, R\ — A — B) =
RIN—A-BON—A4)NV=RQ—-—BM-4)")=%
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for A > X,. Since A 4 B is dissipative, (B2) holds
for it, and so (\ — A — B)™" exists and is a bounded
everywhere-defined operator, concluding the proof.

Kato Potentials

It is well-known and easy to see that, on a Hilbert
space, 4 is self-adjoint if and only if 1A and —i4
are infinitesimal generators of contraction semi-
groups [which must be U(f) and U(—t) respectively,
for t > 0, where U(¢) for — <t < « is a strongly
continuous one-parameter group of unitary op-
erators]. In this case, [|[A(A — A)|| < 1 by the
spectral theorem, so that we need only require
¢ < 1 in Theorem 7. Therefore, Theorem 7 has the
following corollary, due to Kato.?

Corollary. Let A be a self-adjoint operator on the
Hilbert space 3, and let B be a symmetric operator
with ©(B) D D(A). If there exist constants a and
b with a < 1 such that (B3) holds for all ¢ in D(4),
then A + B s self-adjoint.

Following Kato, we apply this to show the
self-adjointness of the Hamiltonian —A + V for
a certain class of potentials V. The Laplace operator
A and the multiplication operator V are understood
to be defined as in Sec. 1. We call V a Kato potential
in case D(V) D D(A) and, for all ¢ > 0, there is a
b such that (B3) holds for all ¢ in ©(A). Thus
—A 4+ V is self-adjoint if V is a Kato potential.
The advantage of requiring (B3) to hold for all
a > 0 (for some b depending on a) is that this
makes the set of Kato potentials a vector space.
Furthermore, if A is any self-adjoint operator
with D(A) C D(A), there is a constant ¢ such that
lavll < ¢ [|4¥]| + ¢ [[¥l] for all ¢ in D(4) (by
the closed-graph theorem’ in principle, and by
inspection in all cases which arise in practice), so that
A 4 V is self-adjoint if V is a Kato potential.

The Soboleff inequalities show that V is a Kato
potential in case V is in £°(R") whenever p > 1l
and p > 2. This may be proved by using Fourier
analysis as follows. If ¥ in £*(R’) is in D(A), then
" + gy € LRY). But (* + 1) € &R
if p > 3, so that by the Hélder inequality, if
p > i and p > 2, then $¢ is in £°(R’), where
1/¢ = 1/p + %. By the Hausdorfi—Young theorem,*
this implies that ¢ is in £°(R’), where 1/s = 1 —
1/¢ = 3 — 1/p. By the Holder inequality, if V
isin £°R’) for p > 3l and p > 2, V¢ is in £*R").
Therefore (B3) holds for some values of a and b.

. ® A Zygmund, Trigonometric Series (Cambridge Univer-
sxt)2r5i’ress, Cambridge, England, 1959), 2nd ed., Vol. II,
p. 254.
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A dimensional analysis [consider the effect of the
transformation ¢ (z) — ¢(kz) for & > 0] shows that
a may be made arbitrarily small by taking b suf-
ficiently large.

For applications to problems involving several
particles, notice that if, after an inhomogeneous
linear change of variables, V' depends on only j
of the coordinates, say V(xy,««:,2:)=W(zy,**+,2;),
and W is in £7°(R’) for p > 1j and p > 2, then
V is a Kato potential.

The following theorem summarizes this discussion
of Kato’s results.

Theorem 8. Let V be a real function on R* which
18 a finite sum of functions in £°(R*) for values of
p salisfying p > 3l and p > 2, and functions which
after an inhomogeneous linear change of variables are
of the form Wz, --- , x;) where W 4s in £°(R’)
for values of p satisfying p > %j and p > 2. Then
V s a Kato potential.

If V is a Kato potential and A is a self-adjoint
operator on £ (R") with D(4) C D(A), then A + V
18 self-adjoint.

An example is the Hamiltonian of a finite number
of Schrodinger particles with Coulomb interactions.

Trotter’s Product Formula

Theorem 9. Let A and B be linear operators on
the Banach space ¥ such that A, B, and A + B
are the infinitesimal generators of the contraction
semigroups P', Q', and R', respectively. Then for
all ¢ in %,

R'y = lim (P'"Q'"y.

70

(B4)

Notice that Theorems 7 and 8 give conditions
under which the hypotheses of this theorem are
satisfied. Theorem 9 is a special case of Trotter’s
result, since Trotter proves that (B4) holds if it
is merely assumed that the closure of 4 + B is
the infinitesimal generator of R‘. The following
proof of the special case is considerably shorter
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than the proof of the stronger result, which uses
the full force of Trotter’s 1958 paper.®

It is sufficient to prove (B4) for a dense set
of ¥’s, since all of the operators in question have
norm < 1. Let ¢ be in D(4+B). Since (P*Q*—1)¢ =
(P* — 1)y + P*Q" — 1)y, we have (P'Q* — 1)y =
h(A + B -+ o(h), where o(h) denotes vectors
in ¥ such that lim,., [Jo(h)||/A=0. Also, (R*—1)¢=
(A + B)Y + o(h). Therefore, (P'Q* — B¢ = o(h)
for all ¢ in (A + B), since (P*Q* — R") =
PQ -1 — (R — 1.

Since 4+ B is a closed operator, D(A+B) is a
Banach space in the norm ||¢/|[4.5 = ||(4 + B}|| +
[¥]l. For each ¢ in ®(4 + B), h™'(P'Q* — RMe
is a bounded set in %. By the principle of uniform
boundedness,” there is a constant ¢ such that
BTN (P'Q" — R < ¢ |[¥|l4ss forallk > 0 and ¢
in D(A-+B). That is, the operators A~ (P*'Q*—R"),
h > 0, are a uniformly bounded set of operators
from (A + B) to ¥ which tend strongly to 0 as
k — 0. Consequently, |[A7'(P'Q* — R"WI|| — 0
uniformly on any compact set in D{4 + B). Let
t > 0. Then, since A + B is the infinitesimal
generator of R, if ¥ is any element of ®(4 + B)
the set of all R, for 0 < s £ ¢, is a compact set
in (4 + B). Therefore,

HP'Q* — RIBY|| = o(h), (B5)

uniformly for 0 < s < £. Set & = t/n. We need to
show that |[((P*@")* — R™W|| — 0 asn — «. But

(Pth)n _ Rhn - (Pth _ RA)RMn-—l)
+ Pth(Pth . Rh)Rh(n—2) IR
+ (P"Qh)(”*”(P"Q}' _ Rh),

and since ||P*Q%| < 1,

(@@ — B™yll < [|(P'Q — RHR ™ y||
+ ||(Pth — Rh)Rh(”~2)¢|‘ + e
+ [|P'Q" — RMyl.

This is the sum of n terms which are uniformly
o(t/n), by (B5), and the proof is complete.
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An Application of Sommerfeld’s Complex-Order Wavefunctions
to an Antenna Problem*

C. YEn

Electrical Engineering Department, University of Southern California, Los Angeles, California
(Received 27 February 1963; and in revised form 1 November 1963)

Using the orthogonality relations of Sommerfeld’s complex-order wavefunctions, the exact solu-
tion for the problem of electromagnetic radiation from a circularly symmetric slot on the conducting
surface of a dielectric-coated cone is obtained. The results are valid for the near-zone region as well
as for the far-zone region, and they are applicable for arbitrary-angle cones. It is noted that the
technique used to solve this problem may be applied to similar types of problems involving conieal
structure, such as the diffraction of waves by a dielectric-coated, spherically tipped cone.

I. INTRODUCTION

HE problems of scattering of waves by a perfectly

conducting conical obstacle or radiation from
such a structure have been considered by many
authors.' ® The exact mathematical solution to the
problem of the diffraction of waves by a finite,
perfectly conducting cone has recently been obtained
by Northover.® However, the corresponding solution
for the diffraction by or radiation from a dielectric-
coated, semi-infinite conical structure has not been
found. It is the purpose of this paper to present
the exact solution of the radiation from this dielec-
tric-coated structure. It is shown that certain
mathematical difficulties can be overcome by the
use of Sommerfeld’s complex-order wavefunctions’
and their orthogonality properties.

II. FORMULATION OF THE PROBLEM

To analyze this problem, the spherical coordinates
(r, 6, ¢) are used. The geometry of this conical
structure is shown in Fig. 1. The vertex of the cone
is taken to coincide with the origin of the spherical
polar coordinates. To eliminate the singularity at
the vertex, a small perfectly conducting spherical
boss of radius a, with its center at the origin, is

* This work was supported by the Air Force Cambridge
Research Laboratories.
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Fig. 1 The dielectric coated spherically tipped cone.

situated at the tip of the cone. The outer boundary
of the dielectric-coated cone is assumed to coincide
with § = 6,; the inner boundary is assumed to
coincide with § = 6,. The dielectric coating has a
permittivity of e, a permeability g, and a con-
ductivity of zero. It is assumed that this radiating
structure is embedded in a homogeneous, perfect
dielectric medium (e, p; oo = 0), and that the
applied electric-field intensity across the slot, which
is located on the perfectly conducting conical surface
8 = 6, is circularly symmetric about the axis of
the cone and linearly polarized in the radial direction.

Due to the symmetrical characteristics of this
problem, all components of the electromagnetic field
are independent of the azimuthal angle ¢. For a
TM wave, the nonvanishing components are E,, E,,
and H,. The wave equation in spherical coordinates
takes the form

& 19 1 9 .
o THO) + 255 [sin 5 5g Lesin ”)]

+ KrH, =0, (1)

where k* = w’ue and the steady-state time depend-
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ence ¢ *“* has been assumed. Setting
H, = iwe(0u/a6) 2
in Eq. (1) gives
(V? + Kulr, 6) = 0. @)

A possible solution of Eq. (3) is then u(r, §) =
R(r)©(8), where B and O satisfy the differential
equations

d/dr [F*(dR/dr)] + (K — )R = 0, 4)
d/do [sin 6(dO/d6)] + csin 60 = 0, 5)

in which ¢ is the separation constant. If one chooses
¢ = v(v + 1) where » may be a complex number,
the solutions of Eq. (5) are the Legendre functions

{P,(cos 0)}_

Q.(cos 6)

The corresponding solutions of Eg. (4) are the
spherical Hankel functions

{hs”acr)}
P En)f

The proper choice of these functions to represent
the electromagnetic fields depends upon the bound-
ary conditions. All field components must be finite
in all regions (i.e., the region within the dieleetric
sheath and the region outside the sheath). In addi-
tion, all field components for the radiated wave
must satisfy Sommerfeld’s radiation condition at
infinity. Consequently, the appropriate solution for
the region inside the dielectric sheath is

w,(r, 0) = 2 kP (k)

»

X [A,P,(cos 6) + B,Q,(cos 0)],  (6)

and that for the radiated wave,

u,(r, 0) = Z: G,:h:})(kOT)P,I(COS 0)7 (7)

where k! = o’ue, and &k} = w’ue. 4,, B,, and G,
are arbitrary constants to be determined by the
boundary conditions. The summation is over all
values of » which are determined by the boundary
condition on the spherical boss at the tip of the
cone; i.e., the tangential electric field must vanish
on the perfectly conducting spherical boss:

a/ar [rh{” (ky)]],me = 0, 8)
a/or [rhy? (kor)]|,=a = O. ©)

The roots of » from Eqs. (8 and (9) will be des-
ignated, respectively, by v, and ».. It should be
noted that A" (k,r) or AL’ (ker) are orthogonal over
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the range k,a to « or ks to «, respectively. (The
proof is given in Appendix A.) It is because of this
orthogonality property of these radial functions
that they are so useful for the conical problems.
The orthogonality characteristic of the Hankel func-
tions with complex order was first investigated by
Sommerfeld.” Hence these functions are also called
Sommerfeld’s complex-order wavefunctions.®

III. THE MATHEMATICAL SOLUTION

The boundary conditions require the continuity
of the tangential electric and magnetic fields at the
boundary surface § = 6,. On the conducting surface
§ = 6, the tangential electric field must be zero
everywhere except across the gap where it is equal
to the applied field. Let the applied field be defined by

E¥ = Eyd(re ', (10)
where d(r) is defined as follows:
1 for ro <r <7y
d(r) = ’ n (11)

0 for a<r<r, and r>r.

|ry, — 7o| is the gap width (see Fig. 1). Expanding
the applied field in terms of Sommerfeld’s complex-
order wavefunctions, gives

E:DD = % Z Lvnvn(vn + l)h:}l) (le)PVﬂ (cos 00)

X e—iwt, (12)

where

1
. Vn(Vn + l)PVn(cos 0D)an(kla)

L

X [ B @) dtn,  (13)

in which the normalizing factor is

Voo = [ B0GAT . ()

Expression (12) represents E**® for all values of r
between a and «.

Upon matching the tangential magnetic and
electric fields at 8§ = 6,, one obtains

Twey Z G,m,hffn)l(kor)[d—(z; P, (cos 01):|
= 'iwel Z h:,l.)(klr)[Ar» d—%— Prn(cos 01)
123 1

+B.. d%ﬁ Q,.(cos ol)] , 15)

¢ C. H. Papas, J. Math. and Phys. 33, 269 (1954).
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3@, bl + DR (k)P . (cos 6;)
= X vl + DAY ()

n

X [AVnP’n(COS 01) + B,”Q,"(COS 01)]’ (16)

It is noted that, in contrast with the spherical and
circular cylindrical boundary-value problems, the
boundary conditions cannot be satisfied by equating
each term of the series expansion. For the present
case, the above equations must be satisfied for all
values of r from r = a to r = «. Consequently,
the orthogonality properties of the radial function
must be utilized to overcome the difficulty. Sub-
stituting the expansion

(ki) = 2 ctynrm By (Rot) a7)

into Egs. (15) and (16), and applying the orthog-
onality relations of the radial function, leads to the
following expressions:

2Gugle = 2 (Aol + Bubl)asesw,  (18)
1 I
Grn'yfln(vi,n + l)g'm’ = Z (Avnavn + Bl’ub'n)

X Vn(Vn + l)avn.vm’ (V:n = ¥4y V{) 1/.",, e ')’ (19)

where the abbreviations

a,, = P,(cos 6,), a), = (d/d6,)P,,(cos 6,),

b,, = Q,,(cos 6,), b, = (d/d6,)Q,.(cos 6,),
Gymr = P,.(cos 0,), g.. = (d/d6,)P,, (cos §,) (20)
have been used. «,,,,.- is given in Appendix B.

Expressing B,, in terms of A,, gives (in matrix
notation)

BV- = R:nl.n»’DVm’: (21)

where R;}, .. is the inverse of the matrix
[R'n'-'n] = [(:_1- b:ngvmlv:n(y:n + 1)
0

- bv..Vn(Vn + l)g:n’)au.rm’])

and D,,. is a column matrix
[Z A,.(ay.v,(V, + l)g:m'

- a;.gvn’v:u(vv,n + 1))“1.,”.’]'
€o
Equation (21) can also be written in the form

B,. = Z hu.r.An; (22)

where 4,,,,, are obtained using Eq. (21).
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At the surface of the conducting cone, 8 = 8,
E, in the dielectric sheath and Eq. (12) must be
identically equal for all values of r between a
and c. Therefore,

A,.P, (cos 8,) + B,.Q,.(cos 8)
= LVnPVu(cos 60): (23)

where L,, is given by Eq. (13). Making the iden-
tification

d'n = Ph(cos 00)) fl’n = Qv»(cos 00)) (24)
and substituting Eq. (22) into Eq. (23), one finds

Al‘ndvn + f”n Z hl'n-VcAl’l = LVndl’n' (25)
Solving for A,, gives
Al’n = [ ’—nl.l'm][LdeVm]7 (26)
where @, is the inverse of the matrix
[Qvn.rn] = [(d0n810n + Ponirns)] @7)

and §,,,,, is the Kronecker delta which is equal
to zero when », # »,, and is equal to unity when
Vo = Vm [Lyad,,] 18 2 column matrix. With the
knowledge of A,, and B,,, the coefficient @,,,. can
easily be computed using either Eq. (18) or Eq. (19).
The electromagnetic fields in the dielectrie shell
and in the free space are now completely determined.
At large distances from the radiating source, the
asymptotic expressions for A'} (ko) which is

(eikor/kor)e—i(v'+l)}r’
leads to
H;, = (fwee™ " /kor)

X VZ G,,[:éa—o P,.(cos 0)]6‘””“””. (28)

IV. NUMERICAL COMPUTATIONS

The influence of the presence of a dielectric
sheath upon the electromagnetic field radiated from
a spherically tipped cone can now be computed.
However, it is noted that the computation is by
no means trivial since the required Sommerfeld’s
complex-order wavefunctions have not been tab-
ulated; only certain limiting values are known at
present. Hence, the task of tabulating these complex-
order wavefunctions was first carried out for kr < 10
and [»| < 10. This tabulation is given elsewhere.’

In a recent article by XKeller, Rubinow, and

* C. Yeh, “Tabulation of Complex Order Spherical Hankel

Functions,” USCEC Rept., Electrical Engineering Dept.,
University of Southern California, (June, 1963).



WAVEFUNCTIONS AND ANTENNA PROBLEM

Goldstein,'® the complex zero v,(z), n = 1,2 - -+ of
H®(2), dHV(2)/dz and dH(V(z)/dz + iZH" (2)
were investigated. They obtained approximate ex-
pressions for v, for small and large values of z by
using appropriate approximate representations for
Bessel functions. Also given were the numerical
solutions of v, n = 1, 2, 3, 4, 5 for H{"(z) and
dH™ (2)/dz, with 0.01 < z < 7. Similar procedures
as those given by Keller, Rubinow, and Goldstein
(KRG) will be used to find the roots of Egs. (8)
and (9). However it will be pointed out that the

approximate expressions of v, for H(z) and.

dH{" (z)/dz given here for z < 1 are better approx-
imations than those given by KRG. Starting with
the expression

HP@) =
with

(&) — J (e ") isin vr  (29)

i (_l)m(%z)i-ﬂ-mn
mmIT(Evy+14+m’
and making the appropriate approximation for
0 < 2« 1, one has

. 5'(27?7: + 1) 2m+1
Z @m + 1)

Jule) = (30)

+ Gir — v — log $2)v

—ir+ 0 =0, @)

where v is the Fuler’s constant and { is the Riemann
zeta function. The condition H!"(2) = 0 has been
used to obtain Eq. (31). It should be noted that
Eq. (31) is identical to Eq. (9) in KRG’s paper.
However instead of expanding v as a power series
in [log %2]™" as given by KRG, successive-approx-
imation method is used here to solve for v. We have

= T e+ 150)

v, =

X [(%@-,, - .:ni log %z)] + O(zz)} 21, (32

This expression is different from KRG’s Eq. (10).
To get an idea of the improvement, a numerical
example is carried out. For z = 0.01, KRG’s Eq. (10)
yields Re », = 0.205, Im », = 0.613, while Eq. (32)
gives Re v; = 0.180, Im », = 0.593. The numerical
solution is Re », = 0.184, Im », = 0.592.

In the same way, when z << 1, we have

1 .
[T ——— P {“"(" -

X wrln — %)
+ 3¢ (3)][:(%1;,, — v — log %2)

Vv, =

T + 0(z2>} (33)

10 J, B. Keller, 8. I. Rubinow, and M. Goldstein, J. Math.
Phys. 4, 829 (1963).
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for the roots of dH{"(z)/dz = 0. This Eq. (33) is
also different from KRG’s Eq. (16).

Returning now to the problem of finding the
roots of Eq. (8) or (9), we note that Eq. (8) or (9)
can be simplified to give

H W) + 20(d/d)H (v) = 0, (84)

where w = » ~+ § and v may be kwa or k,a. When
v < 1, the fo]lowmg expression can be obtained
using Eqs. (29) and (30):

Tw+1) 1+ 2u
————“-——-I,(__v 0" log (1 ) -+ 2nwi

+ 2u log v — ur + O0).
Substituting the following series:

log

35)

Z ?(2”?’ + 1) 2m+1

om + 1 y  (36)

m=1

1_"&._23>_ S
I"g(1--—2u "2,n>2_;2m+12

into Eq. (35) and simplifying, gives

2Zm+1

37

pl2log dv — ir) =

gm*i + t@m + 1) 2m+1
2m + 1

~2nwi — 2vu

._22

mom ]

+ 0@®).  (38)
When » < 1, using the method of successive approx-
imation, one obtains

1
3ir — vy — log §v

1 ¥ 2
X[-;—zar—»y— log%v] +0(”)}'

It is noted that for very small values of », Eq. (39)
approaches Eq. (32). Hence the roots for Eq. (34)
approaches the roots for H{’(») = 0 when v is
very small.

Numerieal solutions of Eq. (34) were carried
out for moderate values of »(0.1 < v < 1.0) using
the IBM 7090 computer. It is found that the roots
. given by Eq. (39) are within 15%, of those given
by Eq. (34) provided that v < 0.1 and n < 5,
and the roots computed from the simplified Eq. (35)
are within 39, of those obtained from Eq. (34)
when v < 0.1. As a matter of fact, the roots from
the simplified Eq. (35) are in agreement within 5%,
of those obtained from Eq. (34) even when v < 0.3.
It should be noted that the roots are symmetric
about the origin since H(v) = e " H(1)."

" = {ine + 318 + c)

(39)
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For large values of » and |u,|, the approximate
expression for the roots of Eq. (34) can be derived
with the help of Debye’s expansion for the Bessel
functions.””** Since we are concerned with the
problem of a cone with a small spherical boss at
the tip, the roots of Eq. (34) for large value of v
will not be considered.

Since the tables for complex-order Legendre func-
tions are also not available, numerical values are
computed from the series expansions for the Legendre
functions.”” To compute e,.,.,,. from Eq. (Bl)
(see Appendix B), one must evaluate the integral

I= [ RGO dh). @)
koa
This integral may be separated into two parts
as follows:

I = I 1 + I 2y (41)
where
3
L= [ RO ) di), (@2
koa
L= [ WENDE) dks). @)
4

The integral I, may be evaluated approximately

go/
BOUNDARY OF THE DIELECTRIC
/snsa‘m WITH §=160°

; BOUNDARY OF

THE METAL CONE

8=160°
8= 182.5°
~ 8,280 185"

BOUNDARY OF THE
DIELECTRIC SHEATH,
WITH §= 162.5°

a0°

Fra. 2. Radiation patterns for dielectric coated cone ex-
cited by axially symmetric circumferential slot. Thickness
of the dielectric sheath is indicated by 4.,

1 W, Franz, Z. Naturforsch. 9A, 705 (1954).

2 Bateman manuseript project, Higher Transcendental
Functions, edited by A. Erdély (MeGraw-Hill Book Com-
pany, Inc,, New York, 1953), Vol. 1.
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using the asymptotic expression for the spherical
Hankel function,

WP ) /2 (1/kr)e™*Te™ 0T, (44)

provided that kr 3> [v]. £ is chosen such that £ >> |v,]
and |v!]. Substituting Eq. (44) into Eq. (43) and
carrying out the integration gives

I~ % e—i(n+!m’+2)§’{§. cos () — nlir — Si (nd)]
+ ’E sin (78) — 7 Ci (n&)}} , (45
with
n =14 k/k.

Si(z) and Ci(z) are, respectively, Sine integral and
Cosine integral, i.e., ‘

.

. sin Y

Si@ =t — [ B,
. U

Ci (@) = f S g,

w

(46)

The integral I, cannot be integrated analytically
and must therefore be evaluated numerically.
Simpson’s rule was used. It is found from the
computations that the coefficients «,,,,.. converge
quite rapidly for small values of x = ky/k, — 1;
only the first few terms of the infinite series [Eq. (17)]
are needed as long as x is less than 3. ,

To qualitatively illustrate how the solutions
behave, the radiation patterns of [Hj| given by
Eq. (28) are computed. It is assumed that the
conical structure with 6, = 165° (i.e., a cone angle
of 30°) is excited by a delta slot located at kor,.
Two cases are considered: one with ko, = 7, and
the other with ko, = 3n. The assumption of a
delta-slot source simplifies considerably the expres-
sion for L,, in Eq. (13); we have

Eo"’xk1k(l) (kiry)

4.3

" = v(v, + 1)P, (cos 6,)N ,,,(k,a)'

Three cases of the thickness of the dielectric coating
with ¢/¢ = 2.0 are considered: 8, = 165°, §, =
162.5° and 6, = 160°. The spherical boss at the
tip of the cone has a radius of k,a = 0.1. The roots
v, and », are computed, respectively, from Eq. (8)
with k@ = 0.1414, and from Eq. (9) with ka = 0.1.
A total of 20 roots each were found for », and »/; i.e.,
n=zl, £2, --- £10and m = 1, +£2, --- £10,
Results for the computed radiation patterns are
shown in Figs. 2 and 3. Numerieal investigation

12 H. Jahnke and F. Emde, Tables of Functions, (Dover
Publications, Inc., New York, 1945).

L,
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shows that the infinite series representing these
expansion coeflicients for the radiated wave converge
quite rapidly for small values of k,a and k,r,. Upon
comparison of the radiation pattern for the uncoated,
spherically tipped cone (i.e., the 8, = 165° case in
Fig. 2) with the pattern given by Bailin and Silver™
for the uncoated cone, one notes that if the spherical
boss is small (ie., ka < 1), and if ko, > 1, the
presence of the spherical tip alters only slightly the
radiation patterns for the cone. Only the pattern
in the forward direction is somewhat enlarged;
this is due to the induced currents on the spherical
boss. The presence of the dielectric sheath tends
to spread out the radiation pattern, and to diffract
more field to the rear of the cone; the radiated
field in the forward direction was not altered
significantly. It can also be observed that the
dielectric coating seems to enhance the ripples in
the curves.

It is remarked here that the formal exaet solutions
given in Sec. III are valid for the near zone (ie.,
near the conieal structure) as well as for the far zone.

APPENDIX A, ORTHOGONALITY CHARACTERISTICS
OF h,W(kr)

To show that the radial functions A{V(kr) are
orthogonal over the range kr = ka to kr = o,
one notes that for any », say, v,

(kr)(d® /dkr)*)Gerh,y) (o))

+ ((%r)* — vl + D)RE (or) = 0, (A1)
and for any other value of », say, s
(Rer)(d® /dkr)Y ek, (k)
+ (r)* = vl + DASE) = 0. (A2)

Multiplying the first equation by A (kr) and the
second by A’ (kr) and integrating the difference
from kr = ka to kr = o, one gets

Bulm + 1) — 5,0m + 1)] f R R Ghr) dkr)

- f a [krh‘“(kr) d(k : (erh (k)

_ (n )
krh,. (kr) d(k )2 (krh,. (kr))] d(kr). (A3)
Integrating the above by parts gives

plrm + 1) = 20 + 1] f RS )b 2(er) d(or)

= krhl? (kr) CerhS ) (er)

d(lc )

% L. L. Bailin and 8. Silver, IRE Trans. Antennas Propa-
gation 4, 5 (1956).
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8,=6,=165"

BOUNDARY OF THE DIELECTRIC
SHEATH WITH § = 160°

BOUNDARY OF
THE METAL CONE

SOUNDARY OF THE
DIELECTRIC SHEATH
WITH §,s 1625°

90°

Fie. 3. Radiation patterns for dielectric coated cone ex-
cited by axially symmetric circumferential slot. Thickness
of the dielectric sheath is indicated by ;.

— Tk (k) 3—(‘;—?) ) (A4)

The terms on the right-hand side of the equal
sign are zero by virtue of the boundary condition
(8) or (9) and the asymptotic behavior of A{Y (kr).
Hence,

fhi?(kr)k“’(kr) d(kr) = 8,,.N,.(ka),  (A5)

where §,,,,, is the Kronecker delta and N, (ka) is
a normalization factor which can be obtained from
Eq. (A4) by an application of de "Hospital’s rule

for the limit », — »,. Substituting the relations
Av,, = v, —

Vs
and
krh,, (k) = krhy) (kr) -+ (3/3v.)(krh ), (kr)) A,y
into Eq. (A4) and using the boundary condition
[8/8(ka)](kak,,, (ka)] = O,

one obtains the normalization factor
Notka) = [ BT )

- 21)"];}_ - {kah(l)(ka) a(ka) 6(1') [kah(l)(ka)]}~ (A6)
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APPENDIX B. FORMULA FOR a,.,...
Multiplying both sides of (17) by &% (kor),
integrating with respect to ko from k. to =, and
using the orthogonality relation for the radial funec-
tion (A5), one obtains

trera = 72— [ RGO Ces) d), (B
rm’ vkoa .
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where
Mo = [ Dhoe o)V dllr)
koa

1) (1)

1 9
=5 1 {koah...'(koa) PO ECA] [koah-..'(koa)]}'
(B2)
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The analytic behavior of the S matrix as a function of real momentum and complex angular
momentum is examined for the case of nonrelativistic scattering by potentials with hard-core inte-
riors. The presence of a hard core in a potential introduces a type of symmetry which, combined
with unitarity, places restrictions upon the movement of the Regge poles and upon the allowable
representations of the scattering amplitude. In particular, it is found that the Watson—Sommerfeld
transform representation of the scattering amplitude is not valid. An alternate representation of the
S function, more practical for such cases, is postulated and examined numerically. Numerical results
are presented for the case when the hard core is replaced by a finite barrier added to a repulsive
Yukawa potential interior. It is found that additional trajectories appear. The mechanism for pro-
ducing the threshold behavior of the phase shifts is compared to that of the case where a hard core

is not present.

INTRODUCTION

GREAT deal of study has recently been

devoted to the analytic behavior of the scatter-
ing amplitude as a function of complex angular
momentum in potential scattering. Regge, Bottino,
and Longoni' (hereafter referred to as RBL) have
proved several theorems concerning the analyticity
of the wavefunctions for complex values of [ in
the ‘nonrelativistic Schrédinger equation when the
potential may be expressed as a superposition of
Yukawsa potentials. They have also shown that the
scattering amplitude for a given value of the
momentum may be expressed by an integral along
the line Re A = 0, where A = [ 4 1, and the sum
of residues of poles in the half-plane Re A > 0.
Most of these proofs depend upon the assumption
that the potential is a superposition of Yukawa
potentials. However, phenomenological nucleon—

* This work was assisted by support from the U. S. Atomic
Energy Commission.

t The computations reported here were carried out at The
Pennsylvania State University Computation Center.

1T. Regge, A. Bottino, and A. M. Longoni, Nuovo
Cimento 23, 954 (1962).

nucleon potentials are not of this type; rather,
they include a hard core in order to fit the nucleon—
nucleon phase shifts over a wide energy range.
For this reason, it is of interest to examine the
effect of a hard core upon the S matrix (or S function)
in the complex angular momentum plane. In this
paper we examine the Regge pole trajectories for
such potentials; for real, positive values of the
momentum variable k. The Cauchy theorem rep-
resentation is found not to be practical ; we postulate
a new representation of the S function, which we
check by numerieal calculation.

I. HARD-CORE SYMMETRY
Consider a potential

V@) == (0 <z<0),
S ./::o 6(].[.) €xXp (_“x) d[l-

z

a>0
(6 < ),
where o(u) satisfies all the criteria enumerated in

RBL.
The solution of the radial Schrodinger equation,
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d*y/ds’ + (& — ' — D/a* — V@) =0,

for x > a is given by a superposition of the two
Jost solutions as defined in RBL:

v\ k, x) = j()‘: k, lL')
— exp [—ir(\ — %)]SO\: k)f(\, —k, IE), (II)

where S(A, k) is the usual S function, and f(A, £k, z)—
exp (Fikx) as x — . The Jost solutions also have
the following properties:
f()‘) k, .’E) = f("')‘: k, x))
f(li k, Sll) = f*o\*; —k*, x)'
Up to this point, no assumptions have been made
about the wavefunction for z < a. Now define the
hard core as the limit of a finite square barrier as
the height goes to infinity. Consider the case where
the barrier height is ¥, and the potential outside
the barrier is zero. (The proof for the general case
is essentially the same but is lengthier and does not

bring out any additional concepts.)
The wavefunction for the barrier potential is

V() = AR\(Gyz) (z <)
= K\"(k2) + SO\, DK (k) (& > a),
where y = +(V, — &} and
F\@) = Gr2 i),
K@) = Gra)HY @)

Ji(z) and H{"®(z) are the ordinary Bessel and
Hankel functions.

Matching wavefunetions and derivatives at z = a
and solving for 4, one obtains

A = 2k/[kF\Gva) K" (ka)
— WF{ra)K" (ka)].  (1.4)

Using recurrence relations for the derivatives and
noting that

(1.2)

(1.3}

F(iya) — §iexp (va) exp {i3(\ — Plr} as vy~ 4=

(i.e., Vo — =), one obtains

4 exp (—va) exp {—i[3(\ — Hir}
A~ T TDED (ke) — K (k) (L.5)

Hence for 0 < 2 < q, in the limit as the barrier

height approaches infinity,
W) ~ —2re® [=vle — 2)]
(/B)K\ (ka) — K3i(ka)

Thus the wavefunction approaches zero every-
where inside the barrier as the core is made hard.

(1.6)
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The only difficulty might occur when z = @ and
KV (ka) = 0. In that case one need only use the
continuity of ¢¥(z) to show that ¢{e) — 0 in the
limit as V, approaches infinity.

Hence, even for Re A < —1%, in which case the
wavefunction is singular at the origin, the wave-
function at any finite point inside the barrier
approaches zero as V, approaches infinity. Specif-
ically, the wavefunction at a given point inside the
barrier becomes infinitesimal compared to the co-
efficient of the exp (—7kz) term in the asymptotic
form of the wavefunction when V, > k*, 1/z.

Setting (I.1) equal to zero at the core radius,

SO‘; k) = [f(}\: k, a)//f()‘) ""k: a')]

X exp [ir(h — ). I€n

Since the f(A, =k, z) are entire functions of A
and k for z > 0, S\, k) is a meromorphic function
of A and % outside cuts on the positive and negative
imaginary k axes extending from +7im to i
due to f(A, ==k, a).

Using (1.2),

S(—N\, k) = S\, k) exp (—42m)), (1.8)
and
S* k) = [fO*, —k*, a)/f(*, k*, a)]
X exp [—ir(N* — 3)]
= [S(*, k%177, (1.9)

which is the statement that § is “unitary.”
The result (I1.8) can easily be demonstrated with-
out reference to the Jost solutions. Consider the

asymptotic forms of the wavefunctions for -\ as
z—

v\ k, 2) — exp (—ikx)
— exp [—ir(A — DISO\, k) exp (ikz),
and
Y(—\ k, 2) — exp (—ikz)
— exp [—im(—\ — HIS(—, k) exp (ikz).

Since the Schrodinger equation depends only upon
A%, and the boundary condition at z = a is independ-
ent of A, the two wavefunctions must be identical,
whereby (1.8) follows immediately.

(1.10)

II. RESTRICTIONS DUE TO THE HARD CORE

Equipped now with the unitarity relation and
the symmetry condition (1.9), we may proceed to
an interesting consequence concerning the Regge
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trajectories; that is, concerning the location of the
Regge poles for real, positive values of k.

Let k be real and greater than zero and let A = i3, 9
real. Then the unitarity condition states

S*@in, k) = [S(—1n, k). (I1.1)
The symmetry condition states
S(—1n, k) = S@n, k) exp 2x1), (11.2)
80
S*(in, k) = [SGn, k) exp @ry)]™",  (IL.3)
and

S*(in, k)S(in, k) = |S(n, k)|* = exp (—2ry). (I1.4)

This result states that on the imaginary axis the
absolute value of the 8 function is independent of
the external potential so long as the potential for
z > a satisfies the criterion mentioned in Sec. 1.

Thus we can say that the Regge trajectories for
k real and not equal to zero cannot cross the imagi-
nary A axis unless the residue of the pole approaches
zero on the imaginary axis in such a way as to
satisfy (I1.4). If the latter does not happen (it does
not with Yukawa-type potentials), then the tra-
jectories are either unbounded or approach a finite
limit point, but in either case remain only in one
half-plane. By the ‘“‘symmetry”’ condition (1.9),
there are an even number of trajectories, oceurring
in pairs, and each trajectory probably remains in
the half-plane in which it started at zero energy.
More important, (II.4) immediately precludes the
use of the Watson—-Sommerfeld transform, since the
integral along the imaginary axis is now divergent.

F1a. 1. The first two Regge trajectories in the first quadrant
for several potentials. HC indicates the trajectories for a
pure hard core, BR the trajectories for the unmodified Bryan
potential, B1 the Bryan exterior potential with a 1-GeV
core plus repulsive Yukawsa interior, and B2 the same but
with a 100-MeV core. Numbers next to the curves indicate
energies in MeV.
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In the preceding analysis one must exclude the
values a = 0 and k = 0. The value ¢ = 0 is excluded
because f(A, k, a) is not analytic at that point.
If, as before, the hard core is the limit of a finite
barrier with V, the height of the barrier, then in
order to prove (I1.7), ya must be able to be made
arbitrarily large. If o is made to approach zero,
a discontinuity develops across the line Re A = 0.
The value & = 0 has been excluded since in that
case S(\, k) becomes unity in the right half-plane
and exp (—#27A) in the left half-plane. Thus a
discontinuity develops in this case also.

To illustrate the above remarks, consider the
case of a pure hard core (V(z) = 0, 2 > a). The
wavefunction may be written

e\, &, 2) = BGma)'[H," (ke)
+ Su\, B)HSP (k)] (z > a), (11.5)
so that the condition ¢ = 0 at z = a determines S:
Sie\, k) = —H P (ka)/H\"(ka).  (I1.6)

We see that the S function depends only upon
A and ka. One may show simply that in the limit
as k or a goes to zero, for this case,

lim lim [8,,(én + ¢, k) — Spo(tn — ¢, k)]

€0 ka—0
= 1 — exp (—2my). (I1.7)

The Regge trajectories in the first quadrant and
hence in the third quadrant of the complex A plane
for a pure hard core have been shown to be infinite
in number by Kotin and Magnus.”"* We have used
a numerical computer program to determine the
trajectories for both the pure-hard core case and
for the singlet even Bryan potential, which is a
typical physical nucleon—nucleon potential possess-
ing a hard core. For the pure hard-core case, the
radius of the core was set equal to the radius of the
Bryan core. The first two trajectories in the first
quandrant for both cases are shown by the curves
HC and BR in Fig. 1. At high energies the Bryan
trajectories approach the pure hard-core trajectories,
as one would expect, since the potential is finite
everywhere beyond the core radius.

III. REPRESENTATION OF S, k)

The ‘“‘unitarity” and “symmetry” of S, k)
suggest that a convenient way to express the 8
funetion for the pure hard-core case is

2 W. Magnus and L. Kotin, Numer. Math, 2, 228 (1960).

3 Compare A. O. Barut and F. Calogero (University of

California, 1963 preprint), where it is assumed that the hard-
core potential has no Regge trajectories.
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® 2 _ 42
Sl B) = {II R—-_%é’;—)]}z(x B, (ILY
where the o’s are the pole locations; &, is an entire
function of A defined by (III.1). The product runs
only over poles in the first quadrant and the de-
pendence upon a, the core radius, is suppressed
since @ is assumed to be fixed throughout this
discussion. Examining (III.1), one can see that
£no also satisfies the unitarity and symmetry condi-
tions (I.8) and (I1.9).

Now assume that the S function for a hard core
plus an exterior potential may be written in the
same form as above:

= B?"(k)]}
SO\, k) = {Hl [xz — 50 £\ k). (I11.2)

Since SQ\, k) = Su.(A, k) as &k — «, and we have
observed numerically that 8;(k) — o;(k) in this
limit, £¢(\, k) must approach £..(\, k) in this limit.
Furthermore SO\, k) — Su,c(\, k) > 1lasA — 4«
means that ¢\, k) — £\, k) in the latter limit
as well.

We now suggest equality of the two entire func-
tions, £\, k) = &, (A, k). Since £,,(A, k) is independent
of the external potential, S(\, k) is now determined
only by the hard-core function &,.(A, k) and by
pole locations. Although we have no analytic proof
as yet, the numerical results seem to strongly
confirm this assumption. Using a numerical program
to calculate the locations of the Regge poles on
several trajectories, the validity of the assumption
was tested in the following way.

Abbreviating finite numbers of pole contributions

by

POOLK) = 11 [L:—__os‘zlg_’;)] ’

i=1

SCEEN b=

i=1

(T11.3)

where n is the number of poles used, ordered by
proximity to the real axis,

STM, k) =[PP k)/Pid (N B)1Su(, k). (111.4)

This just replaces the first n poles of the pure hard-
core case by those computed using the physical
potential. The higher poles are close to the hard-core
positions, so they may be left as hard core without
undue error. The phase shifts are easily calculable
in this approximation.

Phases were calculated for the Bryan potential
for three different lab energies, 10, 50, and 210 MeV,
In each case, first one, then two poles were used,
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TaBLE 1. Approximations to phase shifts using pole terms
multiplied by the entire function #,4(), ), and phase
. shifts using pole contributions only.

Phase Shifts

Poles
S P D F
E lab = 10 MeV
1 40.2° —7.25° —4.7°
2 49.7° —2.8° —3.45°
3 52.45° -0.03° -—1.9°
4 53.6° 0.77° —0.98°
Exact 55.2° 2.2° 0.18°
P® without &, 67.7° —49.6° 85.7°
E lab = 50 MeV
1 28.6° 1.8° —4.95° -3.5°
2 37.2° 8.4° —1.21° -—1.61°
3 39.9° 10.7° 0.49° —=0.52°
Exact 40.88° 11.7° 1.49° 0.43°
P® without &, 54.3° —-39.8° —3.44° 67.8°
Elab = 210 MeV
1 3.98° 23.3° 2.42° -=2.16°
2 8.0° 28.1° 6.1° 0.69°
Exact 9.47° 29.6° 7.6° 2.07°
P® without ¢, 14.7° 59.7° 84.5° 51.7°

and in several cases, three and four. In order to
test the effect of poles further away from the real
axis, and the effect of £,,, phase shifts were computed
from the pole functions P™ (A, k) alone. Exact
solutions were obtained by calculating the phase
shifts directly from the potential. The results are
presented in Table I. Numerical difficulties made
it impossible to calculate the positions of higher
poles, but one can see that the fit to the exact
result in all three cases is quite good. Note that in
each case the addition of one more pole consistently
improved the approximation. Furthermore, the
corrections became smaller and smaller as more
poles were added, as can readily be seen in the
10- and 50-MeV cases. That the pole terms alone
are insufficient is also obvious from Table I.

IV. BEHAVIOR OF TRAJECTORIES FOR ‘‘SOFT”
CORES

The numerical calculations of Sec. III have
indicated that the Regge trajectories for potentials
with hard cores are unbounded. Bethe and Kino-
shita* have shown that when the potential is a
superposition of Yukawa potentials, the negative
half-integers should be high-energy limit points of
Regge trajectories. This has been demonstrated
numerically for the case of attractive Yukawa

potentials.® Bethe and Kinoshita have also shown

(19:5 g A. Bethe and T. Kinoshita, Phys. Rev. 128, 1418
( 92 éa).' Ahmadzadeh, P. G. Burke, and C. Tate, UCRL-10216
1 .
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that the high-energy pole near A = —1% is due to
the 1/r behavior of the potential near r = 0.

With this in mind, we examined numerically the
behavior of the Regge trajectories when the core
of the Bryan potential used in Sees. IT and III
was replaced by finite barriers of first 1 GeV and
then 100 MeV (inside 0.39-pion Compton wave-
lengths), added to a repulsive Yukawa potential
there of strength equal to the one-pion-exchange
potential. For each barrier height the first two
trajectories in the first quadrant were computed,
and for the case of the 1-GeV barrier, the first
two in the third quadrant. Since in both cases the
potential behaved as 1/r near the origin, one would
expect the high-energy pole near A = —% to be
present. The computed trajectories are shown in
Figs. 1 and 2.

The trajectory indicated by the small loop in
Fig. 2 was found to be the one which approached
A = —1% at high energy. The behavior of this tra-

2080
—

ImA

520 T2

F1a. 2. The first two Regge trajectories in the third quad-
rant for case Bl of Fig. 1, and the trajectory which ap-
proaches A = —3 at high energy. Note the approximate
low-energy M symmetry with respect to the corresponding
trajectories in Fig. 1.

J. W. DURSO AND P. SIGNELL

jectory is interesting in that as zero energy is
approached the trajectory approaches A = —3}
tangent to the real axis. Even at its furthest point
from the real axis, the imaginary part of the pole
location was only —0.14. Presumably, approximately
the same kind of trajectory® would occur near
N = —2. It would seem that increasing the height
of the barrier (making it more closely approach the
hard core) would decrease the size of the loop until
it disappeared when the core became hard. At
moderate energies the small loop trajectories con-
tribute little to the S function.

V. DISCUSSION AND SUMMARY

The results of Keller et al.® and of the present
numerical calculations suggest that the mechanism
for producing the low-energy behavior of the S
funetion in the hard-core case and in the “no core”
case is essentially the same; in both cases the
accumulation of an infinite number of poles of
vanishing residue at A = 0 (for k* — 0) produces
the threshold behavior.>”** However, the presence
of a hard core in the potential produces restrictions
upon the movement of Regge poles which limits a
given trajectory to the left or right half-plane.
The presence of a hard core also invalidates the
use of the Watson—Sommerfeld transform to express
the scattering amplitude. Also, it appears that S
functions from strong-force-type potentials con-
taining hard cores can be represented by a few
Regge pole trajectories suitably combined with
calculable Hankel functions and pole positions.

¢ J. B. Keller, 8. 1. Rubinow, and M. Goldstein, J. Math.
Phys. 4, 829 é1963). ,
"V. N. Gribov and I. Ya. Pomeranchuk, Phys. Rev.
Letters 9, 238 (1962).
(19‘; 313 R. Desai and R. G. Newton, Phys. Rev. 130, 2109
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In this paper we find the quantities that are adiabatic invariants of any desired order for a general
slowly time-dependent Hamiltonian. In a preceding paper, we chose a quantity that was initially an
adiabatic invariant to first order, and sought the conditions to be imposed upon the Hamiltonian so
that the quantum mechanical adiabatic theorem would be valid to mth order, [We found that this
occurs when the first (m — 1) time derivatives of the Hamiltonian at the initial and final time instants
are equal to zero.] Here we look for a quantity that is an adiabatic invariant to mth order for any
Hamiltonian that changes slowly in time, and that does not fulfill any special condition (its first time

derivatives are not zero initially and finally).

I. INTRODUCTION

N many cases it is possible to obtain an asymptotic
solution of the equations of motion by perturba-
tion. theory. For many problems of quantum me-
chanics, it is too much to require the convergence
in the mathematical sense of the formal series of
perturbation method. In all practical problems, only
the first several terms are calculated and the whole
series may ultimately be divergent. Thus we are
led to regard them as asymptotic rather than power
series. The range of applicability of perturbation
methods is much extended by this new inter-
pretation.

Kato' shows also that the perturbation method
gives asymptotic series which are correct so far as
the coefficients can be caleculated by means of
operators within the Hilbert space. It is important
to note that this was established independently of
the convergence or divergence of the formal series.
In fact it is rather usual that the series has only a
finite number of significant terms.

The significance of the adiabatie theory can only
be appreciated by noting that the adiabatic expan-
sion in the appropriate expansion parameter is
asymptotic rather than convergent. Thus, the higher-
order adiabatic theory may give very great accuracy
when the first term is already quite good, but it
usually makes matters worse when the first term
is mediocre.’

Therefore, in many cases it is possible to obtain

* This research was supported in part by the United
States Air Force under Grant No. AF-EQOAR, 62,89 and
monitored by the European Office, Offite of Aerospace Re-
search, and in part by the “Pundacién March, Ayuda a
Ciencias Fisicas, 1961"".

1 T, Kato, Progr. Theoret. Phys. (Kyoto) 5, 95 (1950);
5, 207 (1950).

2 H. Grad, Nucl. Fusion Suppl. 1, 61(1962).

an asymptotic solution of the equations of motion
by perturbation theory. We are going to show in
this paper how we can construct an asymptotic
integral of equations of motion of a quantum
mechanical system which is constant to any desired
order.

The adiabatic theorem is divided into two parts.
In the first place it states the existence of a virtual
change in the system which may be called adiabatic
transformation. Secondly, it asserts that the dynam-
ical transformation defined by the Schrédinger equa-
tion goes over to the adiabatic transformation in
the limit when the time dependence of the Hamil-
tonian is infinitely slow. Therefore, first we have
to find the unitary operator representing the
adiabatic transformation.

The construction of this adiabatic transformation
constitutes the main part of the present note. Our
proof is rather formal and not faultless from the
point of view of mathematical rigor.

Kruskal’ has studied the gyration of a charged
particle in a magnetic field when the magnetic
field at the position of the particle changes only
a little during one gyration period. The guiding
center approximation is then formulated by con-
sidering the ratio ¢ =¢/m to be numerically small,
where m is the mass of the particle and e its charge.
An asymptotic analysis is called for in Kruskal’s
work. Once having completed the expansion of the
equations of motion, he claims that there is an
adiabatic invariant which is constant to all orders,
an invariant that is given by the magnetic moment
to lowest order. Of course this result is only asymp-
totic, i.e., the constancy to all orders does not mean

3 M. Kruskal, U. 8. Atomic Energy Commission, Rept.
NYO 7903 (1958).
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exact constancy, but merely that the deviation from
constancy goes to zero faster than any power of e.

Kruskal’s argument is valid quite generally for
any classical system describable by a Hamiltonian,
of which the particle moving in a given electro-
magnetic field constitutes a particular example.*'®

Berkowitz and Gardner® have shown that, in
effect, the expression presented by Kruskal in
Ref. 1 is indeed an asymptotic representation
of the exact solution of the initial-value problem,
valid as ¢ — 0. These authors have given, therefore,
mathematical rigor to Kruskal’s deductions.

In this paper we fix our attention on the quantum
mechanical domain. We introduce the idea of
generalized adiabatic invariants, which are the
operators that are adiabatic invariants to any
desired order in the parameter that measures the
slow time variation of any explicitly time-dependent
Hamiltonian. Let us observe that the generalized
adiabatic invariants to mth order are not equivalent
to the adiabatic invariants to mth order that were
studied in a preceding paper” in which we gave
the conditions that make the quantum mechanical
-adiabatic theorem valid to mth order. In Ref. 7
we chose a quantity that initially was an adiabatic
invariant to first order, and sought the conditions
to be imposed upon the Hamiltonian so that the
quantum mechanical adiabatic theorem would be
valid to mth order. [We found out that this occurs
when the first (m — 1) time derivatives of the
Hamiltonian at the initial and final time instants
are equal to zero.] Here we look for a quantity
that is an adiabatic invariant to mth order for
any Hamiltonian that changes slowly in time and
that does not fulfill any special condition (its first
time derivatives are not zero initially and finally).
The new results of this paper are essentially con-
tained in Secs. 3, 4, and 6.

In Sec. 5 we show how the generalized adiabatic
invariant to mth order becomes the adiabatic
invariant to mth order when the appropriate con-
ditions are imposed upon the Hamiltonian, i.e.,
when we demand that the first m — 1 time deriv-
atives of the Hamiltonian be zero initially and
finally.

The research presented in this paper is carried
on for a quantum mechanical system. However,
following the operational techniques developed else-

* A, Lenard, Ann. Phys. (NY) 6, 261 (1959); C. S. Gardner,
Phys. Rev. 115, 791 (1959).

¢ M. Kruskal, J. Math. Phys. 3, 806 (1962).

¢ J. Berkowitz and C. 8. Gardner, U. S. Atomic Energy
Commission, Rept. NYQ 7975 (1957).

" L. M. Garrido and F. J. Sancho, Physica 28, 553 (1962).
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where® "' for classical mechanics, quite similar

theorems can be proved for the classical domain;
some clarifications may be needed, however.

In contrast with the conventional use of the
operator calculus in quantum mechanies, it is
generally not appropriate to apply that method to
classical mechanies unless considerable care is taken.
The Hilbert space upon which a quantum mechanical
Hamiltonian operator is defined is simple, and is
assumed not to change its properties in a time
flight, or according to other changes of parameters
implicitly included in the system, such as constants
of motion, initial conditions and so on. The Hilbert
space for classical mechanics'®'*® is, however, not
so simple. It is impossible to know its Hermitian
character when the energy surfaces of (2n — 1)
dimensions, defined by the equation H = E in
2n~dimensional phase space, are not closed. But we
should mention that the formal developments of
classical and quantum mechanies in Hilbert space
can be rigorously used in classical mechanics if we
restrict the classical system to a multiperiodic
system.

Our paper starts now with a short exposition of
the quantum mechanical adiabatic theorem, pre-
sented for the sake of completeness and in order
to fix the notation. We generalize the method
inmediately, and define the generalized adiabatic
invariants to mth order. The paper ends by showing
how the first part of Ref. 7 can be deduced from
the present theorem by simply imposing the appro-
priate restrictions to the Hamiltonian,

2. QUANTUM MECHANICAL ADIABATIC THEOREM

Let us suppose that the Hamiltonian H(f) of the
system changes continuously from H, = H() at
the instant ¢ = &, to H, = H() corresponding
tot = {,.

We call T = ¢, — i, the time interval during
which the evolution of the system takes place.
We introduce the fictitious time r that results
when we measure the physical time ¢ with the
parameter 7 as unity. The Hamiltonian of the
system at the instant ¢ = ¢ + +T is H(s), an
operator that is a given continuous function of 7,

8 L. M. Garrido, Proc. Phys. Soc. (London) 76, 33 (1960).
L. M. Garrido and F. Gascén, Proc. Phys. Soc. (London)

81, 1115 (1963).

® L. M. Garrido, J. Math. Anal. Appl. 3, 295 (1961).
(1910 I).. M. Garrido, Progr. Theoret. Phys. (Kyoto) 26, 577

61 ).

u L. M. Garrido and F. Gasc6n, Progr. Theoret. Phys.
(Kyoto) 28, 573 (1962).

2 B, 0. Koopman, Proc. Nat. Acad. Sci. U. 8. 17, 315

1931).
13 J. V. von Neumann, Ann. Math. 33, 587 (1932).
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and such that
H(0) = H,, H(l) = H,.

We are going to study the case when T is large
and the evolution of the system takes place while
the fictitious time changes from » = 0 to 7 = 1.

Let us call U,(r) the evolution operator where
r is the fictitious time that, together with T, was
defined above.

th(@/dn)U+(7) = TH(1)U(7), (1
where H(r) is the slowly time-dependent. Hamil-
tonian, given by the expression

Hr) = L EP@PO(®), @

where P{V(r) are the projection operators of the
stationary states, states that we suppose discrete
and nondegenerate.

Let us call RV (7) a unitary operator such that

P() = RV(PPORY' (). ®)

It is completely defined by the initial condition
R(0) = I and the differential equation

th(d/dDR (r) = KV (DRM (+). 4)

The operator K (r) obeys the following commuta-~
tion relations:

K™ (), P ()]
= ih@d/dnPP (D, ((=1,2,3,--), ()

and is determined without ambiguity if we add
the following supplementary condition:

P;l)(T)K(l)(T)P;’l)(T) =0, (¢ = 1,2,3,--4), (6

equations that yield the following expression for
KV():

K®(7) = ih 2 [(@/dn)PP(DIPP (D). (1)
The unitary transformation R’'(s), applied to
the operators and vectors of Schrédinger’s picture,

produces a new picture: the picture of the rotating
axis,

H(l)(_r) — R(l)T(T)H(T)R(l)(T)
= 2 EP(@HPP©0), 8

KX (D) = RV DKV (HRV (7). 9)

The evolution operator UV (r) = RV ()Ur(r)
in the new picture is defined by the initial condition
U(0) = I and the equation

h(@/dn U (1) = [THY () — KXW (), (10)

an equation that, in the demonstration of the
adiabatic theorem in quantum mechanics, is treated
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by the method of perturbations considering K{" (r)
as the perturbation of TH™ (7).

3. GENERALIZATION OF THE PROCEDURE

To generalize the preceding procedure we have
to treat (10) as we have treated (1), i.e., as if it
were the initial Schrédinger equation. We have to
find the fictitious time-dependent projection op-
erators corresponding to the Hamiltonian H" (7) =
HY () — (1/T)K®(r), operators that we will
call P{¥(r). The subspace subtended by P{¥(r),
aceording to the theorems of T. Kato, should have
the same number of dimensions that the subspace
projected by P{'(r), ie., the instantaneous eigen-
states of H" () should not be degenerate. Indeed,
Kato' says that the Hamiltonian operator H, =
H, + AH, that is a function of the real parameter A,
is a regular function of A if the propagator G\(z) =
—[1/(H) — 2)] is regular in the proximity of A = 0,
for some fixed z; then it is shown that the same
is true for every z not belonging to the spectrum
of H,. In this paper we assume that H{"(r), and
all the Hamiltonians whose eigenstates and projec-~
tion operators will be used, are regular in the real
parameter 1/7. When these conditions are satisfied,
T. Kato shows that the multiplicity of the eigen-
values is independent of A, or, in our case, of 1/7.
Correspondingly, all along the present paper we
suppose that the successive series of instantaneous
eigenvalues that will be defined are not degenerate.
Perhaps this condition is much too restrictive and,
as a consequence, we may leave out some cases
for which the concept of generalized adiabatic
invariance could still be valid. We should like to
remark that it is not our intention to present here
the most general case; we rather intend to introduce
the generalized adiabatic invariants, taking as a
model the steps developed in See. 1, which constitute
the usual demonstration of the adiabatic theorem.
Other conditions require different procedure, as can
be seen in another paper of T. Kato.™

Following the theory of perturbations in quantum
mechanics, we can write the projection operators
P{¥(r) as a function of the projection operators
of HV(r) and of the perturbation (1/T)K(r).
And, because the projection operators of H™(7)
are independent of 7 as can be seen from (8), we have

PP (1) = P{P(0) + (1/THFP (1),
(] = 11213, "')v

where F{’(r) contains only powers of 1/T'.

(11)

1 T, Kato, J. Phys. Soc. Japan 5, 435 (1950).
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We try now to establish a second rotating-axis
picture for the operators P;® (r) as follows:

PO(r) = R2(PPOR™' (2,
(J= 1:21 3: "'), (12)

where the unitary operator R (r) is defined by
the condition R‘®(0) = I, and the differential
equation

d/dDR® () = KP(HRP (2, (13)

in which the operator K (r) obeys, similarly to
K™ (), the commutation relations

[K® (), Pi*(] = dh(d/dn)P{"(z),

G=1,23, .-, (14)
and complementary conditions
PP@HKPHPP (D) =0, ((=1,2,3,---). 15
Therefore, such an operator has the form
K®(r) = ik Z [(@/dn)PP(DIP"(r).  (16)
In the new picture, we define
H®() = R®'(H" (DR (7)
= Z EP@HPP0), (A7)

where E{®(r) are the instantaneous eigenvalues of
H{"(r), and P{®(0) are its initial projectors.
The new evolution operator

U(2)(T) = R(2)T(T)U(l)<7)
obeys the equation
th(d/dDUP(r) = [TH® () —

when

2 (DUP (@), (18)

K;z)(T) = R(Z)T(T)K(:z)(T)R(?)(T). (19)

Evidently, the original evolution operator in
relation to the new one is given by the expression

Ur(r) = RP(DRP(HUP(4). (20)

This process can be repeated indefinitely, and
so we get the procedure to arrive at the generalized
adiabatic invariance.

Let us observe that K:*(r) is of the order of
magnitude of 1/7. Indeed, combining (16) with
(11) we find

K®(7) = ih 20 [@/dDFP(DIPP (), (21

and K{”(r) is of the same order of magnitude
of K'® (7). Therefore, in the Hamiltonian
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H(r) = H®(m) — /DK (), (22

the term —(1/T)K{¥(r) is, at least, proportional
to 1/T° We said before that F{(r) contains only
powers of 1/T; if the first terms of the expansion
of F{"(r) in powers of 1/7 do not depend on r,
expression (21) tells us that K (s) is proportional
to even higher powers of 1/7 than the second.

The equation for U™ (r) could be integrated
without difficulty if we could neglect K;®(s) in
comparison with TH®(r). The solution of the
Schrédinger equation that appears when we do so,

h(d/dr)e (1) = TH® (1) (7), (23)
may be written, with the initial condition¢'*(0) = I,
6@ () = X exp (—iTe(HEHPP0),  (29)

)

where

o0 = [ EPE ar. 25)
1]
If, as we will see immediately, U®(r) tends
toward ¢'®(7) for large T, we will have approxi-
mately

Uz(r) 2 RV (DR ()™ (v). (26)

We are now going to show that, indeed, (26) is
a good approximation for Ur(r) for large 7. The
complete solution of (18) ean be written by means
of the formula for time-dependent perturbations
as follows:

U (x) = ¢@ (U],
where the equation satisfied by U®[] is

@n

Pl =145 [ KPEUPEar, @)
0
with

:,52){?] = ¢(2}r(T)K§2)(T)¢(2)(T).

We plan to show now that the kernel K®[+'] is
a sum of oscillating functions whose frequencies
increase with T, and that therefore the integral in
the second member of the Volterra equation (28)
goes to zero when 7' — «,

Any operator £ admits the following decomposi-

tion
£ = Zk Ly (29
where we use the following notation:
L5 = P”(0)eP:”(0). (30)

We shall use this decomposition for the kernel of
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the integral equation (28),
K [r] = Z; (exp {(T/R)lei”(7)

— a(MIPPOKS ()P (0))
= E (exp {(T/B)[pi® (7)

— e (MK (1)), (31)

an expression in which we have introduced the
condition j # k because, from (15), we deduce

;2)(7'):'1' =0 (.1 = 1) 2, 31 ) (32)

The frequency of the oscillations can be obtained
by calculating the derivative of the phase of the
exponentials with respect to 7. And so we see that
the frequency is never zero because the system is
not degenerate, and that it is proportional to 7'

Let us now consider the operator

F&) = [ K@l do, 33)
0

whose diagonal elements are all zero while their
nondiagonal elements are

Fia= [ ow [ ) - o) |

X K& ()pde (G # k), (34

where K{? (s) only contains negative powers of T
and is, at least, proportional to 1/7T. Integrating
by parts it is easy to see that F;.(r) goes as 1/T"
With this result we can deduce immediately, also
integrating by parts, that

20 =14 01/T7). (35)

With this conclusion we arrive at the following
expression for Ur(7r):

Usx(r) = RP(DR® (D¢ (N1 + 0(1/T*)]

T— =) (36

4. GENERALIZED ADIABATIC INVARIANTS

If we perform only the first transformation B (1),
the result admits a simple physical interpretation:
a system that initially is in the state selected by
P{V(0), will end up in the state selected by P (1).
This is the statement of the well-known theorem:.

To state the generalized adiabatic theorem, we
have to perform successively more than one trans-
formations from a rotating axis picture to another
rotating axis picture. Then, after the Ith transforma-
tion, we have the following approximation for the
evolution operator of the system:
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Ulr) = RODRP() -+ RV () (2)
X [L+00/TY] @~ =). @)

Let us remark now that this expression is an
excellent approximation for the evolution operator
of a system with any Hamiltonian that has a slow
time dependence. No further requirement is imposed
upon the Hamiltonian so far as its time dependence
is concerned, and we can approximate its evolution
operator to any desired power of 1/T'.

We may now present another consequence of the
result (37), a consequence which is deduced by
evaluating the following product:

Ux(n)P{"(0) >~ RV (DR (r) -+
X BV (PP OR (IR (¢(7)
— R(l)(T)R(z)(T) e
X RV @PP (R ()6(7)
= RV(DRD(7) -+ RYP@PP (@R (7) -
X R®' ARV (D) Ux(r). (398
Due to the above relation, we may now state
the generalized adiabatic theorem in the following
manner. A system whose state is initially a vector |I)
whose projector is P{*(0) will end up its evolution

in a state that is a vector of the Hilbert subspace
projected by the following projection operator:

§() = RUOR () - |
X R(z—l)(I)sz—l)*(l)R(l—l)?(l) R(z)f(l)R(l)T(l)
H ’
(39)
with an approximation of the order of 1/T".
Let us now find out the observables that are
generalized adiabatic invariants. Suppose that we

have performed ! transformations. We get the
following evolution operator in the resulting picture:

UP() = V(0T ). (40)

With a procedure similar to that presented before,
this will show that

7] = 1+ 0(/TY.

(€2}

(41)

Therefore an observable £'” which is a constant
of the motion generated by the unitary operator
¢'?(7) in this picture will become

£(”(T) - U(”T(r),B”)U(”(r)
= UPTePUP] = £ + 0(1/T"),(42)

where £° = £(0). Therefore the observables
that commute with H‘? (1), i.e., those that commute
with H'”(0), are adiabatic invariants of Ith order
in the Ilth rotating-axis picture. Throughout this
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paper we suppose that the projection operators
P (0) (for all j and any I) form a complete and
orthonormal set.

Now, the evolution operator of the system is (37).
Therefore the quantity

I(l)(T) — R(D(T)R(Z)(T) ‘e
X R(”(T),B(”R(”T(T) . R(Z)f(T)R(l)f(T) (43)

is the generalized adiabatic invariant of lth order.
It depends explicitly on time but its expected value
is constant during the evolution of the system with
an approximation of the order 1/T'. In general,
therefore, the generalized adiabatic invariants de-
pend explicitly on time; later we shall study the case
when such an explicit dependence does not appear.

5. COMPARATION WITH THE ADIABATIC THEOREM
OF ITH ORDER

In a preceding paper’ we have shown that a
system that initially is in a state belonging to the
subspace projected by P{"’(0) will end up in the
state belonging to the subspace projected by P{" (1)
with an error of the order (1/7°) when its (I — 1)
first time derivatives of H(r) are zero initially and
finally. This is the statement of the adiabatic theorem
of Ith order. We now want to compare this result
with the present generalized adiabatic invariance
of lth order.

The comparison will be reduced to showing that
we obtain the adiabatic theorem of /th order from
the generalized adiabatic theorem of the same order
when we add to the second theorem the extra
conditions that the first (! — 1) time derivatives
of the Hamiltonian H(r) are zero initially and
finally.

To achieve our aim, we have to show, at first,
two properties of the operators that generate the
successive changes of pictures, which are directly
due to the fact that the first (I — 1) time derivatives
of the Hamiltonian are zero at certain time instants.

The first one is concerned with the behavior of
the unitary operators RV (r), R® (), --- , R"(r)
and of their first time derivatives for a certain =
at which the first (I — 1) time derivatives of H(r)
are zero. Indeed in Ref. 7 we have shown that
when the first (I — 1) time derivatives of H(r)
are zero, KV (7) and its first (I — 2) time derivatives
are zero. From (9) we immediately deduce that
K{V(r) and its (I — 2) time derivatives are also
zero for the same values of 7.

The unitary operator R‘’(7) satisfies the dif-
ferential equation (4), from whose successive
differentiation with respect to the parameter r we
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find that the unitary operator R (r) has its (I — 1)
time derivatives equal to zero for the values of 7
for which the first (I — 1) time derivatives of H(r)
are equal to zero. This result, together with the
fact that the Hamiltonian H{"(r) was defined by
means of the relation

HM(n) = HY(r) ~ (/T)KP ()
= RV (MH@ERV(r) — A/DEP (@), (49

allow us to show that, for the above-mentioned
values of 7, the (I — 2) first time derivatives of
H® (r) are zero while the (I — 1)st time derivative
of the same operator is

dl—l
drt™!

1 dl—l
T 37

The results of Ref. 7 and the above properties
of the operators K®(r), R™(r), and H®(s) can
be extended further by the same procedure to all
the series of similar operators that we have intro-
duced in Sec. 3. And so we arrive at the first state-
ment that we needed, i.e., to the fact that, for the
values of = for which the first (I — 1) time deriva-
tives of H(r) are zero, K{* (s) and its first (! — 2)
time derivatives, the first (I — 1) time derivatives
of R (r), and the first (I — 2) time derivatives of
H® (1) are zero; K{”(r) and its first (! — 3) time
derivatives, the first (! — 2) time derivatives of
R®(r), and the first (I — 3) time derivatives of
H?(7) are zero; and so on.

Given this first statement, and remembering that
(1/T)K " (r) is the perturbation that, by the methods
of time-independent perturbations, yields P:®(r)
from P{’(0), in agreement with (11) and that
similarly P{¥(r) is deduced from P{®(0) by a
perturbation proportional to K;? (r), we deduce that

PPO) = PP() = PO() = -+
= P{() = PP(), (49

for the values of 7 for which the (I — 1) time deriva-
tives of H(r) are zero; the operators K{'(7);
K& (r); «+- ; K& (r) will be zero for the same
values of 7, where K{' "’ (r) characterizes the change
of rotating-axis picture.

The second property we must show regarding
the unitary operators R (r), R (s), --- , R*"(r)
is that, for the values of + for which the first (I — 1)
time derivatives of H(r) are zero, the unitary
operators R (r), R®(z), --- , R*“(r) [R™"(r) is
not included] ecommute with any of the projectors
P (0). Indeed, to show this theorem it is sufficient
to apply (46) to the relations like (3), (12), and

H"(7) = K’(m). (45
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so on, successively. Therefore, from (12) and (46)
we have

P?(7) = P{’(0) = R®(MPPORV'(), (47
which is equivalent to
R®@,PPO] =0 (=1,23,-), (49

and similarly for the other unitary operators R (),
R¥®(s), -+, R (r). However, we cannot deduce
that, for these values of =, R’ (r) also commutes
with any P{”(0). If the projection operators P{"’(0)
for all j constitute a complete set, relation (48)
implies that the unitary operators R‘®(s), which
satisfy the same, are unity. Therefore, if the (I — 1)
first time derivatives of H(r) are zero at the initial
and final instants, the unitary operators R®(r),
R¥(z), -+, R (r) will commute with all P{*’(0),
and then we will- deduce that the system that
initially was at a state whose projector is P{’(0)
will end up at a state whose projector is P{" (1),
with an error smaller that 1/T". This is so because
at the final instant, in this case, the projector S;* (1)
of (39) becomes

R(l)(l)R(2)(1) - R(l_l)(l)P;U(O)
X R(I—I)T(l) .. R(z)T(l)R(l)?(l)

_ R(l)(l)P,(-”(O)R“”(l) = PO(). (49)

This concludes our comparison of the generalized
adiabatic invariance with the adiabatic invariance
of order [. Let us study now the relations between
the corresponding adiabatic invariants in both cases.
Indeed, because in this case K{!7V(r), -+, K{P (1),
K®*(r) are zero for the values of r when the first
(I — 1) time derivatives of H(r) are zero, we deduce,
for those values of 7,

HP() = HO(), HP() = HO(), -
HIE () = B (),
E®(r) = BO(), -+

EP(r) = Ej"(n),

E®(7) = E{’(v),
(50)
and from relations like (8), (17), and so on, we get
H®(r) = R®'(H ()R (7)

= R®(H® (DR (r)

= LEPORY DPPORP () = HY(), (1)
given (48) and similar relations. Continuing the

same procedure, we deduce, for these particular
values of 7,
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H(l)(T) — H(Z)(,’.) = ee. = H”_l)('r) = H(”(T), (52)

which are (I — 1) equations.

Therefore, the constants of the motion £ of
H'¥(7), are also, in ‘this case, the constants of the
motion of HV(r), constants which, since P{"(0)
in (8) are a complete set of projectors, are also the
constants of the motion of H(0),

oM = gm (53)

But we have shown before that R (), R®(z), - -,
R‘V(7), for these particular values of 7, are unity.
Therefore, in this case, (43) becomes

I(r) = RV()DL“RV'(7), (54)

a quantity that now is the generalized adiabatic
invariant of lth order.
There remains to identify

I(l)(T) = R(l) (T)£(1)R(1)1(T)

where £ are the constants of the motion of H"(r)
with the constants of the motion of H(r). But from
(8) we have that the commutator [H" (), IV (s)]=0
implies
[H(), R (r)e VRV (7)]

= [H(n),I”(n)] =0, (55

and therefore for these values of 7 which make
zero the first ({ — 1) time derivatives of H(r), the
instantaneous constants of the motion of H(r) are
adiabatic invariants of [th order. This is the meaning
of the adiabatic theorem of Ith order.

6. GENERAL CASE

The most general case is that situation in which
we study the generalized adiabatic invariance of
order ! when the first (I’ — 1) time derivatives
of H(r) are zero initially and finally. We can study
two alternatives: either [ > I’ or I < I'. The results
for the third alternative { = !’ were studied in
the preceding section.

Let’s begin with the case I > I'. We deduce,
as before, that for the values of r for which the
first (' — 1) time derivatives of H(r) are zero,
K®(7) and its first (' — 2) time derivatives, the
first ('’ — 1) time derivatives of R"’(r), and the
first (I' — 2) time derivatives of H{"(s), are zero;
K () and its first (' — 3) time derivatives, the
first (I’ — 2) time derivatives of R®(r), and the
first (' — 3) time derivatives of H{® (r) are zero,
and so on.

We will deduce that, as in (46),

PP(0) = PP() = -+- = P{(0),  (56)
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and since the P{"(0) form a complete set, we will
deduce that

R®() =R®(D =+ =R"'(n =1 (57
for these particular values of 7. Nothing can be
said about RV (s) and about R (7), where & > I
Therefore in this case the adiabatic theorem may
be stated as follows; a system whose state is initially
a vector |I;) whose projector is P;”(0) will end up
its evolution in a state that is a vector of the Hilbert
space whose projector is

S = RYMRY™V(1) -+ -
X R MPPOR() -
X RV (ORY'@), (38)

with an approximation of the order 1/7". Similarly,
we will obtain an expression for the adiabatic
invariant in this case.

The last case to study corresponds to I < I'.
Relation (57) is also valid now initially and finally,
and here the generalized adiabatic theorem of order
1 is completely equivalent to the adiabatic theorem
of I’th order.
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7. CONCLUSION

We would like to remark that even better approxi-
mation for the generalized adiabatic invariance can
be obtained in the case when the expansion in
powers of 1/T of F{'’(r) will make that the first
term of this expansion independent of the fictitious
time 7, because then relations like (16) would give

K®(r) that will be smaller than the one used
in our exposition. Besides this point, there remain
others whose study may be of some profit. We
mention, for instance, the combination of the
generalized adiabatic invariance with the extended
adiabatic invariance which, following the paper
of 8. Tamor,'”® will be published by us soon.'*
The reader may like to compare the present new
concept of generalized adiabatic invariance with
some relevant previous work on adlabatm invariants
of any order.* 7 8

3 8, Tamor, J. Nucl. Energy PC 1, 199 (1960).
18 7,, M. Garrido (to be publish ed).

196" )A Messiah, Mécanique Quantique (Dunod Cie., Paris,
18 1., M. Garrido, Coll Math. 13, 219 (1961).
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Convergence of the perturbation expansion of the S matrix is demonstrated for a field theory
where a quantized fermion field with regularized propagator interacts with a finite number of quan-
tized boson modes. Conventional graphical techniques and combinatorial analysis are used to estab-
lish this result, derived earlier by Edwards, but we believe not properly clarified. A zero radius of
convergence is demonstrated for the theory where a Yukawa-type interaction takes place between
one boson field interacting in only a finite number of modes with another boson field coupled to it
bilinearly. The relation of this result to the convergence of infinite coupled mode theories is discussed.

I. INTRODUCTION

HE subject of the convergence of field-theoretic
perturbation expansions has received relatively
little substantial treatment beyond the speculative
or qualitative stage. In the opinion of the writer,
the strongest and most relevant result which as
appeared to date is that of Edwards’ who, in a
brief note with the barest detail, claims the con-
vergence of a Yukawa interaction theory with a
momentum “cutoff”’. Edwards’ result is obtained
through functional integration techniques and the
cutoff procedure consists of representing the classical
boson potential as a superposition of a finite number
of modes. In this paper a detailed proof of the same
result is presented, based on more conventional
graphical techniques. Qur results apply to a class
of infinite coupled boson mode theories, but will not
apply to the crucial case where the boson field
propagation is a function of only the distance
between the points. We also calculate the S matrix
for the case where the Yukawa interaction couples
two boson fields, one linearly and one bilinearly,
and we show that such a theory has a zero radius
of convergence. This is in agreement with similar
results obtained by other authors for the coupling
of three boson fields,” and conclusively as well as
concisely demonstrates the crucial role of the phase
cancellations due to Fermi statistics for convergence
of the perturbation expansions.
Edwards claims that his proof demonstrates the
convergence of relativistic field theories in the

* Preliminary report presented at New York Physical
Society Meeting, 1963.

1 8. F. Edwards, Phil. Mag. 45, 758 (1954); 46, 569 (1955).

2 C. A. Hurst, Proc. Cambridge Phil. Soc. 48, 625 (1952).
W. Thirring, Helv. Phys. Acta 26, 33 (1953). A. Petermann,
Arch. Sci. Phys. Nat. 6, 5 (1953). R. Utiyamsa and T. Ima-
mura, Progr. Theoret. Phys, (Kyoto) 9, 431 (1953).

presence of a cutoff. We believe this interpretation
must be qualified, as the ‘“cutoff”’ procedure he
uses, i.e., coupling to only a finite number of boson
modes, is not quite the same thing as a form-factor
cutoff in an interaction which allows an infinite
number of modes. Thus, the trigometric polynomials
of maximum finite order; ie., a finite number of
modes, do not constitute a complete set for a finite
interval (i.e., a cutoff range of integration). The
Hilbert space for an infinite number of boson modes
is nonseparable, while that for a finite number is
separable. The mathematical difference between such
theories is likely to be profound. The inequivalence
of a finite number of modes to a momentum cutoff
is particularly apparent when one eonsiders fermions.
A finite number of modes by the exclusion principle
implies a finite maximum number of interacting
particles in the field at once, which is not the case
if the interaction is merely cutoff. A proof of the
convergence of perturbation expansions for cutoff
theories would be a major interest as such nonlocal
theories would be candidates for a “correct” physical
theory. Recent investigations indicate that unitarity®
and perhaps some form of macroscopic causality* can
be realized in such theories. The straightforward
estimation procedures carried out for the case of
a finite number of boson modes would require
careful refinement for applicability to an infinite
number of modes. We discuss this in Sec. V.

The convergence of the vacuum-to-vacuum S
matrix and energy shift will be presented. This
amplitude consists of vacuum polarization effects.
The vacuum-to-vacuum S matrix S, is found to

#E. C. G. Sudarshan, Phys. Rev. 123, 2183 (1961); K.
Yokoyama, Progr. Theoret. Phys. (Kyoto) 26, 131 (1961);
D. A. Kirzhnits, Zh. Eksperim. i Teor. Fiz. 41, 551 (19615

[English transl.: Soviet Phys.—JETP 14, 395 (1962)].
4 B. Ferretti, Nuovo Cimento 27, 1503 (1963).
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be an analytic function of the coupling constant g,
and under certain conditions it is entire. The
estimation technique of Caianielloe® using the
Hadamard inequality always gives a finite radius
of convergence for S,. The vacuum self-energy
(E,) is found to have logarithmic singularities.
Application of these methods to other than vacuum-
to-vacuum matrix elements of the S matrix is
straightforward and is briefly discussed in Sec. IV.
An upper bound to 8, is found which can be eval-
uated by generating function techniques and the
analytic properties follow from theorems in Fredholm
theory and complex analysis. A proof is constructed
in Sec. II for the simple model of one interacting
boson mode. The technique consists of relating the
S matrix for a quantized boson field to that for
an unquantized boson field. In Sec. IIT we show
how 8, for a finite number of quantized interacting
modes can be related to that for an unquantized
real boson field. The convergence of the unquantized-
field case and the consequent result for the quantized
case are derived in Sec. IV. The results are discussed
in Sec. V.

II. THE ONE-MODE MODEL

In the interest of simplicity we shall consider
neutral scalar or pseudoscalar mesons interacting
with fermions. First, we assume that only one
four-dimensionally square-integrable boson mode
interacts with the fermions.

We proceed from the expression for the S-matrix
perturbation expansion in terms of propagators of
the fermion and boson fields. Loosely speaking,
we derive this from the standard perturbation
expansion of the 8§ matrix in Hamiltonian form,

E (—19)

n=0

dexl . e

where ¢ is the coupling constant and the interaction
density without g is given by

Hi(z) = :§@)Ty¢(): ¢(), @

where T is some matrix operator. We are not,
however, committing ourselves to the existence of
a Hamiltonian. All that is relevant about the fermion
field ¢(z) is the propagator K.,(x — z'), which
we assume to be regularized sufficiently to make
integrals of interest finite. Indeed, such a regularized
propagator does not follow from the coupling in

f de, TIH, ) -+ Hiz)], ()

¢ E. R. Caianiello, Nuovo Cimento 3, 223 (1956).
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Eq. (2) if ¢(z) is the true free-field interaction
picture operator. Equations (1) and (2) are written
as a heuristic basis for the expression of the S
matrix in terms of propagators which is our essential
starting point. We presently restrict the boson field
#(z) to have the simple form

¢@) = (a + a*ulz), 3

where a, a* are the usual annihilation and creation
operators for the boson mode u(x) which we assume
is L. The boson propagator is A(z, ') = u(zx)u(z’).
Equation (3) does not correspond to a positive-
negative frequency decomposition of the field. In
Sec. IIT a more general form of boson propagation
will be treated. The vacuum-to-vacuum S matrix
element obtained from Egs. (1) and (2) is

S, = g) 5™ = nzo (—1«.(]) Zﬂ Taa -+ Taan
X f s fdxl s dx,,(T[ZlZﬂ,(zl)‘//a,(xl): T
X e, @a) W an(@n) Do(Tle(@) « - o(@n)])o- )

The fermion Green’s functions in Eq. (4) can be
expressed as a determinant of fermion propagators,®

Koy, « -+ 2a)

= (P[P @) ¥aa@): -+ (@) ¥a,(21) Do
0 K, K K.
K, 0 K,

- K31 K, 0 v ’ (5)
K, 0

where K;; = K(z; — x;). The matrix indices have
been suppressed. The progapator K(x — y) one
assumes to be sufficiently regularized so that
[ dz |[K(z)]* < «. From Eq. (3),

(Tg(xy) - -~ ¢x)o = (0 — DMl ulzy) - - - ulz,), (6)
where
m— DI =nl/2"Gn)! =1-3.5--- (n — 1). )

Had ¢(x) been a classical (i.e., unquantized) field,
8™ would have, in place of the factor

n — DMulzy) -

merely been wu(z,)

u(Za),

- u(z,). By means of the

¢ See, e.g., E. R. Caianiello, Nuovo Cimento 13, 637
(1959).
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relation
(n— DN = 1r’*2"‘f dve "t (neven), (8)
[+]

one can rewrite Eq. (4) as
® _ 3n
S, = Sg) = ﬁf dve [Z[ “’(2”)]
0

n=0
X 2 Taaw
BresBn

I‘ﬁnanf P fdxl ...dx"

X u(xl) ttt u(xn)Kﬁa(xly e xn)] ) (9)
provided the interchange of summation and integra-
tion is legitimate. From Eq. (9)

S(g) ==} fo " dv v e S8 [g(2)]

_ (2 [T caege

= (T) fo dt e~ 82(tg)

— g %l ” —t3/20% Qe

= (T> p fo dte Si®,  (10)

where the last expression holds in a wedgelike
region in the complex g plane. The function S;(g)
of Eq. (9) is the even part of the vaccum-to-vacuum
S matrix S°(g) for the interaction of a quantized
fermion field with the c-number field u(z).” The
latter is, however, the modified Fredholm de-
terminant® based on the (matrix) kernel

iTK(x — z"u(z’), (1)

which, with proper regularization of K(z — z'),
is L*. The quantity S°(g) is known from the Fredholm
theory for L® kernels® to be an entire function of g.
It can be expressed (see Sec. IV) in the closed form

8(9) = exp —[Z =t ] , 1
m=2
where ¢,, denotes the ring integral
O = f fdxl - dr, tr [TK(z, — 2,)
X TK(z: — x3) -+ TK(z, — x)]ulz) - ulz,).
(13)

Equation (12) is merely a manifestation of the
formal operator relation"

det (1 — A) = expftrin 1 — A)].

7 A. Salam and P. T. Matthews, Phys. Rev. 90, 690 (1953).

8 F. Smithies, in Iniegral Equations (Cambridge Univer-
sity Press, Cambndge, England, 1962), p. 97.

? Ref. 8, p. 96, Theorem 6.5.2.

10 See, e.g., M. Baker, Ann. Phys. (N. Y.) 4, 271 (1958).
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It remains to be seen how the relation between S(g)
and S°(g) as given by Eq. (10) reflects on the
analytic properties in g of S(g).

Were we to consider the y(z) field of Eq. (2)
to be a boson field (of spin zero, say) so that we
had a three boson field coupling in place of a yukawa
coupling, the relation of the type Eq. (10) would
continue to hold between Sg(g) (the vacuum-to-
vacuum S matrix for the boson case) and S% .(g)
(the even part of the vacuum S matrix) for coupling
to a c-number source (see Sec. IV). The vacuum
S matrix for this case would be given by Eq. (5)
where K(z — y) corresponds to the propagator for
boson ¢ field (which is a one-dimensional matrix)
and a permanent® replaces the determinant. For
this case, Eq. (12) is simply replaced by

Sa(g) = exp [Z( g 6’"}

m=2

(14)

with ¢, again defined by Eq. (13) (without the
superfluous tr symbol). We shall see how significant
is the difference in the signs of the exponential
between Eqs. (12) and (14).

An upper bound to S(g) of Eq. (4) is clearly

S(g) = -t f - {E [79(20)*]

X 2
ﬂl"‘ﬁn

ETRRRY:- T

[Kﬂa(xl’ e .'1?,,)‘ |U(131) Tt U(.’L',,)I} ’ (15)

where v is the absolute value of the maximum
matrix element of the matrix I'. It is somewhat
more convenient to study, in place of S(g), the
related quantity S$(g) which will have at least the
same radius of convergence. It is defined by

s0 =L@ — Zf [ e, - da,

X |u(@,) - u(xn)l Kooy, -+ 2),  (16)

where the absolute value sign has been removed

from Kg,(z, --+ %,), and we have set v = 1 for
simplicity. From Eq. (8),
2\ r° .
s = (&) [[arerse, @
0

where S:(g) is the even part of the modified Fredholm
determinant® based on the Hermitian (matrix)
kernel

K@, y) = K@ — ) u@u@)], (18)

and is given by Eq. (16) with the (n — 1)!! factor
removed from the right-hand side. The S°(g) is
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also given by (see Sec. IV)

8°(g) = exp —[i (—_g%:&] ,

mwe2

(19)

where the o, would be defined accordingly. The
kernel K(x, y) of Eq. (18) is L” in * X y space
if K(z), u(z) separately are in z space. In Sec. IV
we show that S°(g) is analytic in g and that S(g)
will have nonvanishing radius of convergence if
K(z, y) is L? and will have an infinite radius of
convergence if K(z, y) also obeys some other condi-
tions. The same will follow for S(g).

The vacuum self-energy defined as ¢ times the
sum of all connected loop diagrams is just ¢ In S,
and always has a finite radius of convergence.

The convergence of S,(¢) in this one-mode
model can also be established by application of the
Hadamard inequality to Eq. (4) as done by Caia-
niello.® For K(z) regularized to be finite everywhere
and an L' mode u(z), one would majorize the fermion
Green’s function in Eq. (4) by the upper bound

K@) < k0 — D,

where « = max |K(z)|. Then

© — Dt — 1
181 < 3 (aggr BRI

®,  (20)

where £ = [ dz [u(z)]. The majorizing series in
Eq. (20) has a finite radius of convergence.

The Hadamard inequality thus implies con-
vergence but under stronger conditions [i.e., finite
bound on K(z)]. The L* nature of the boson mode
replaces the additional assumption of finite space—
time volume of Caianiello. Buccafurri and Caia-
niello'* specifically devote themselves to demon-
strating an infinite radius of convergence for the
S matrix when one is restricted to a finite space—time
region and only a finite number of boson and
fermion modes interact. This result will be shown
for a class of infinite mode interactions in Sec. IV.
The condition of a finite number of interacting
fermion modes, as we have pointed out, means only
a finite total number of fermions and therefore
does not correspond to a field theory as far as the
fermions go. The convergence of theories which have
only a finite number of fermions present obtains
when even an infinite number of boson modes
interact with a form factor in the interaction and no
restriction on the time modes at all.'* Caianiello’s®""*
limitation to a finite number of plane-wave modes

1t A, Bueccafurri and E. R. Calaniello, Nuovo Cimento 8,
171 (1958).

12 The result follows using the same methods as in W. M.
Frank, J. Math. Phys. 3, 272 (1962).
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interacting in & finite space-time volume is an
unnecessary restriction concealing the logic of the
situation.

In the case where ¢ is chosen to be a boson field,
Eq. (17) continues to relate the corresponding
quantities and

8u(g) = exp [i L] ,

Om
m=2 M

(21)

with the ¢,, correspondingly defined (see Sec. IV).
The quantity of Eq. (21) necessarily has a finite
(but nonvanishing) radius of convergence and a
lemma of Watson'® tells us that $(g) defined by
Eq. (17) must then have a zero radius of convergence.
This is seen straightforwardly from the way in
which Eq. (17) relates the power series coefficients
of 85(g) and 8z(g). The coefficients of $:(g) because
of the finite radius of convergence have geometrical
growth, and the Gaussian transform of Eq. (17)
changes this to an (n!)! type of growth giving
divergence. This result emphasizes the significance
of the statistics to convergence considerations.'
As will be discussed elsewhere, the divergence of
perturbation expansions for theories where three
boson fields are coupled, has nothing to do with
field theory and the higher manifold of infinitude
of states that it entails. A cubie anharmonic per-
turbation in a simple one-dimensional harmonic
oscillator has zero radius of convergence in the
anharmonic coupling constant.

III. THE MANY-MODE MODEL

Convergence of S(g) can now be established for
a boson propagator A(z, z’) which is a degenerate
symmetric kernel; i.e., of the form

N

Az, ') = Z w(u(z’).

i=1

(22)

The u(z) need not be real. Only symmetric kernels
will be considered. These are not the same as complex
Hermitian kernels. The true propagator resulting
from the interaction of an infinite number of modes
when transformed to the Euclidean metric is, but
for a trivial phase factor, a symmetric kernel, and
can be represented in form Eq. (22) if N = o,
Convergence for unsymmetric kernels will not follow

18 H. Jeffreys and B. Jeffreys, Methods of Mathematical

Physics (Cambridge University Press, Cambridge, England,
1956), 3rd ed., Chap. 17.
_ ¥ Misconceptions about this continue to appear in the
literature. See, e.g., S. Frautschi, Progr. Theoret. Phys.
(Kyoto) 22, 882 (1952), p. 882, footnote*; A. Peres, J. Math.
Phys. 4, 332 (1963).
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by the method to be presented, but this extension
will not be considered here.'®

A boson propagator of the form Eq. (23) derives
from the field operator,

plx) = E (a; + a¥)ui(z), [a¥, a;] = 6. (23)
Again the quantized boson 8 matrix can be derived
from an unquantized-field S matrix by means of
an integral transformation. To do this we consider
the fermion field in interaction with the classical
field

N

Uyo() = E (27)1')% cos 9.u,(x), (24)

i=]1
where v; and 6; are parameters introduced for
integral transformation purposes. The vacuum-to-
vacuum S matrix for fermions interacting with the
classical field u,,(z) will be denoted by S°(g; v, 6).
The vacuum-to-vacuum S matrix for interaction of
the fermion field with the quantized boson field
o(x) of Eq. (23) is expressible as

1 f& @
dy, - -
20" Jo v, j; dox

2r 27 N
X f de, - f dfy exp —(Z v,~>S§(g;v, 9),
a 0 i=1
(25)

where S:(g; v, ) is the even part in ¢ of S°(g; v, 6)
which is the vacuum S matrix for the interaction
of the ¢ field with the single boson mode u,,(x).
Eq. (25) follows by expanding the nth-order boson
Green’s function

S(g) =

An(xlx e xn) = <T[§0($1) e §0(xn)]>0
in
1 !
= > JIa@”, =), @6
appropriate I=1
permutations
where 2, ", 2@, 2{®, .- 2P, 2P ranges over

all permutations of z,, x, - - - z, counting only once
permutations which transform into each other under

interchange of any z* with x{". Substitution for

Az, ) from Eq. (22) into Eq. (26) and dis-
tributing the product of Eq. (26) leads to an expres-
sion for A.(z,, ,, --- z,) as a sum of “subterms.”
Each subterm corresponds to a partition of the
vertex coordinates z, --- z, among the N modes,

15 Convergence in the many-mode case for general forms
of the boson propagator can be proved by application of a
general comparison theorem for convergence of field theories
which will be presented elsewhere. This comparison theorem
enables one to establish convergence in the case of an infinite
number of interacting boson modes but where the boson
propagator can be bounded in the Euclidean metric by a
finite interacting mode propagator.
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where the coordinates belonging to the jth mode
(j =1,2---N) are those which are the arguments
of u;(x) in the given subterm. Thus for N = 2,
n=4, Ay(z,, s, 3, ,) is a sum of twelve “‘subterms”,

Ay, T2y T3, T4) = (@) ()0, (5)u, (24)
+ u1(x1)u1(x2)u2(x3)u2(x4) + uz(xl)uz(xz)ul(xs)ul(x4)
+ Ua(X)Ua (@)U (s () + (22 2 23) + (22 2 24).

For a given subterm let there be s, vertices as
arguments of u,, s, vertices which are arguments
of u,, -+, 8, vertices belonging to the mode u,.
The s; must be even and Z,- s; = N. A particular
subterm is of the form

wky, ok Jug(k, - kD) - un(Rr, - B, (27)
where

u(]h, e pm) = I=Il u(pi); U(P) = U(CIJ,,). (28)
The subterm in Eq. (27) appears [[Y., (s; — D!
times in the expression for A,(z,, --- z,) which

counts the number of pairings within the sets
of s; vertices, each pairing representing a particular
propagation. Thus

> Il -

8j even i=1
s1tsg+recsj=N

ui(lr, - k)

An(xly e xn) =

X X

appropriate
permutations

X ug(ky, <o kL) o unky, - k), (29)
where the sequence ki, k;---ki

817 k? ] khlr ' kIIVN
ranges over all ordered permutations of 1, 2 --- n,
counting only once permutations which transform
into each other under any succession of interchanges
of any vertex coordinates belonging to the same mode.

We note now the equality of A,(z,, --- z.) given

in Eq. (29) with the quantity

1 © © 2% 2r
d f f
(%)”fo R A AL

X [exp - i v;:lu,,e(xl) e U(E),  (30)

i=1

which follows by using the relation

1 w© — s m
(m — DI = o j; dve ’j; do[(2v)! cos 6] (31)

applied to the distributed expansion of u,,(z;) ---
u5(x.). Equation (25) follows from this, Eq. (4),
and the consideration that only even powers of g
can appear in S.

In Eq. (25) we now substitute v; = & cos® ¥,
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where
N
=2 0,
i=]1
and we find
o ¥
S(g) = %f dt "% f d@, I cosv:
s 0 + i=1
2x 2% ~ .
xf de, - - f doySi (V2 tg v, 0), (33)
)] 1]

where S:(G; v, 6) is the S matrix corresponding
to the interaction of the fermion field with the
c-number source

N
= Z COS 7v; CO8 oo‘ui(x)?

_ (34)
ie.,
so = 5= = E PP
Xf fdxl oo dr Kgo (T, o c - )
X 1'2.,9(1‘.1) R ﬁyg(x,,). (35)

[+ d., denotes an integral over the first “quadrant”
(e, 0 < v; <imi=1,2 ---N)of rays in
N-dimensional Euclidean space, where the direction
cosines of the ray are cos v,. Again one would
consider $(g) and 8°(g) defined by

© N
8(g) = ‘17,] dte "¢ f dQ, T cos~;
T i=1

x 11 [ aos(Vaot v, 0, @0
where
5@ v, 0) = ZGf’ z Jan
X Kol - xn) Iu'yﬂ(xl) o Ty 37

This is essentially the vacuum S matrix of a c-number
boson source theory and its convergence which
follows as does that of the S°(g) of Eqgs. (17), (19)
is uniform in v; and 8, The equation (36) connecting
8(g) with §°(g: v, 6) relates their analytic properties
(in g) in essentially the same way that Eq. (17)
does for the corresponding quantities $(g) and $°(g).
The same relation also connects the corresponding
quantities in the case where ¥ is a boson field.

In the next section, we show that the relations
Egs. (17) and (36) imply analyticity in g of the
quantities 8(g) and 8(g), and therefore also the
quantity S(g). In the boson ¢ field case, Sz(g) has
zero radius of convergence.

WILLIAM M. FRANK

IV. ANALYTIC PROPERTIES IN ¢

We shall now demonstrate:

(a) The quantity 8°(g) of Eq. (17) and the cor-
responding quantity 8°(g; v, 6) of Eq. (37) are
analytic as a function of g. The quantities ${g) and
3(g), respectively related by Eqs. (17) and (36),
have a nonvanishing radius of convergence when
%(z) and u(z) are L’. The radius of convergence is
infinite under further conditions on these quantities.
The same results obtain for S(g).

(b) When ¢ is a boson field, relations like Egs.
(17) and (36) hold for $;(g) in the one- and many-
mode cases, respectively, and their radius of con-
vergence is zero as a result.

(¢) The analytic properties of S(g) imply es-
sentially the same property for other matrix elements
of the theory.

We start from the expression

() = 3L
X 2: Kﬂa(xl o
ﬂl".ﬁ'\

Qyperean

referring to the definition in Eq. (5). We have
indicated that the analyticity of $(g) in a circle
implies the analyticity of S(g), which in turn{implies
the analyticity, and therefore convergence, of S(g) in
the same circle of the complex ¢ plane.

As stated earlier, 8°(g) is merely the modified
Fredholm determinant’ based on the L° kernel
®(z, y) of Eq. (18), and is known from the Fredholm
theory for L? kernels to be an entire function of g;
i.e., analytic everywhere. We now prove Eqgs. (12),
(14), and (19) which are instrumental in determining
the analytic properties of S(g), Sz(g).

The determinant'® Kg.(x, - -- z,) of Eq. (5) can
be expressed in terms of the well-known expansion
in permutations,

Kpal@s, =+ 7a)

permutations
4

where the permutation labeled p consists of the
replacements 1 — p,, 2 — p,, --- , n — p, and
(—)* is the signature of this permutation. Any
permutation of 1, 2, --- |, n can be factored into
a product of cycles where a cyle is a permutation
of a subset of 1, 2, --- , n into itself which is no
longer so factorable. We shall use the notation

dz, [ulx,) - - - wlz,)|

(38)

° xn))

_)pKlmK%s U Knmn (39)

16 The method which follows appears in a number of other
mvestlgatmns See, e.g., E. Montroll and J. Ward, Phys.
Fluids 1, 55 (1958); M. Hamermesh, Group Theory (Addlson-
g’eslgvz Pubhshmg Company, Readmg, Massachusetts, 1962),

ec
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(ty, 75 --- 7;) for the permutation cycle which takes
1y, into 4;, 4, into 43, -+ - , %, into ¢, and ¢, into 7,.
The eycle (¢,2; - - - %) will be said to be of length k.
There corresponds to each permutation a set of
integers giving the length of its component cycle
factors. This set of integers constitutes a partition of
the integer n in the sense that their sum is n. Such
a set of integers will be termed a “partition,” and
the set of permutations having the same set of
such integers will be termed a ‘‘partition class’.
Cycles of length 1 are excluded due to the zero
diagonal elements in Eq. (5) which are the result
of the normal ordering of the interaction in Eq. (2).
The sum in Eq. (39) can be written as a double sum,

> o= 2 > (40)

permutations partition permutations
classes x inx

The signature is the same for all permutations in
a partition class and is given by (—1)""" where
v ig the number of cycles in the cycle factorization
of a permutation. Each cycle corresponds to a
closed fermion loop, and a factor of (—1)" in the
signature of the particular permutation corresponds
to a factor —1 for each closed fermion loop in
the corresponding diagram. These factors of —1 are
contributed by the antisymmetrization in their
fermion statistics, and, as will be seen, they are
crucial for convergence. We use the abbreviations

u; = u(zx,), (41)
and
K,,,(]., 2, - ) K(xl - x2)K(x2 - xa)
X K(xm—l - xm)K(xm xl)y (42)

which is the product of the fermion propagators
for a closed loop with m vertices. Equation (39)
can therefore be rewritten as

2

K = (_)n E (____)v(r) 2,

partition
in x

classes 7
X K, @ -+ 42) -+ K., ,)(1'(') (43)
where the partition class 7 corresponds to the

partition (n,, ny, -+ ,(,) and a typica.l permuta-

K, Gy -+ 4a)

p(x)
zﬂ-(l’) ?
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X Z fdxl"'dxn|u1"'unl
permutations
X Km('l; et ’Lﬂx)Kﬂl(,l'l : m) Tt
X Kﬂi(r)<7’y(,) Tt ’t:f::, (44)

We note that the integral in Eq. (44) has the same
value for all permutations belonging to the same
partition class, since any relabeling of the integration
variables does not change the value of the integrals.
The value of each such integral in Eq. (44) for
a given partition = after performing the spin sum
is simply

V:I:Ii f dx, -« - doa; tr K, (12 - - - ny) |uy -+« u,,|. (45)
We introduce the ring integrals

O = f dz, - deatr K,(12 - m) [uy -+ - u,|. (46)
We find

5= > (Y ONeen o on, @D

n! partition
clasges 7

where N, is the number of permutations in the
partition class w. This is expressible in terms of
the integers in the partition corresponding to the
partition class #. For a particular partition = let
the integers in this partition be n,, 7, -+ n,(s.
Let this set consist of distinet integers m,, m,,

- M (x) Where there are r; integers m,, - -+, 7,(s
integers m,(.,. N, is then given by
N, =n!l/(m)"(mg)"™ - - -
X (m“(f))r“(")lrl! 7'2! e 7'“(,,) !. (48)

The quantity n!/n,ln,! - - - n,,,! gives the number
of ways of distributing » integers into distinguishable
unordered classes consisting of n;, n,

elements, respectively. A factor of rlr,! -+ r !
reduces this number to the number of ways of

Ty (x)

tion in « factors into the cycles (&} - -+ ©2)(2 - - - 22.) distributing th.e- integers into indistinguishable
oo (@ ... 27 The coefﬁment of ¢" in Eq. classes. An additional factor of (n; — 1)! for each
(38) is class j gives the number of cyclic orderings of the
(=) integers in this class, counting the number of
8 = o Z (=y™ permutation cycles that can be found from this
partition set of integers. Thus
SC . (_)ﬂ (_)y(’)(GMI)r’(Uﬂlg)r‘ e (amu(x))’“(’) (49)
Ic”;;:::;": (ml)r‘(mz) (mu(r))r“(”rll PYRRE 7‘u(1r)! ’
. @ (_)v(r)(a_m )r;(o_m )rs Y. (U'm )M(r)
() = 2 (=) 2 o £iz) 50
nZ-:O partition (ml)rl(m ) (’m#(,))r"(”h! Tg! ce T“(,)! ’ ( )

classes »
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where

My + Mats + 00 My Tuey =0

(mi 7= 07 1); (51)

P ol Pl
The sum of Eq. (50) can be evaluated in closed
form. One may verify that it is equal to the infinite
product
. e — m . 1 . m - 2
$(g) = H{l ~(_9)1_.{_5[(_1)_0_]

m=2 m m

s +-

m=2

Tucey = ¥(m).

(52)

This is Eq. (19) and is the same as Eq. (12) with
g replaced by g, and the o, correspondingly defined
as in Eq. (13).

Note that the negative sign in the exponential
originates in the (—)”‘™ factor in Eq. (50) expressing
the Fermi statistics. Had we considered the ¢(zx)
field to be a boson field, so that we had a three-boson
field coupling in place of a Yukawa coupling the
only change in $°(g) would be the replacement
of (=) in Eq. (50) by +1 and the exponential
function in Eq. (562) would have a positive sign
before the summation in the exponent. Thus

$i(g) = exp 3 Lom

Oom
’
m=2 M

(53)

where the o,, would be defined correspondingly.

To appreciate the significance of this sign let
us first consider a model where ¢,, = g™ (8 some
number). This would be the case for example if
the ¢ field had only one mode and its propagator
were therefore separable. (In any case the ¢, have
a leading asymptotic dependence of the form g".)
Then

>ELE g w4+, 69

and for a fermion ¢ field, we find

8°(g) = (1 + gBe™, (55)
while for a boson field
Salg) = e /(1 — Bg) = [8°(g)] " (56)

Thus the Yukawa interaction S matrix in this
simple case has an infinite radius of convergence
while the three-boson interaction has a finite radius.

We have mentioned that $°(g) has an infinite

WILLIAM M. FRANK

radius of convergence. It also has an infinite number
of zeros. From the Hermiticity of & (z, y), follows
follows the fact that $°(g) has at least one zero.'’
This tells us that $5(g) has poles and therefore only
a finite radius of convergence. If the L* kernel %(z)
is finite everywhere (we have regularized it) and
goes to zero continuously for large values of |z|,
then 8°(g) has in fact an infinite number of real
zeros with no finite accumulation point. If 8°(g) had
only a finite number of zeros, say M (where we
weight with the multiplicity), then the Hermitian
kernel %(x, y) is expressible as'®

SC(x, y) == é L(_y_%(_xz,

where g,, ¥,(x) are, respectively, the eigenvalue and
eigensolution of the homogeneous integral equation

(58)

v@ =0 [ dyx@, we)  69)

or

0@ = 0. [ K@ - DhEue) e,  69)

and the ¢,(z), (s = 1,2, - - - M) are an orthornormal
set. This is so because the g, are identical with
zeros of 8°(g).'® Therefore,

_ L Buw
K@ =) = X 5 amim)l

= Z [/ f dz, dzzK(y - Zz)‘ic(zz)

8=0

X [u@)! K@x — 2)¢.() [u@)f,  (60)

from Egs. (59), (58), and (59b). Let ¢ be such that
K(£) # 0. One finds, setting y = z 4+ ¢ in Eq. (60),
that the left side K(¢¥) # 0, while the right side
goes to zero as |zf, |y] — . The last fact follows
readily because

lim

|z | >0

[ &K@ =2 wetne =0, @
which is an easily verified consequence of the fact
that |u(2)|* ¢.(2) is L' and K(z) goes to zero con-
tinuously for large values of its argument.

We next consider the analytical properties implied
by Eqgs. (17) and (36), which connect the respective
function pairs, 8(g), 8°(9); 8(g), 8(g; v, 6); S=(9),

17 Ref. 8, Theorem 7.2.1.

18 This relation must in general be understood to hold in
the mean in L2 See, e.g., Ref. 8, Theorem 7.4.1; F. G. Tricomi,
in Integral Equations (Interscience Publishers, Inc., New
York, 1957), Seec. 3.9.

19 Ref. 8, Corollary to Theorem 6.7.1.
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$:(g). [We denote the generic pair by 8(g), $°(g).]
The convergence of the power series for $(g) depends
on the convergence of the term by term integrated
series for 8°(g),” the latter depending on the behavior
of the coefficients in the power series expansion
for 8°(g). Considering the Gaussian transform in
Egs. (17) and (36), it is clear that a nonvanishing
radius of convergence will follow for ${g) only if

I_pmblsl™ 1

P aom Mlnm T 27
where 8 is the coefficient of ¢" in the expansion
of 8°(g). From the finite radius of convergence
of 8:{g) it is immediately clear that Sz(g) has a
zero radius of convergence. Such a result also goes
under the name of Watson’s lemma'® to the effect
that the Gaussian transform of a function with
a finite radius of convergence gives a power series
which is necessarily asymptotic. For the case of the
fermion ¢ field, 8°(g) is an entire function and the
validity of Eq. (62) becomes necessary and sufficient
for analyticity of 8{¢g). Appeal to certain theorems
in the theory of integral functions will now establish
the validity of Eq. (62).

The quantity p can be shown to be* the order

of the integral function $°(g) which means that

(@) = 0", (63)
for all positive and no negative value of ¢. Equation
(62) requires that p < 2. The order p of an entire
function f(z) is related to p;, the exponent of con~
vergence of its zeros; ie., p, is the lower bound
of « for which X, |2,/ where 2z, are the zeros
of f(2). As 8°(g) is the modified Fredholm determinant
deriving from the L® kernel ®(x, y) as given in
Eq. (57), its exponent of convergence p, < 2.
This follows from™

§1§= fdx dy |, Y < ».

In general p, < p, and we must show that indeed

p < 2. If p, is not an integer, then it can be shown®
that p, = p, and the desired result obtains. In fact
in this case p; < 2 so that p < 2 and $(g) has an
infinite radius of convergence.

For the case where p, is an integer we shall show
that the “genus” r (to be defined) of $°(g) is equal
to one. The genus satisfies the inequality™

20 See, e.g., B. C. Titschmarsh, The Theory of Functions
(Oxford University Press, London and New York, 1939),
2nd ed. See 1.79 for proof of a slightly different result which
is easily extended to this case.

2 Ref, 20, Sec. 8.3.

22 Ref, 8, Corollary, p. 116.

28 Ref. 20, Sec. 8.26.
24 Ref. 20, Sec. 8.27.

(62)

(64)
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p—1<r<y, (65)
and r = 1 therefore implies that p < 2. From
Eq. (52),
s = op — 5 0% ()
where

ow= [ do e dte (R, 22) - Rlom, )] (66)
[what follows for $°(g) will also hold for §°(g)]. Now

O = f dz tr X"(z, 1), 67)
where X™(x, y) is the m-times iterated kernel
Kz, y). For X(z, y) continuous, the uniform
convergence of the spectral expansion of X™(z, ¥)*°
(for m > 2) implies that

D> 51; (68)
Then
—In §°(g) = mf; g%)“ Z 51; (69)

Since no g, = 0 and only a finite number of g, lie
between —1 and 1, the above double sum is ab-
solutely convergent for sufficiently small g and can
be rearranged to

5@ = T[Z-n(+2)],
where in Eq. (70) we may not distribute the summa-
tion sign separately over the two terms in the
bracket. Consequently,

s = 11 [(l + %)e”"""] ;

1)

where the same restriction holds on distributing
the product symbol in Eq. (71) over the two factors
in the braeket. Eq. (71) is a canonical factorization
of the entire function $°(g) into a product of “primary
factors”,”® The exponential factor in each primary
factor contains a first degree polynomial in the
exponential and this defines the genus » to be 1.*
In faet, since 8$°(g) is given as a canonical product
in terms of its zeros, p, = p,”° and therefore if
p:1 = 1, so does p, which would then imply an infinite
radius of convergence. There are conditions under
which p, = p = 1, and consequently an infinite
m, Theorem 7.6.1.
28 Ref. 20, Sec. 8.1.

27 Ref. 20, Sec. 8.23.
2 Ref. 20, Sec. 8.25.
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radius of convergence obtains. This is the case when
the fermion field has a finite number of modes
and we thus get the result of Buecafurri and
Caianiello.” Another example is when the kernel
%(z, y) has only a finite number of negative eigen-
values™ which is true, say in a model of scalar
fermions if K(z — y) is represented in a Euclidean
metric. We shall not dwell on these here but for
mentioning that the existence of [ daX(z, z) is
necessary in this case.

We have concerned ourselves till now with the
convergence only of the vacuum-to-vacuum S
matrix. Other matrix elements of the theory are
related through functional derivatives to the vacuum
S matrix of a theory containing c-number source
funetions. Thus the n-point boson Green’s functions
can be obtained from the vacuum S matrix cor-
responding (schematically) to the Yukawa inter-
action,

Hy = g[:§@)T¥@): + j@)]e),

where j(x) is a c-number source. The quantity
8;(g) based on a c-number ¢(z) for H given by
Kq. (72) is merely given by

(72)

5(0) = @) ew g [ dri@el), (73
and entirely analogous considerations to those out-
lined in this paper will establish convergence of the
perturbation expansions.

V. DISCUSSION

The principle of this proof is the relation of the
quantized boson-field vacuum S matrix to the S
matrix deseribing fermions interacting with a
classical boson field. The latter quantity is merely
a Fredholm determinant whose known attributes
have been exploited. This relation is a manifestation
of the functional equation® relating a functional
of the quantized boson field to a functional of a
c-number field

i )
TS[¢quant] - ‘eXp _5 ff dx dy 6¢(x)

2 F. G. Tricomi, Ref. 18, Sec. 3.12, Mercer’s Theorem,

3 See, e.g., N. N. Bogoliubov and D. V. Shirkov, Intro-
duction to the Theory of Quantized Fields (Interscience Pub-
lishers, Inc., New York, 1959), Sec. 39.2; B. Zumino, “Notes
on the Quantum Theory of Fields”(New York University
Lecture Notes, Lecture 8, 1958) (unpublished).
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_6_
de(y)

One might hope to develop a refined technique
for extending the convergence demonstration to an
infinite number of interacting boson modes. The
considerations are not entirely straightforward. The
introduction of an infinite number of modes or
rather what is more crucial, the introduction of
boson propagators which are functions of only the
invariant distance between points leads to an
infinite amplitude for each closed loop arising from
the & function of overall energy—momentum con-
servation. From the physics point of view, one knows
how to handle these infinities unambiguously. The
mathematical limiting procedures, however, will
encounter these infinities, and must be so performed
as not to be invalidated by them. While presumably
this can be done, the added complication- calls
for more refined techniques. One might, for example,
consider the vacuum self-energy which involves only
connected diagrams and therefore has only one
overall & funetion. This and other approaches are
presently under consideration.

In conclusion, this paper has presented an explicit
demonstration of the convergence of Yukawa inter-
action theories where only a finite number of boson
modes can interact with a relativistic quantized
fermion field. This result is presented very sketchily
in an earlier paper of Edwards, and to the writer’s
knowledge and understanding is the strongest result
so far appearing in the literature on the subject
of convergence. The role of statistics in convergence
is clarified by explicit demonstration of the diver-
gence for a three-boson coupling under the same
conditions. It has also been pointed out that the
restriction to a finite number of interacting boson
modes is not equivalent to a Feynman cutoff and
constitutes a significantly greater limitation.

X Alx — y) Slectass): - (74)

Notes added in proof. Considerably stronger results
have recently been derived by the author. They
will be reported elsewhere. The reciprocal relation
Eq. (56) between the Yukawa and three-boson
vacuum S matrices is derived as a general relation
by R. Feynman in Phys. Rev. 76, 749 (1949), Sec. 5.
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It was pointed out recently that, for any theory describing matter as a collection of mass points
in a metric space and subject to a covariant conservation law for a symmetric tensor density P+,
the geodesic law of motion as well as the form of B+ follow from the conservation law alone, inde-
pendent of any equations obeyed by the metric. This result is shown to be valid in any affine space,
independent of any equations obeyed by the affine connection; conversely, the geodesic law implies
a conservation law for a singular symmetric tensor density. Similarly, the existence in any affine
space of a covariant conservation law for a vector density &* describing a collection of point charges
is shown to imply the constancy of charge, and the form of 37; conversely, the constancy of charge
implies a conservation law for a singular vector density. Some applications of these results are pre-
sented. An Appendix contains a discussion of the laws of motion for particles with an intrinsic dipole

moment.

INTRODUCTION

NE of the most notable achievements of the
general theory of relativity is its interrelation

of the gravitational fields and of the motion of their
sources. The basic equations of the theory are
differential equations for the gravitational field
(described by the metric tensor g,,), as determined
by the distribution of matter (described by an
energy—momentum tensor P*). It was at first
assumed that, as in other field theories, the motion
of these sources is independent of the field equations,
and it was postulated that a test particle was
moving along a geodesic of the background metric.'
However, it was soon realized by Weyl® and by
Einstein and Grommer® that the field equations
impose limitations on the motion of particles, and
several authors were able to show that Einstein’s
field equations imply that a test particle has to
move along a geodesic.”* Later, several methods
were devised to obtain approximate equations of
motion of bodies with comparable masses®; while

* This research was supported by the Aerospace Research
Laboratories of the Office of Aerospace Research, United
States Air Force.

1 A, Einstein, Ann. Physik 49, 769 (1916).

*H. Weyl, Raum. Zeit. Materie (Springer—Verlag, Berlin,
1921), 4th ed., Sec. 36; in more detail in the 5th ed, (1923).

3 A. Einstein and J. Grommer, Sitzber. Preuss. Akad.
Wiss., Physik. Math, Kl., 2 (1927); A. Einstein, ¢b¢d., 235.

4 M. von Laue, Die Relativitdtstheorie (Friedrich Vieweg
und Sohn, Braunschweig, Germany, 1921), Vol. 2, Sec. 15;
A. 8. Eddington, The Mathematical Theory of Relativity
(Cambridge University Press, Cambridge, England, 1923),
Sec. 56; C. Lanczos, Z. Physik 59, 514 (1930); M. Mathisson,
ibid. 67, 270 (1931); H. P. Robertson, Proc. Edinburgh
Math, Soc. 5, 63 (1936); L. Infeld and A. Schild, Rev. Mod.
Phys. 21, 408 (1949).

8 For a brief review see J. N. Goldberg, in Gravitation,

edited by L. Witten (John Wiley & Sons, Inc., New York,
1962), p. 102.

the resulting equations differ according to the method
of approximation used, they have in common that
the particles move along geodesics®” (though no
longer of a fixed background metric).

Einstein’s field equations were obtained originally
by starting from the requirement of an invariant
conservation law for the symmetric energy—momen-
tum tensor of matter P*’; we can equivalently state
this conservation law for the corresponding tensor
density B* as

B = 0. 1)

Here ., denotes covariant differentiation with re-
spect to z’; summation over repeated co- and
contravariant indices is understood. Einstein then
obtained his field equations by equating P** to an
expression formed from the g,, which satisfies
differential identities entailing Eq. (1).

It was pointed out recently” that for matter
represented by a collection of mass points (an
assumption common to most methods of calcula-
tion®), the geodesic law as well as the form of L*
follow from the conservation law (1) alone, without
any consideration of the equations obeyed by the
metric. However, the existence of a metric was made
use of in the proof presented.

It is the main purpose of this paper to show that
the assumption of the existence of a metric is not
necessary for the proof, but only that of an affine
connection. It is also shown that the method
developed for the proof can be applied to a conserva-

6 L. Infeld and J. Plebatski, Bull. Acad. Polon. Sci. III,
4, 757 (1956). .
( 9" 2?3 Havas and J. N. Goldberg, Phys. Rev. 128, 398
1962).
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tion law for a vector density (equation of continuity).
In the Appendix we discuss the problem of the laws
of motion in affine spaces of particles with an intrinsic
dipole moment.

II. TENSOR CONSERVATION LAW AND LAW
OF GEODESIC

We consider an affine n-space® with coordinates
2" (p = 0,1, --+ n — 1) and affine connection I%,.
One of these coordinates, say z°, will be interpreted
as the time. We shall be concerned with the motion
of N singularities. The coordinates of the 4th
particle are denoted by 2%, and are functions of
some scalars A; parametrizing the world lines. Their
time coordinates 2% are assumed to increase mono-
tonically with the A,/s from — » to «». We do not
consider any fields other than those described by
the affine connections. Matter is to be described
by a symmetric tensor density P*’, subject to the
conservation law (1), and of the form

P = 2 [ 5000 - 20 d, @
where the exact form of the p;”” remains to be
determined. §" is an n-fold product of Dirac &
functions. The representation of singular quantities
by integrals of the type (2) is well known from
special relativity.” We shall first restrict our con-
siderations to simple poles, ie., integrals not in-
volving derivatives of & functions; the problems
arising in the case of dipoles are discussed in the
Appendix. As usual an expression involving & func-
tions is a shorthand notation for an expression
which acquires meaning only on integration over
the coordinates.

In general relativity, $* represents the density
of energy and momentum and the stresses, and
Eq. (1) expresses the conservation of energy and
momentum. We shall not need such an interpretation
for the derivation of our general law of motion,
however.

In a metric space we can associate a tensor density
of weight 1 with a tensor by $* = [g|!P*" (where
g is the determinant of the metric tensor g,,), and
conversely. Since |g|',, = 0, the conservation law
(1) for P* implies a similar law for P*’, and con-
versely. Although a similar association of a tensor
and a tensor density is possible in any affine space
by means of an arbitrary symmetric tensor g,,

8 For a brief discussion of affine spaces see, e.g., BE. Schrs-
dinger, Space-Time Structure (Cambridge University Press,

Cambridge, England, 1950), or Ref. 2.
(19;8% A. M. Dirac, Proc. Roy. Soc. (London) A167, 148
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with nonvanishing determinant, we no longer have
necessarily |g|¥., = 0, and thus the requirement of
a conservation law for $*’ is not necessarily equi-
valent to such a requirement for P*’, and conversely.
Thus we have to distinguish between these two cases
in the following.

To obtain the law of motion we shall use a method
based on one due to Mathisson,'® which for a four-
dimengional metric space has been deseribed pre-
viously.”*™** We multiply Eq. (1) by a function
£, and integrate over all 2° to obtain

> [ o0t — 200, fdndw = 0, ®)

where £, is assumed to be completely arbitrary
except for vanishing at the limits of the A; integra-
tions together with all its derivatives.

To allow an invariant volume integration, the
integrand in (3) must be a scalar density,® and thus
£, must be a vector. Alternatively, if we had required
a, conservation law (1) for a tensor P*” rather than
a tensor density, £, would be a vector density. The
subsequent calculations do not depend explicitly
on the transformation properties of §,; the difference
would only be in the transformation properties of
the expressions entering Eq. (8).

We can transfer the derivative to £, by an integra-
tion by parts, and then carry out the x integration.
Then ¢, and its derivatives (including the Is
implied by the covariant differentiation), being
evaluated at the positions z,°(\;), become functions
of the A,’s. Thus we get

2 f (=9 %) N = 0, @

where ,,, indicates covariant differentiation with
respect to z,”.

An essential part of Mathisson’s method is the
decomposition of tensors such as p;*” in components
parallel and perpendicular to the n-velocity v,” de-
fined by

v, = dei/d\. 6))
Such a decomposition is desirable, since from Eq. (5),
Eu:nviv = DSu/d)‘i: (6)

where D/d\; denotes covariant differentiation with
respect to A;, and the derivative (6) can be removed
from £, in Eq. (4) by an integration by parts.

10 M. Mathisson, Acta Phys. Polon. 6, 163 (1937).
( 1101;/[. Mathisson, Proc. Cambridge Phil. Soc. 36, 331
1940).
12 W, Tulezyjew, Acta Phys. Polon. 18, 393 (1959).
13 P, Havas, in Recent Developments in General Relativity
(Pergamon Press, Inc.-PWN, New York-Warsaw, 1962), p.
259.
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Then the integrand in Eq. (4) separates into parts
involving &, or §,.; as a factor; because of the
arbitrariness of these functions, their coefficients
must vanish separately for all <.

This procedure can be carried out without
difficulty in a metric space, where a unique covariant
vector »;, = g,v;" is associated with »;” and a
contravariant vector n,” is orthogonal to »,” if
n;"v;, vanishes. No such unique vector is available
in the absence of a metric. However, we can intro-
duce covariant veetors w,,(A;) such that

v"w;, # 0 (7)

at each point A,, since by our assumption on the
2% none of the »,° can vanish anywhere; this will be
sufficient to carry through Mathisson’s procedure,
and the results will be independent of any further
specification of w;,."*

Now we put

0" = M.\ 4 nAQaws”

+ nSwd - *970N), ®)

2 = *p, *nMw, =0, 0w, = 0.

Substituting these expressions into Eq. (4), using
(6), and carrying out an integration by parts, we
obtain

E f [_(*p-'” + ni'vo‘“)gu;w

+ % (M,'U"“ ‘I" n.-")f,,:l d)\, = O- (9)

The vanishing of the coefficient of £,,,, requires
*p.'“, + n,',v.'" = O, (10)

from which we get by contraction with w,,, using
(7) and (8), that *p,*” and n;” must vanish separately,
and thus

P = Mot (11)
Then the vanishing of the coeflicients of &, requires
D(M.'v.'“)/d)\.' = 0. (12)

Here M; is a scalar if Eq. (1) holds for a tensor
density of weight 1, and a scalar density of weight
—1 if we start from a similar equation for a tensor
instead. From our initial assumption on 27, v] can-
not vanish any where on the 7th world line; therefore
Eq. (12) implies that M also can not vanish any-
where on this line except if it vanishes everywhere

1 We could actually require that v,w;, = 1 and spemfy
w;, even further by requiring say that in the * Test system,”’
in which »,” has the components v, 0, «-- 0, w;, should
have components 1/»:% 0, ... 0, but this is not needed.
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[which from Eq. (11) corresponds to the trivial
case of the absence of the ith singularity].

We now investigate whether Eq. (12) is indeed
the equation of a geodesic. Introducing a new
parameter 7; we can write it as

dr; /
D[ ’dr.d)\] dA;

This can be reduced to the standard form of a
geodesic provided we can choose 7; such that

dr; /
[ ‘dx] i (13)
or
dry
M, _d)\; = m,, (14)

where m, is a constant scalar if Eq. (1) holds for
a tensor density, or a scalar density of weight —1
with vanishing covariant derivative if Eq. (1) was
assumed for a tensor. If our affine space admits
such an m;, the required 7; can be determined from
Eq. (14) by integration, M, not being zero anywhere.
Then Eq. (12) reduces to the standard form
D dz* _ d%* . dz dz’

dridr = drd T TG dn = 0

and from Egs. (2), (11), and (14) we get

= T m B i dn (16)

While any space whatever admits the existence
of a constant scalar, not all of them admit the
existence of a scalar density of weight —1 with
vanishing covariant derivative. Thus Eq. (13) can
always be integrated along the entire ¢th world
line, but this is not necessarily the case if it is a
scalar density of weight —1. However, this is still
possible provided the affine connection of the space
under consideration is symmetric. By Fermi’s
theorem as generalized by Eisenhart,’®* we can
introduce a coordinate system in such a space
such that the I's vanish along the entire world
line; then the covariant derivative in Eq. (13)
reduces to an ordinary one, just as in the case of
a scalar M, and thus Eq. (14) can be established
as in that case.

Thus a conservation law (1) for a symmetric
tensor density always implies the geodesic law for
simple poles. On the other hand, such a conservation
law for a tensor leads to the geodesic law only for
spaces with a symmetric affine connection, and

(15)

15 1.. P. Eisenhart, Non-Riemannian Geomelry (American
Mathematical Soclety, New York, 1927), Sec. 25.
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otherwise only implies a law of motion (12) which
cannot be brought into a form involving no properties
of the singularities other than their coordinates.

The geodesic (15) was obtained starting from
the tensor density (2) required to satisfy the con-
servation law (1). Conversely, given the geodesic
(15), we can construct tensor densities (2) with (11)
or (16) which satisfy this conservation law, as can
be easily verified by direct calculation.

III. APPLICATIONS

In the special case of a metric space considered
earlier,” the I"s can be expressed in terms of the
metric tensor g,,. Just as was the case there for
g., the very method of our general derivation
implies that the affine connection T%, entering the
law of motion (15) remains undetermined. Further-
more, we have tacitly assumed that I, is finite.
However, it was not necessary to assume that it is
independent of m, and thus our result is not
restricted to test particles. The problem of construct-
ing a theory determining the dependence of the
I’s on the m,s is separate from the problem of
the form of the law of motion. Such a theory may,
but does not necessarily have to, take the form
of field equations for I',."*

Examples in which the T's are determined by a
different condition are the Whitchead-type theories
of gravitation.'” These are action-at-a-distance
theories in the flat space-time of special relativity,
where the interactions are determined by a Fokker-
type variational principle. Although the physical
metric is the Minkowski metric 1,,, the variational
principle leads to equations of motion which are
formally those of a geodesic in a Riemannian space
with a metric tensor g,, given as an explicit function
of the coordinates of the particles. From our results
it follows immediately that there exists a conserva-
tion law (1), with the covariant derivatives to be
taken using the affine connections following from g,,.

An even simpler example is that of Newtonian
mechanics without gravitation. The four-dimensional
space-time of this theory is not metric, but only
affine. However, it is flat, i.e., we can introduce
coordinates such that I vanishes everywhere.
Assuming a four-dimensional conservation law (1),
we obtain (with an appropriate parametrization),

dz/dr® =0, a7

16 For a discussion of a very general class of such theories,
see D. G. B. Edelen, The Structure of Field Space (University
of California Press, Berkeley and Los Angeles, 1962).

17 For a review see A. Schild, in Proceedings of the Inter-
national School of Physics “Enrico Fermi,” Course XX,
(Academic Press Inc., New York, 1962), p. 69.

m; = constant,
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where 2,* = (8, 2}, 2%, 2%), and the space coordinates
are Cartesian. Integration of these equations and
subsequent elimination of 7; leads to the result
that the ordinary three-velocity must be constant.
Thus the physical content of Eqs. (1) with (16)
and of (17) is simply the constancy of mass and
three-velocity (or three-momentum). The same Eqgs.
(17) with the same physical content hold in the
metric flat space—time of special relativity. This is
as expected, as the behavior of free particles is
identical in both theories; the differences appear
only in the presence of forces.'® In both theories
we can obtain a four-dimensional conservation law
(1) using (17) as a starting point.

We can also apply our results to Newtonian
mechanics including gravitation, which can be
described by a curved space-time with an affine
connection obeying field equations very similar to
those of general relativity, as will be shown else-
where.”*** Similarly they can be applied to any
unified field theory containing a conservation law
(1), such as Einstein’s.”

Iv. VECTOR CONSERVATION LAW

The method developed above can also be applied
to a conservation law of the form
¥ =0 (18)
for a current density " (the equation of continuity).
We take " to be of the form analogous to (2),

¥ = [ i) o - a0,

substitute this into Eq. (18), multiply by an arbitrary
scalar ¢ and integrate over all z°. Performing an
integration by parts we obtain instead of (4)

(19)

Z: f (_jivg;v.') d>\, = (. (20)
Now we break up j,’, putting
i" = e +000N),  nlw, =0 (21)

Substituting this into Eq. (20), using (6), and
integrating by parts we get

18 For the derivation of the equations of motion of special
relativity from the conservation laws including force fields,
see P. Havas, Ref. 13, and references given there. A develop-
ment of the Newtonian equations along similar lines (with
the modifications due to the absence of a metric discussed
here) can be carried out without difficulty. For a particular
case it is discussed in Ref. 20.

1 For empty space this was shown by K. Friedrichs, Ann.
Math. 98, 566 (1927); equivalent results were obtained by
A. Trautman, Compt. rend. 257, 617 (1963).

20 P, Havas (to be published).

2 V. Hlavaty, Geometry of Einstein’s Unified Field Theory
(é;l. N%grdhoff Ltd., Groningen, The Netherlands, 1957),

ap. V. :
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Ef(ng,, d)“g)dx = 0.

Therefore n;” and De;/d\; must vanish separately.
Thus, independent of the parametrization used, we
must have

(22)

23)

where the e; are scalars, with no restriction on the
motion, in complete analogy to the usual results
of electrodynamiecs in metric spaces. If 3" had been
taken to be a vector rather than a vector density of
weight 1, we would have had to take £ to be a scalar
density; the calculation would have been identical,
the e,’s now being scalar densities of weight —1
with vanishing covariant derivative rather than
constant scalars. The difference between the two
cases is similar to that encountered in Sec. III,
and remarks analogous to those made after Eg.
(16) apply.

Just as the geodesic law is sufficient to assure a
conservation law (1) for a singular tensor, the
existence of quantities e; constant along arbitrary
world lines is sufficient to assure the existence of
a conservation law (18) with a singular vector
density (19) with (23). The proof is immediate.

The result (23) is immediately applicable to the
space—-time of Newtonian mechanics with or without
gravitation, as well as to the various field theories
discussed before. Substituting (23) into (19) we
obtain an expression for the singular current density
&" which, being parameter-independent, has the
form familiar from electrodynamies in all four-
dimensional theories.

3 =en/, e; = constant,
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APPENDIX

The auxiliary covariant vector w;, used in our
derivations is arbitrary except for the restriction (7).
Nevertheless, the result (15) for simple poles is free
from arbitrariness. However, this is no longer the
case for particles with an intrinsic dipole moment.
In general relativity the equations of motion of such
particles in a fixed background metric were first
obtained by Mathisson.*® A simplified derivation was
given by Tulezyjew,” whose calculations we can
follow with minor modifications in the case of an
affine rather than a metric space. We take instead
of (2)

= Z f_:{b.-“'()\.-) &

— [0 875,) dn. (29)
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Then p;*” and p?** are decomposed in components
parallel to the »,” and perpendicular to the w;,.

The resultant equations are

DS* . W, DS
d\; T o w“vi.’ d\;
wi,, DS (25)
For e SN 0, S = -8
wiav1 d)\’
_Dd% + %S"K)\R“w‘)\vil’ = 0’
' (26)
s = w;,, DS*
=My +w,,,v" an,

where S, is a quantity characterizing the dipole,
and R*,. is the Riemann-Christoffel curvature
tensor; again, if Eq. (1) holds for a tensor density of
weight 1, 8,*” is a tensor; if it holds for a tensor, 8,;*” is
a tensor density of weight —1. Equations (25)
and (26) differ from those of Mathisson and
Tulezyjew only by the appearance of w,,(w;%) ™"
in place of v;,. As in the case of the simple poles
considered above, we are not restricted to test
particles, but our equations hold even if the I's
depend on the variables characterizing the particles.

We could again reparametrize by Eqgs. (13) and
(14) if desired. We could also make Eqgs. (25) and
(26) more definite by imposing a condition such as
that of footnote 14 on the w.’s, but even then they
can not in general be simplified as is possible in
the metric case.

There the last term of (26) vanishes on contraction
with »;, because of the symmetry properties of the
totally covariant R,,..; as this quantity can not
be constructed in the absence of a metric tensor,
such a simplification is no longer possible except
under special conditions. Similarly, the condition
S#pis 0 suggested by Tulezyjew to obtain
an invariant definition of the center of mass can-
not be imposed, because p;, cannot be constructed.
Although a condition S;”w;, = 0 analogous to
Mathisson’s condition S;*’»;, = 0 (which is nec-
essary to allow us to interpret S,*” as an intrinsic
angular momentum) could be imposed, unlike the
metric case this does not allow us either to deduce
the constancy of the magnitude of S;*" from Eq. (25)
or to simplify the structure of Eq. (26). Thus,
unlike the case of simple poles subject to a conserva-
tion law (1), the laws of motion of dipoles in affine
spaces are not in general identical with those in
metric spaces, and no completely satisfactory
physical interpretation of the results appears
possible.
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However, under special conditions such as exist,
e.g., in the case of Newtonian mechanics considered
in Sec. III, we can still obtain unambiguous and
physically satisfactory equations. In this case, as
discussed in Ref. 20, we can define unique vectors
w,, with vanishing covariant derivatives both
in the absence and in the presence of gravitation.
Then the imposition of the condition S,*"w;, = 0
implies w;,DS;*"/d\; = 0. Thus Eq. (25) reduces
to DS.,*”/dx; = 0 and the linear momentum p,
to M ».*. Furthermore in the absence of gravitation,

HAVAS

the last term of Eq. (26) vanishes because the space
is flat; in the presence of gravitation this is not
the case, but the last term still vanishes, as a
consequence of the form of S;*” implied by the condi-
tion imposed on it and of the properties of the
Newtonian curvature tensor’’. Thus in the New-
tonian case with or without gravitation, Eqs. (25)
and (26) imply the vanishing of the covariant
derivatives of the linear and of the angular momen-
tum of each particle, and, regardless of its dipole
moment, it still moves along a geodesic.
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The determinantal method of deriving fundamental relations of a new perturbation theory, which
the author has presented recently, is demonstrated. This method is simpler than the Green’s func-
tion method which has been adopted in the previous paper. The Brillouin-Wigner perturbation

theory is discussed for comparigon.

I. INTRODUCTION

N a recent issue of the Journal of Mathematical

Physics, the author has presented a new method
for solving eigenvalue problems. In that paper,
which will be referred to as I, the fundamental
equations are derived on the basis of the Green’s
function method.

To summarize: The secular determinantal equation

det (B — H)=0 [I.1.1], @
has been transformed into the dispersion relation

C;
Z.E’ — W;

[

=1 I.1.4]. @)

Here w; stands for the first-order energy in the
conventional perturbation theory,

w, = ¢ + Vh‘-
C; was obtained by the Green’s function method as

Jiik

. gii
G :z;e; w; = @ + 1; ;i(‘*’s’ — w)(w; — w)
w4
Jiixl
T z; § é (Wi — w)(w: — o) — wr)
i i
4+ . [1.2.34]. 3)
Here
gii = |V,-,~|2,

Giie = Su(VauVii Vi),
Gijer = Sikl[Skl(VilVZkai)Vii

- IV),1|2 |V“l2], ete. [1.2.31], (4)

where
Sikfik = fik + fki:

Siufier = fir + fri + fin, ete.  [1.2.12]. 5)

* Supported by the National Science Foundation and the
Army Research Office.

1 On leave of absence from Kyoto University as a Fulbright
Visiting Research Scholar. Now at Faculty of Science, Kyoto
University, Kyoto, Japan.

1T, Sasakawa, J. Math. Phys. 4, 970 (1963).

In I, three methods for solving Eq. (2) were sug-
gested. Several examples were demonstrated. All
these examples show that this approach gives more
rapid convergence than other conventional per-
turbation theories.

The transformation coefficient (a|\) between the
perturbed wavefunction |A) and the unperturbed
one |a) is given by

II (E)‘ - wa')
@IV = WB) e gy 124 ©
and
@ N = [VBY/UEN | N [127, @)

where
U(E) =1 — ; ?:1 9:i/(E — w)(E — w;)

- 2 Z_‘: § giir/ (B — w)(B — ;)

XE —w) — -+ [L1.2.35], 8
and
VulE) =

X [1 - ’.; ’Zi: 9:i/(E — 0. )J(E — o))

#ab

- Z Z Egiik/(E_wi)

ixad  i>i k>j
#ab #ab

XE—o)E — w) — - ]
+ #Za; hbia/(E - w,,)(E' - 0’-')

+ Z E hosiof/ (B — w)E — w)E — w;)

i=ab i>i
#ab

+ -0 [1.2.44]. (9)

379



380
Here
hbiu = Vbr'Vl'a;
hma = S.-i(VbiViaV.'a);
hln'ilm = Siik[sik(kaVkiVii‘)Via

— |Vl ViV, ete.  [1.245].  (10)

Equations (6) and (7) yield the orthonormalized
set of |\), if |a) are orthonormalized.

The primary purpose of the present paper is
to derive these formulas by the determinantal
method. This will be demonstrated in See. 1I. For
comparison, the determinantal derivation of the
Brillouin~Wigner perturbation theory®® will be
given in Sec. IIL.

II. DERIVATION OF THE FORMULA

Derivation of (2), (3), and (4) is very simple
if we use the determinantal method.* Let us multiply
the nondiagonal matrix elements by a parameter s,
which is, of course, set equal to 1 in the final results.
The secular determinantal equation (1) is then

E - 0)1 "8V12 —SVIn
el
—San _SV,,z E — Wy
The left-hand side is expanded as power series in s
0 vV, ,
IME -w)+5 2 % 117 & ~ w)
i=1 i=1 >4 V,-,' 0 niELg

—83}:221’,-.- 0 Vi

t=1 §>i k>7

Vk,' Vk,' 0
X " @E—-w)+ - =0.

n'#ijk

(12)

Dividing each term by [ 7., (E — ), one obtains
the dispersion relation (2), if there is no degeneracy
with respect to w.. ¢:;, g:» etc., take on the form

lo Vi

gii = — 3
O V‘ii Vik

Giin = Vi 0 Vaul,
Ve Vig O

2 L. Brillouin, J. Phys. Radium 3, 373 (1932).

3E. P. Wigner, Math, Naturw., Anz. Ungar. Akad.
Wiss. 53, 475 (1935).

4 See also M. Baker, Ann. Phys. (N.Y.) 4, 271 (1958).
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0 V,; Vau Vy
Jisit = — Vie 0 Vi Vi ) (13)
Ve Vig 0 Vi

Vli Vl:' Vlk 0

ete. It is clear that these can be expressed as (4).

From the expression (13) one can easily prove that
gsiy Osix, €tC., are all real. Let these quantities be ex-
pressed as det |V ,;|. Then det |V ;| = (det |V,;])' =
A + iB. (¢; transposed. A and B are real.) Accord-
ingly, (det |V.;[)f = A — ¢B (f; Hermitian con-
jugate). From the Hermitian nature of the matrix
elements (det |V,;)t = det |V;;. Thus B = 0.
Once we have proved that g.;, g:i1, ete. are real,
it directly follows that C/’s are real, and thus the
solution of Eq. (2) is real.

Next, we shall derive (6) and (7). The expectation
value of the Green’s function (£ — H)™'is

pelNela gL,
E—-H (14)
Thus l(al)\)|2 and (b])\)()\]a) are residues of the

functions (o] (E — H)™" |a) and (b| (B — H)™" |a),
respectively:

@V = lim & — B)al 7% la),
E—Ex E - H (15)
G100 | a) = lim (B — E)O| = lo)

The calculation of these functions is performed
most simply as follows: The unperturbed wave-
function |a) is expressed as

lo) = (B — H)

E- Hl“)

=w—mmw§%ﬁm

+ Z E - H) )6l g—pla. 06

Multiplying (a| and (b, (b % a) from the left, we
obtain a set of coupled equations,

E —w, —8V., —sV,
"“SVba E — Wy —vac

~8V,. —sV., E — w,
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1 1
(@l 32— lo
1
1
o g=g o o
The solution of this set of coupled equation is
]‘ DEG(E)
@l 7= o) = ,
E—H D(E) (18)
1 _ D.(B)
(bl E—H |a) - D(E) (b # a);
where
D(E) = det (E — H). 19

D,, is the cofactor of the (a, b) element of D(E).
Since (1) is transformed into (2), D(E) can be
expressed as

DE) = [ & - wu)<1 - ijgﬂ

a=1 i=1

(20)

D, (E) is equal to the determinant D(E), whose
a row and a column are missing. Thus,

D) = II' ® - w~>[1 - Y } (21)
a'=1 T=1 — W;

(a’%a) (i%a)
Here

o) = Ty

i%i,a Wi T W

_I_ E 144 2 143
i#i,a k>j
“i,a

+ E 17 2 ’? E r
i#i,a k>j§ I>k
#i,a  i,0

Jiir
(wi - ‘*’i)(w; -

wk)

Giikt
(w; — wi)(w-' - wk)(w;

— wt)

4o (22)

We can easily check that the last factor in the
right-hand side of Eq. (21) is equal to (8):
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Since the solutions of (1) are B, A\ =1, --- , n),
D(E) should be factorized as

D(E) = g (E — E)). (24

Finally, from (15), (18), (21), and (23), we obtain (6).
A similar consideration as in the Fredholm theory
of the integral equation® leads to

Du@® = I & — 0 s 2

a’#a Wy
= Vie Vi 1
_ SZ Z,, ba b1 -
i Vi 0|7 @B =)
"ba I’bi Ifbi
+ 83 Z" Z” V.'a 0 Vii
(i;:sz) (i;ztb) V V 0
X 1 + :| (25)
"B~ w)E — w)E — o)
Then it is an easy matter to show that
Dab(E) = HI (E - wa’)eoba(E)) (26)

a’#a
Upe(E) being given by (9).

From equations (15), (18), (23), and (26), we
obtain

(N _ Du(B) _ VuulBy)
@N ~ Do(®) T W)

This is Eq. (7). Thus we have derived all the
fundamental equations of the new perturbation
theory by the determinantal method.

(27)

III. COMPARISON WITH THE BRILLOUIN-WIGNER
PERTURBATION THEORY

In the previous section, we have seen that funda-
mental formulas of the new perturbation theory
is derived in a close connection with the Fredholm
theory of the integral equation.

Let us examine the determinantal structure of
the Brillouin-Wigner perturbation theory. Let us

D.(E) = I (E — w.)U(E). (23) multiply all the matrix elements by a parameter s.
PN The secular determinantal equation is then
E — ¢ —sVy, —sV., —sV,.
‘—SV21 E — € — SVzg "SVg,,, = 0- (28)
—8Vau —8V 2 E— ¢ —sV,,

5 See, for example, E. T. Whittaker and G. N. Watson, A Course of Modern Analysis (Cambridge University Press,

Cambridge, England, 1935), Chap. 11.
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We obtain the zero-order equation as

IIE - &) =0. (29)
1=1
The zero-order energy is then E® ¢ The
first-order equation is
H(E—ﬂ)_SHV“ H,(E’—E,')=0- (30)
im1 i=1 Y,

The first-order energy is then E = ¢ + V..
The second-order equation is

fI(E — &) —8 "‘Z-l Vi H’ (B — ¢)

i=1 =i

(B — ) — ¢) =

i#a >4

o3 Vi [Ir@E-ea =0 @1
T=1 §>i V,-,- V,’,' kif
Dividing each term by [[%.. (E — «), we get
» Vull = e)
E—eu—-sV,,a—s§ 7
Vaa Vac' 1
+8 2 ’E I
i#a V.’a V“ 1
+ 82 Z Z Vl’i Vii’ E — € 0.

Vie Vi
(32)
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After putting the first-order energy E in the
numerator of the first-order term, and the zero-order
energy E” in the numerator of the second-order
term of this equation, we obtain the second-order
Brillouin-Wigner equation

E=¢+sVa+s Z'g—;‘—:— (33)

i%a

A similar proecedure will be adopted in higher-
order terms: First, we write out nth-order Fredholm
expansion. Then we divide each term by [ [/x.(E—¢,).
In the resulting equation, we put (n — ¢)th-order
energy in the numerator of ¢th-order term. This is
the determinantal derivation of the Brillouin—
Wigner perturbation theory. Note that in the course
of deriving the dispersion relation [Eq. (2)], we do
not need any such approximate solution of E.
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A study is made of a one-dimensional system of identical particles in which the forces between
neighbors are linear. The system is nonlinear because it is assumed that collisions occur between
adjacent particles, which each have an effective diameter d. The energies E; in the linear normal
modes are computed numerically to show that energy is freely exchanged between all the modes in
the system, as predicted by the theory. Furthermore, the time averages (E;) of these energies show
a strong tendency towards equipartition of energy among the modes. This is in distinet contrast to
the computations of Ulam, Fermi, and Pasta, which showed that some nonlinear systems appear to
be nonergodie. An equation of state and an expression for the total energy of the system as a function
of thermodynamic coordinates are derived via statistical mechanics. Expected values for the pressure
and temperature of the assembly may then be computed. A comparison of these with the numerical
values of those variables arising from the computations shows that the nonlinear system approaches

equilibrium.

I. INTRODUCTION

ONSIDERABLE interest has been shown in

the surprising results obtained by Fermi,
Pasta, and Ulam,' who carried out numerical com-
putations on a one-dimensional nonlinear system
and found, rather unexpectedly, very little tendency
towards equipartition of energy among the linear
normal modes. They considered an assembly of
point particles coupled by forces which were linear
except for small nonlinear terms. The interaction
potential between two adjacent particles a distance
r apart was assumed to be of the form

&) = Iv(r — o)’ + (),

where a and v are constants, and ¢,(r) is a perturba-
tion term which gives rise to small nonlinear forces.
In the cases studied, these forces were quadratic,
cubic, or broken linear. FPU found, for example,
that energy was shared periodically by only the
first few modes when the assembly was set in mo-
tion in the first linear mode. There was no evidence
of ergodicity in the nonlinear systems studied.

An explanation of these observations has been
provided by Ford,** who investigated the general
form of the Kryloff and Bogoliuboff series solution to
the equations of motion. He explained this apparent
nonergodicity in terms of a lack of internal resonance
among the uncoupled frequencies. Jackson,*'® while
agreeing that Ford’s observation is correct in the

* Present, address: Digital Computer Laboratory, Uni-
versity of Illinois, Urbana, Illinois.

1 E. Fermi, J. Pasta, and S. Ulam, Los Alamos Scientific
%%%)ratory Rept. LA-1940 (1955), hereafter referred to as

2 J. Ford, J. Math, Phys. 2, 387 (1961).

3J. Ford and J. Waters, J. Math. Phys. 4, 1293 (1963).
¢+ E. A. Jackson, J. Math. Phys. 4, 551 (1963).

8 E. A. Jackson, J. Math. Phys. 4, 686 (1963).

case of weak coupling, shows that the behavior of
such systems is also a funetion of the initial condi-
tions of the assembly and the particular form of
mode interaction.

In this paper we consider a one-dimensional
assembly of particles in which nonlinearity is intro-
duced by assuming that collisions occur between
adjacent particles which each have an effective
diameter d. The model is described in detail in
the next section. The advantages of the model are
that it has physical realism, nonlinear effects can
be made small or large merely by altering the
mean energy per particle of the system, and the
computation is facilitated because the assembly
behaves linearly between collisions.

If the system were linear, the energy E; in the
7th normal mode would be a constant of the motion.
In the nonlinear system, E; is constant only between
collisions, having a finite jump discontinuity at
each collision. Expressions for the coupling and
energy sharing between the modes at a collision
are derived exactly. It is shown that energy is
shared among all the modes, irrespective of whether
or not the system is set in motion in the first,
or lowest, mode. However the rate of energy sharing
is found to be dependent on the initial conditions.
Partitioning of the total energy among the degrees
of freedom is demonstrated by numerical computa-
tion of the time average (E.) of the energy in
each mode.

An equation of state, and an expression for the
total energy of the system as a function of thermo-
dynamic variables, may be simply derived via
statistical mechanics by the use of an isobaric grand
partition function. Since the energy is known,
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expected values for the temperature and pressure
of the assembly may be computed. These provide
a check for the numerical values of those variables
arising from the computations. The estimates for
the pressure and the temperature are derived from
the forces acting on the end particles, which are
held fixed, and from the total kinetic energy,
respectively. Fluctuations in these estimates are
computed in order to demonstrate that the assembly
tends towards a state of equilibrium. Finally, the
velocity autoeorrelation function is discussed briefly.

II. THE MODEL
A. Definition of the Model

By the one-dimensional model, we mean a system
of N 4+ 2 identical particles,® each of mass M and
effective diameter d, constrained to move on a
straight line. The end particles, held fixed at a
distance L apart, behave like rigid walls. If the
particles are equally spaced, the distance between
an adjacent pair is [, where

(N + 1)l = L. 1
It is supposed that adjacent particles are connected

to each other by identical springs of spring constant
v and natural length a — d.

[ 10]

A | | |
0 d a 2 F—s
F1e. 1. The potential ¢(r) = ¢o + 3v(r — a)?, where
¢o = —3v(l — a)?if ¢(I) = 0, between particles of diameter
d with centers r apart. The spring has constant -, natural
length @ — d. The systems studied have a mean energy /particle

given by € or €.

6 Some guthors use N degrees of freedom while others
use N — 1, leading to confusion in the literature. In this
paper we choose N + 2 particles, in which case there are N
degrees of freedom if the end two particles are held fixed.

R. S. NORTHCOTE AND R. B. POTTS

The force of interaction between two adjacent
particles, with centers a distance r apart, is

= —v(r — a), @)

a linear function of r. Nonlinearity is introduced
into the system by supposing that adjacent particles
suffer elastic collisions when they meet, their centers
then being a distance d apart. The system is thus
a conservative one, with a potential energy of
interaction given by

d)(T) = ®,
o) = ¢o + Iv(r — a)’

A graph of this function is sketched in Fig. 1.
If the potential energy is taken to be zero when
the particles are equally spaced, then ¢() = 0,
and ¢o = —3y(l — a)”.

If the displacement of the jth particle from its
equilibrium position is z; at time ¢, then the equa-
tions of motion of the system, between collisions, are’

r<d,
r>d.

)

and

with Mi; — ¥(@i1 — 22; + 25-0) = 0, @)
Zo = Ty =0 forall ¢
A collision occurs between particles j — 1 and

4 when any of the equalities
xi-—x,~_1+l——d=0

is satisfied, where we have made use of the boundary
conditions. The equality signs in (5) are replaced by
inequality signs between collisions, i.e., between
collisions,

xi_xi_1+l—d>0

When a collision occurs, the positions of the particles
are unaltered, but there is a discontinuity in at
least one of the velocities. For a collision between
particles j — 1 and j at time {, the velocities of the
colliding particles immediately after the collision
are determined according to the scheme:

collision index j velocity changes

1 j/‘l(t—l_) = _i:l(t_)
2, .-, N {xi—l(H‘) = &,(i—)
z,(t4+) = &;-1(t—)
N +1 ay(i+) = —dy(t=). (7
" It will be assumed throughout this paper that the range
of the suffices 7 and j is (1, 2, --- , N) except where another

range is specified, or the context indicates a different inter-
pretation.
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The collision indices j = 1 and § = N -+ 1 correspond
to collisions on the left and right walls, respectively.
All other collisions are internal. Equations (4)
together with the conditions (6) and (7) completely
define the motion of the assembly of particles.

B. The Mathematical Solution

Equation (4) may be rewritten, in matrix notation,
in the form

% + Rx = 0, 8)

where x is the position vector at any instant, and R
is the positive definite matrix given, respectively, by

T
X = xz’
N-
and
2 -1 0 0 --- 0 O]
-1 2 =1 0
R=ﬁ 0 -1 2 —1 - (9)
0 ' -1 2 -1
Lo 0 --- 0 —1 2]

The veetor x is of order N; R is of order N X N.
The elements of the orthogonal symmetrie matrix

S which transforms R into diagonal form are

given by :

iy = [2/(N + 1) sin [ijx/(N + 1)].

In the linear system, normal coordinates are defined
by the transformation

(10)

q = Sx, (11)

and the normal modes vibrate with frequencies
w;/2m, where

w; = 2y/M) sin [Lin/(N + 1)]. (12)

The solution of (8) may be written down imme-
diately in the form

x(f) = cos [Ri(t — to)]x(ty)
+ R7isin [R¥( — t)1x(t,),
from which it follows that
() = —Rlsin [R¥(t — to)]x(ty)
+ cos [R¥(t — to)]x(t).
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These last two equations may be written together

in the form
["(‘)J = A(t - to)["(t")} , (13)
(1) x(t)
where
AQ) - [Al(t) A*ﬂ , (14)
Aqy(t) Ai(D)
and
A,(H) = R7¥sin (R, (15a)
At = A0, (15b)
A (D) = —RA(). (15¢)

The transformation (13), which is exact between
collisions, is the basis for computations on the
model. From it the values of the z coordinates
and their derivatives at any time ¢ may be obtained
from their values at time i, provided that no
collisions have occurred in the time interval (¢, £,).

The system is defined to be symmetric if g,,(f) =
0 =gk =1,2, ---, [5(N + 1)), and anti-
symmetric if go () =0= o, @) k=1, 2, - -, [3N]).
It is well known that symmetry and antisymmetry
are conserved in the linear system. In the nonlinear
system, antisymmetry is conserved, but symmetry
is destroyed. This is easily demonstrated by con-
sidering a system of two free particles. If the system
is symmetrie, and ¢, > 0 for example, a collision
will occur on the right wall at some time ¢. Since
E(t+) = —&,(—), and @,(t+) = £.(t—) = 2.(t—),
then ¢,(t+) = V/2i.(t—) = 0. Symmetry has
obviously been destroyed. On the other hand, if
the system is antisymmetric, collisions will always
occur either when the two particles meet midway
between the walls, or when they hit the walls
simultaneously. In each case it can be shown that
antisymmetry is conserved. We shall always avoid
this special case when choosing the initial conditions
for numerical computations on the model.

III. THE NUMERICAL METHOD OF COMPUTATION

Suppose that a collision has occurred at time ¢,
and that x(f,) and x({,-+) are the position and
velocity vectors immediately after the collision.
After a subsequent time interval 4, the position
and velocity vectors can be found from

[x(tn + h)} _ A(h)[x(tn)}_
x(t, + h) x(Ln)
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This iteration is then repeated, the m + Ist
iteration being given by

x(t, + (m + 1)h]} _ A(h)[x(t,. + mh)]
([t, + (m + 1)h] x(t, + mh)

After each iteration the inequalities (6) are
tested. If no inequality is violated, further iterations
are performed until one of the inequalities, say
the jth, is not satisfied. This indicates that a collision
between particles ; — 1 and j has occurred in the
previous time interval h. This procedure establishes
the time f,., of the next collision to within h;
in faet, if the first inequality to be unsatisfied is
found after the m 4 1st iteration, a first estimate
of £,., Is taken as

tivy = & + mh.

The corresponding estimates of the position and
velocity vectors immediately before this collision are

x(t.1) = x(t, + mh),
and
x(tne1) = x(t. + mh).

To enable a more accurate estimate of ¢,., to be
made, K matrices Ah,) (¢ = 1, 2, --- , K) are
evaluated, where k, is some convenient starting
interval, and h;,; = p 'h;, p being an integer
greater than one. If m; 4 1 iterations have been
computed with A(k;), then an estimate of ¢,., is

K
i1 =t + Z mihiy
i=1
and

ther < hx.

tn+1 -

A final estimate of ¢,., is obtained by making
use of the known values of the position and velocity
vectors at time /... If hg is sufficiently small, an
extrapolation to O[(6f)°] by Newton’s method will
establish ¢,., to the accuracy of the computer.
The final estimate of the collision time is then

tn+1 = t:;+1 + At;

where At is the small time correction established
by the third-order .approximation. The values of
the position and velocity vectors at time i,,, are
computed by extrapolation from the values at
time £/, ,.

Having determined the time ¢,,, and the values
of the position and velocity vectors immediately
before the collision, the velocities of the colliding
particles are altered according to (7) to determine
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the velocity vector x(f,.,-+) immediately after the
collision. The whole process is then repeated to
determine the time of the next collision, and so on.
A method for numerically evaluating the elements
of the iteration matrices A(h;) ¢ = 1, --- , K)
will now be derived.

If an approximation to the function sin ¢ can
be represented by the economized polynomial of
degree 2n + 1,

sin 6 ~ Z;) Cors 00 |0] < A, (16)
then
R¥sin (R¥M) & D €5, R, (17

r=0

For the range of 8 in (16), the corresponding range
of tin (17) is
< 1 -3
lt[ = Z"r('Y/M) ’ (18)
= 1r units,
if we choose (y/M)™* as the unit of time. The

partitioned blocks of A(¢) in (15) are now given
to order n by

A = D e, Rt (19a)
r=0
Az(t) = ZczrnthZ:::; (lgb)
r=0
and
A () = —RA,(1), (19¢)
with
€ = (2r + 1)eyyy. (20)

In order to evaluate the elements of the matrices
in (19), it is necessary to obtain an expression for
the elements of R" for positive integers r. The
matrix R, which is given by (9), is a band matrix
of order N X N. It may be shown, by mathematical
induction for example, that the elements of R’,
for r> 0, are given by the expression

R, = /M) 3 (=)™

>< I: - { 2r ] - { 2r Jj\ai+r.i+n (21)
r—m r— m

where 8, ; is the Kronecker delta function,

2r

8

m =1+ ] (22)

and

m = 20N + 1) — m. (23)
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It is also assumed that

(ir) =0 for k<0.

The elements of A(f) are evaluated from (19)
and (21). However the structure of A(f) makes
possible a considerable reduetion in the number
of elements requiring evaluation. It is obvious that
the elements in the 7th row of A,(f), for example,
are symmetrie about the ¢th element in that row,ie.,

[Al(t)]i,i-ﬂc = [Al(t)]i.i~k3

providing the column subscripts are valid. In general,
if N is sufficiently large, ¢ may be chosen so that
both m > n and m’ > = are satisfied for every
element in the ¢th row. This amounts to satisfying
the condition

€2y

n<i1&<N-+1—n

With < in this range, the second and third terms in

(21) are each zero for all 7(r = 1, 2, --- , n). The
elements in the 7th row of A,(f) are then
n 2 .
[Al(t)]i.i+k = (""')k Z (r _f k)cz,zz
r=0
(k=0: 1’"';77/): (25)
where
z = (v/M)lt. (26)

The variable z i1s then a measure of the time in
terms of the unit (y/M)™.

When ¢ < n there are elements [A,(¢)];,; for which
m < n. It is evident from (21) that for such elements
a correction must be subtracted from the appropriate
value derived from (25). The corrections, which are
obtained from (19a) and (21), are

B.= (=) ;} (5, Er m)cz,zz’g

where m is defined by (22). This term is just the
element [A;(f)]: i+n given by (25). Consideration
of the cases for whichm’ < nwheni >N+ 1~ n
shows that the correetion terms are then B,...

In order to compute each of the N° elements
of Ai(t) to the nth order, it is apparent that only
the » -+ 1 quantities

B, = (-) % (,, ?f k)czrz”

r=0
(k=0,1,~-,n) (27)

need be evaluated. The c¢,, are the coefficients in
any nth-order economized polynomial approximation
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to cos 8, and 2 is defined by (26). Since B, is zero
for £k > n, every element of A,(f) may now be
expressed in the form

[A,(0):.; = B, ~ By — Bn, (28)
where

and m and m’ are given by (22) and (23), respec-
tively. Similar expressions for the elements of A.(f)
and A;(f) may be derived in the same way, using
the coefficients ¢,, ., in the polynomial approximation

. to sin @ given by (16).

The coefficients c.. and ¢,,., may be derived from
the Chebyshev series expansions® for cos ixz and
sin imx, respectively. If single precision arithmetic
(8 decimal digits) is used for the computations on a
computer, the numerical error is a minimum if only
the first seven terms in the Chebyshev series are
used. The initial time interval for the iteration
procedure should be made as large as possible to
increase the speed of the computation, yet should
be small enough to avoid missing any collisions.
It was found, experimentally, that suitable starting
intervals are approximately %, = 0.4 units for
N < 10, and A, = 0.2 units for 10 < N < 40.
The final extrapolation to determine the collision
times is valid when |8 < 2(5)} X 107° units. If
succeeding iteration intervals are bisected when a
collision is indicated, it is apparent that only 8
matrices A(k,) are required. The computer storage
requirement for these matrices is less than 150 words,
although there are over 4000 elements in each
matrix when N = 32.

The mathematical analysis in this section empha-
sizes one of the main advantages of the model; that
the computation may be reduced to a very simple
form. Numerical computations have been carried
out on IBM 1620 and IBM 7090 computers with
assemblies for which N was 3, 4, 7, 8, 15, 16, 31,
and 32. These values for N were chosen because
Ford suggested that the nonlinear systems studied
by FPU would not show energy sharing when N -+ 1
is a prime or a power of two. In such cases, the
normal frequencies w, are linearly independent, and
there is very little resonance amongst the w;.

The speed of the computation, measured in terms
of the average time taken to compute a collision,
is approximately proportional to N. For N = 31,
the 7090 calculated 100 collisions per particle, and
carried out all the additional computations required,

® See for example, C. W. Clenshaw, Mathematical Tables,
(Her Majesty’s Stationery Office, London, 1962), Vol. 5, p. 20.
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in about 70 minutes. Ample means for checking
the accuracy of the computer program are available
since the total energy of any system is constant, the
motion is reversible, and antisymmetry is conserved.
For instance, the velocities &; in a system of N = 31
particles which was started in the first mode were
reversed after two hundred collisions had occurred.
After a further two hundred collisions, the system
returned to the initial configuration, in the sense
that all the energy returned to the first mode to
within an error of less than 0.001%,.

In the numerical computations, realistic values
were assigned to the parameters M, v, [, @, and d
of the system. The values so assigned are given
in Table 1.

IV. ENERGY SHARING
The total energy of the system is
E = }M(x'Rx + x'x) (29)

or, in terms of the normal coordinates of the linear
system,

N
E =iM Y (Wiq: + ).

i=]

(30)

Since the system is conservative, E is a constant
of the motion.
If the system were linear,

E. = $M(wiq; + 49, (31)

the energy associated with the 7th normal mode,
would also be a constant of the motion. However
in the nonlinear system, E; is constant only between
collisions, having a finite jump discontinuity at each
collision. For a collision at time ¢, the changes in
these energies are

AE () = %M[qs(t+)2 - Qi(t—)z]
= $MAG®H)12¢.(—) + A¢.(D],  (32)
where
Ag:(l) = ¢.(t+) — q',-(t—). (33)
From (7) and (11) it may be shown that, when the
two particles j — 1 and j collide,

AG() = [Y(N 4+ D/2M] Y,y |Az],  (34)
where w; is given by (12), and
Ci; = cos [31(2] — Da/(N + D). (35)

The matrix C is of order N X (¥ + 1). Equation
(34) shows that there is “coupling”’ between the
modes whenever a collision oceurs, while (32) gives
the corresponding changes in the energies E..

R. S. NORTHCOTE AND R. B. POTTS

A. Coupling between the Modes

The increment Ag;(f) for a collision j at time ¢
is the product of three factors: the magnitude of
the impulse at the collision; the coupling term C,;;
and a modulating term which is directly proportional
to the frequency w;. The impulsive force is de-
termined by the velocities of the colliding particles,
and therefore increases, on the average, as the
total energy of the system increases. The absolute
value of the coupling term is a maximum (|C;;| = 1)
when

(27 — 1) =2m(N + 1), (36)
for some integer m. Of all the cases for which the
condition (36) is approximately satisfied, there are
two which will be of particular interest. If N >> 1,
ie., N7' < 0.1, say, |Ci;| & 1 for the first few modes
(¢ &~ 1) when collisions occur between particles
which are close to the left wall ( & 1), or the right
wall (j &® N 4+ 1). The coupling term is also large
in magnitude for the modes ¢ = 2k and 7 = N —
2(k — 1), (k = 1), when collisions oceur near
the center of the system (7 & [3(N + 1)]). As the
Integer approximations become worse, the numerical
value of |C,;| decreases. Although |C,;| can be large
for the low modes, in general the increment Ag,
will be larger in magnitude for the high modes
because of the modulating term, which is propor-
tional to w;. The sign of Ag;, which is determined
by C.;, is positive if

dm — 1 <12 — 1)/N +1) <4m+ 1

for some integer m, and negative otherwise.

@37

B. Energy Sharing

The energy sharing is due entirely to the dis-
continuities in the kinetic energy associated with
each mode when collisions oceur. It is obvious that
the inecrements AE, in the energy of the ¢th mode
are strongly dependent on the increments Ag,.
Because the latter are proportional to the frequency
w;, it follows that the rate of energy sharing for
the high modes should be much greater than that
for the low modes, if N is large.

Since C;;A¢; > 0 for all ¢ and j, the energy
increment AE(f) is positive if

Ciidi(t-) > 0. (38)
When

Ciiq.i(t_') < 0;
AE(t) is positive or negative according as

|Ag:(t)] 2 2 |g.(t—)].

(39)

(40)
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The potential energies of each mode are continuous
functions of time throughout the motion. However,
as the system behaves linearly during the time
interval between collisions, there is energy sharing
between the potential and kinetic energies of each
mode. This form of energy sharing is periodic with
period T; = 2n/w; for the ith mode, and is therefore
much more rapid for high modes than for low modes.
It follows that the kinetic energies of the modes,
and hence the discontinuities in these at each
collision, are dependent on the frequencies w;. This
dependence is negligible unless the time between
any two collisions is of the order of (y/M)%.

C. A Dominant Mode

Suppose that at some time during the motion
the kth mode becomes dominant, in the sense that
the energy E, is a large fraction of the total energy
E of the system. If the first mode is dominant,
with ¢, > 0 and |¢,| > [¢.] (¢ #1), then the next
collision will most probably occur near the right
wall. When § > (N + 1), Cy; < 0, and in this
case C;¢; < 0. Similar considerations when the
kth mode is dominant will show that the collisions j
most likely to occur subsequently are those for
which Cy;d, < 0. From (39) and (40) it is seen that
this condition will usually lead to a decrease in E,.

The above argument does not preclude the possi-
bility that during the motion some mode may become
dominant. Indeed, if the model is to exhibit ergodic-
ity, this is to be expected. Such a condition could
oceur, for example, if the potential energy 1Mwiq;
of the kth mode is much larger than the correspond-
ing kinetic energy. At subsequent collisions there
would be an increase in the kinetic energy and in
the total energy E, of the mode if either |Ag, ()] >
2 |g.(t—)|, or CriGi{t—) > 0. However, if E, is a
large fraction of E after any collision, there is a
greater probability that at the next collision AE,
will be negative, rather than positive.

D. Numerical Computations

The above analysis does not yield an exact
expression for the amount of energy sharing to be
expected over any time interval. However it does
indicate qualitatively that energy is shared between
all modes, that the rate of energy sharing is greater
for the higher modes, and that the probability of
any mode becoming, or remaining, dominant is
small. For quantitative results we turn to the
computer solutions of the motion for different
numbers of particles.

For any given N, the initial configuration of the
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system may be taken to be

Eo’ = 61’,19E)

say, where k is odd if the special cases of anti-
symmetry are to be avoided. This corresponds to
the kth normal mode in the linear system. Since
collisions must occur if the model is to be nonlinear,
there is a lower bound on the total energy E. In
the numerical computations we always chose k = 1,
or ¥ = N when N was odd. We also investigated
weakly coupled and strongly coupled systems, the
strength of the coupling being dependent on the
total energy of the system. As the energy is in-
creased, 8o too is the collision rate, and the average
magnitude of the impulse at each collision. The
initial behavior of any system is strongly dependent
on the starting configuration, the number of particles,
and the mean energy per particle.

1. Casek = 1

When a system is started in the first mode,
there is a gradual loss of energy from that mode
with an increase in the energies of all other modes.
The energy loss from the first mode is explained
by the fact that most of the collisions occur initially
in the neighborhood of one of the walls [the right
wall if ¢,(0) > 0], and, as we noted above, the
condition C,;4;, < 0 is usually satisfied. It was
also shown that for such collisions |Cy;] &~ 1, if
N > 1. The loss of energy is then a maximum,
even though the actual loss is small due to the
modulating term. The second and third modes
increase more rapidly than the others, initially.
This is because Cy; > 0if N > j, or j > 2N, and
there is an almost continuous stepwise increase in E,
as C.;d; > 0 at almost every collision. Although the
coupling at each collision is often stronger for the
third mode, E, increases more rapidly than E, as
(3;Gs 1s often negative. As the increments E, for
the higher modes are negative almost as often as
they are positive, there is no appreciable increase
in the energies E; initially. Eventually, while the
first mode is still dominant, the sign of ¢, is reversed.
While the magnitude of ¢, is small, the first in-
equality in (40) is satisfied for some collisions, and
there are small positive increments in E,. There is
then a period without collisions during which the
entire system of particles “swings” in the opposite
direction to the original motion. Collisions then
occur predominantly in the neighborhood of the
other wall, leading to further losses of energy from
the first mode. After some time, the configuration
of the system bears little resemblance to the initial
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TasLe 1. The numerical values assigned to the parameters
in the computation. The particles each have mass M, effective
diameter d, and a mean separation of [ — d. Adjacent particles
are connected by springs which have spring constant v and
natural length ¢ — d.

Parameter Numerical Value
M 3.0 X102g
% 400 dyne/cm
l 4.000 X 1078 ecm
a 3.995 X 1078 cm
d 3.400 X 1078 ¢

state, and the modes begin to exchange energy
freely in a more random manner. Frequently one
mode is found to have much more energy than any
of the others. There is, however, no evidence of
the periodic behavior found in the systems studied
by FPU and others. The only significant difference
in the energy sharing properties of weakly and
strongly coupled systems started in the first mode
appeared to be the rate at which energy was shared
among all the modes.

For the values of the parameters used in the
computations (see Table I), the potential energy
of interaction between two particles about to collide
is ¢(d+) = 0.708 X 107** ergs, and ¢ = —0.5 X
107'® ergs. If we denote the mean energy per particle
(actually the mean energy per degree of freedom) by

e = E/N,

then the energies of the systems studied were given
by ¢ = 0.4 X 107" ergs, and ¢’ = 0.7 X 107" ergs.
These energy levels are illustrated in Fig. 1. It is
evident that systems with energies Ne' will be
weakly nonlinear, while those with energies N’/
will be much more strongly nonlinear.

In Fig. 2 we plot E, and E, as a percentage of

80

E;
sof

20+

N R

0 20 30 40
c 50

0

Fig. 2. The energy in the first two modes after C collisions
for N = 15 particles, mean energy/particle ¢ = ¢’, and
E.’ = 6.-;.E'att = 0, Wlthk = 1.

R. S. NORTHCOTE AND R. B. POTTS

the total energy E for the system N = 15, which
was started in the first mode with ¢ = ¢”. The
‘“curve’” is a histogram because of the constancy
of the energies between ecollisions. E,; decreased
initially until, after about 20 collisions, |¢,| was
small. The increments AE,; were then negligible,
and for several collisions E, remained almost con-
stant. The explanation for this behavior is that
T, = 2n/w, is long compared with the average
time between collisions, so that ¢, does not alter
appreciably from one collision to the next. The
whole system of particles then swung in the opposite
direction until the 37th collision occurred on the
left wall. E, then decreased more rapidly again.
The partition of the total energy among all the
modes at intervals up to 1500 collisions is shown
in Table II. Once the first mode has ceased to be
dominant, it is apparent that energy is freely
exchanged between all the modes. This is further
illustrated by computation of the time averages
(E;) of the energies, given by
¢
By =" [ B ds. (41)
0

Numerical values for these averages are given in
Table III. The approach to equipartition of the
energy among the modes, in the time average,
is strongly evident.

In a similar system with the same starting con-
figuration except that ¢ = ¢, the decay of energy
from the first mode is much slower. The collision
rate in this system was not much more than 259
of the rate in the more strongly nonlinear system.
Furthermore, the impulsive force at each collision
was less than in the first case. However an approach
to equipartition was still evident.

2. Casek = N, N odd

In systems for which the initial configuration is
Ey = E, there is a very rapid loss of energy from
the Nth mode. Most of the collisions oceur near -
the center of the system initially, and the first
few have indices j which are even if ¢y > 0. This
explains the loss of energy from the Nth mode,
since the condition Cy;y < 0 is satisfied when
such collisions occur. The energy loss is large
because at each collision |C'y,| & 1, and the modulat-
ing term is a maximum. Furthermore, the increments
|Agy| are so large that gy quickly becomes negative.
Any further collisions for which j§ is even will lead
to small increases in Ey. However when ¢y < 0,
collisions for which j is odd soon begin to occur,
leading to further decreases in Ey. After a short
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TasLg I1. The energies E;, as percentages of E, after C colllilo/ns and time 2z units for the case N =
[ = (v
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time, Ey is almost negligible, The energies Ey-,,
Ey_s, Increase rapidly initially. It has been
shown that [Ci;] &~ 1fori =N — 2, N — 4,

and 7 = 2, 4, --- | when collisions occur in the
neighborhood of j=[3(N+41)]. When the modulating
term is taken into account, it is obvious that rapid
increases in Ey.,, Ey.y, - are to be expected.
An interesting feature is that E, increases slowly
but fairly steadily. Indeed, for large N, it is not
long before (E,) becomes greater than (E). The
coupling term C,; is negative for a large number
of collisions initially. While ¢, remains negative,
the increment AE, at each collision, although small,
is always positive, leading to a slow but steady
increase in E,.

In Fig. 3 we plot E;; and E,; for the first 50
collisions in a system which was started in the
Nth mode with N = 15 and ¢ = ¢’. The rapid
exchange of energy between these two modes is
clearly shown. Values for the energies E; and the
time averages (E,) for all the modes are given in
Tables IV and V, respectively. The approach of
the time averages to equipartition is again evident.
Comparison with Fig. 2 and Tables II and III
shows that this approach is more rapid for the
system started in the Nth mode, because of the
more rapid exchange of energy initially.

The general behavior of every system studied
was very similar, once the initial conditions had
ceased to be dominant. In particular, a slight
variation in the number of particles from N = 31
to N = 32, say, did not yield essentially different

results, provided antisymmetric systems were ex-
cluded from consideration. That is, the nonlinear
systems studied here do not show less energy
sharing when N + 1 is a prime or a power of two,
which was a reason given by Ford for the lack
of energy sharing in the systems studied by FPU.
In our systems, if all the energy was initially in
one normal mode, it became freely distributed
among all the modes, provided there was sufficient
energy for at least one collision to oceur.

V. THE STATISTICAL MECHANICS OF THE MODEL

In statistical mechanics, an isobaric grand parti-
tion function’ of an assembly of N particles con-
fined to a volume ¥V may be defined by
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Fi1a. 3. The energy in the 13th and 15th modes after C
collisions for the case N = 15, ¢ = ¢/, k = 15.

% L. van Hove, Physica 16, 137 (1950).
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Tasie III. The percentage time averages (E,) after C collisions and time z for N = 15, e = ¢’, and k = 1.

c z i=1 2 3 4 5 6 7T 8 9 10 1 12 13 14 15
0 0.0 100.0 00 00 00 00 0.0 00 00 00 00 00 00 0.0 0.0 0.0

5 0.6 99.0 0.1 0.1 0.1 02 01 01 0.1 00 00 00 0.0 00 00 o0.0

10 0.8 96.8 0.5 06 0.5 03 02 0.1 0.2 02 02 0.1 01 0.1 0.1 0.1
15 1.2 93.1 1.7 1.5 0.7 03 03 04 06 05 03 02 01 02 02 0.1
30 2.9 83.9 6.5 2.1 1.0 08 09 0.8 08 06 05 03 03 04 04 0.5
45 13.2 76.1 96 24 13 12 10 22 13 10 05 09 03 0.7 06 0.7
60 15.7 69.7 102 22 13 13 13 34 14 12 06 16 1.0 10 1.8 20
75 21.0 60.6 9.7 22 1.7 1.1 13 3.4 28 27 14 16 28 14 24 4.7
90 28.4 52.4 92 30 1.9 14 16 2.8 31 30 33 24 44 23 26 6.6
105 32.7 47.9 98 3.1 25 15 23 37 30 33 3.2 26 47 29 35 6.1
120 39.2 434 11.2 28 26 1.7 2,6 43 3.2 34 3.1 28 46 30 3.8 7.5
135 47.2 379 108 3.1 28 22 27 41 49 33 36 3.3 59 30 47 1.8
150 57.6 33.4 10.3 2.8 26 40 3.2 46 4.5 3.0 46 30 6.5 3.1 4.7 9.8
300 123.4 19.6 7.8 59 45 55 6.2 6.6 55 41 56 53 57 45 4.6 8.6
450 196.3 13.5 87 74 6.1 56 62 7.4 54 52 69 52 59 52 4.1 7.1
600 262.5 11.3 92 88 6.7 56 6.1 6.6 6.0 53 65 54 58 52 49 6.7
750 326.2 9.9 9.1 92 6.7 57 62 6.8 60 57 7.1 54 58 54 48 6.3
900 395.8 8.7 9.5 86 6.9 57 6.1 6.7 59 6.1 68 59 56 6.1 48 6.7
1050 470.0 7.9 91 82 64 6.3 60 65 59 6.1 68 59 56 6.5 53 7.3
1200 528.9 7.5 85 82 65 6.6 62 6.3 59 6.0 66 6.1 58 6.7 5.4 7.7
1350 593.9 73 79 81 6.8 70 62 6.3 58 6.4 6.4 59 59 6.7 57 7.5
1500 668.3 7.2 7.5 78 6.6 6.6 6.3 6.5 6.3 6.5 6.6 6.4 6.1 6.7 56 7.3

(V)
where Z(T, N, V) is the ordinary partition function.
T is the absolute temperature of the assembly, P is
the total pressure, and k is Boltzmann’s constant.
It may be shown that

E = kT[T(3/9T)(In Z,) + P(3/9P)(In Z,)]. (43)

This equation expresses the total energy of the
assembly as a function of the temperature and the
pressure if the number of particles in the assembly
is fixed. Also, if the volume V is given, then P is
derived implicitly from

V = —kT(@/0P) n Z(T, N, P). (44)

On replacing the variable ¥V by the variable L
of our assembly, we obtain, in terms of the con-
figurational partition function Z,

MkT)*”
i

Z(T,N,P) = (

x [ e (~PL/KDZT, N, I) dL
(1]

W _
- (M) Zo(T, N, P/RT).

2rh
Z . is the Laplace transform of Z ¢, and % is Planck’s
constant. It should be noted that there are N
degrees of freedom in the assembly. The configura-

tional partition funetion of the model is given by

(45)

N+1

Zc =f f exp [— Z; oy; — y,-—l)/kT} dy,

integrated over 0 = y, < y, < -+
where we have written y, = jl + z,.
Repeated use of the convolution theorem gives

Zo(T, N, P/kT) = (e{exp [—¢)/kTIN"",

where £ is the Laplace transform operator

< Yn = L)

£ = f exp (—Pr/kT) dr.
o

Since exp [—¢(r)/kT] = 0 for r < d,
L{exp [—¢(r)/kT]}
= exp (—Pd/kT)&{exp [—¢(r + d)/kT]},

which reduces to a standard Laplace transform
when the functional form of ¢ given by (3) is
introduced. The final result is

Zo = (kT/7)'F(y)

X e {~[Pd + ¢ + bl — AFY/KTY™,  (6)
where
y=IP—1@=- kD, @)
and
F@) = o0 (o) [ e (~3)ds @)

is an error function which has been tabulated.!®
An equation of state for the model is derived

10 See, for example, The British Association for the Ad-
vancement of Science, Mathematical Tables, (University Press,
Cambridge, England, 1939), Vol. 7.
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Here, no cutoff was assumed to exist at r = d.

of the temperature, and the function F(y) defined

given by a correction term, which is a function
model in which the mutual interaction energy be-

the pressure due to the tension in the springs is

(49)

TaBLE V. The percentage time averages (E;); N = 15, ¢ = ¢/, k = 15.

P + (1 — o) = (kT)}/F(y).
An equation similar to this has been derived by by (47) and (48). Nagamiya'® has considered a

Koppell.'* We have shown elsewhere'” that the

between the pressure of the nonlinear system and The model was therefore linear, and the equation

evaluation of the isobarie grand partition function tween particles was taken to be

Z; above is much simpler than the difficult saddle-

point method which Koppell used to evaluate Z,.
Our equation clearly shows that the difference

from (44), (45), and (46) in the form
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12 R, Northcote and R. Potts, Phys. Fluids (to be published).
13 T, Nagamiya, Proc. Phys. Math. Soc. Japan 22, 705 (1940).

u D, Koppell, Phys. Fluids 6, 609 (1963).
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of state derived was
P+~(0—a) =0. (50)
This is just our equation of state (49) with the
correction term replaced by zero. The correction
term, then, represents the difference between the
linear and the nonlinear cases. The result in the
linear case is, of course, formulated in Hooke’s Law.
For further comparison, it is possible to recast
(49) in the form

v — KT)™? = —y + Fy)™. (51)
One could assume that there is a minimum distance
between molecular centers, say d, in Nagamiya's
model. By adding an appropriate term in each
side of (50) and effecting some minor rearrangement
we have

v ~ R = —y. (52)
Equations (51) and (52) are represented graphically
in Tig. 4.

Combining together (43), (45), and (46), the
total energy of the assembly may be obtained in
the form
E = (N 4+ DT + 5(N + v HP* — (1l — o)°

— WKTPF@) P + 4@ — d)]},  (53)
where we have used ¢, = —3y(l — a)°’. On using
(49) to eliminate F(y), the mean energy per degree

of freedom ¢ = E/N, where N is assumed to be
infinite, is found to be given by

e=kI—3(1—-dP ++(0—-0a)]. (4

For given values of the parameters v, I, @, and

.3 | |
1 2 X —
F1a. 4. Curves for the equation of state, in dimensionless
form, for both the linear and nonlinear systems.
=l — d)(vkT) 4} and y = [P — v(a — &)(vkT) %
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0 05 10
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Fic. 5. The thermodynamic temperature T as a function

of the mean energy/particle ¢, for the specific values of the
parameters given in Table I.
d, (47), (49), and (54) is a set of three independent
equations in the four variables ¢, P, T, and y.
Any one of these variables may therefore be ex-
pressed as a function of any one of the others.
Theoretical values for the expected temperature
and pressure of any assembly may therefore be
computed. Sketches of the curves T = T(¢) and
P = P(e), for the numerical values of the parameters
given in Table I, have been drawn in Figs. 5 and
6, respectively.

S
T

_ Px105(dynes) _

)
T

‘= 1 : i :

10

5
€ x10%(ergs)

F1g. 6. The thermodynamic pressure P as s function of e,
for the values of the parameters given in Table I.
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Fluctuations in the temperature and the pressure
are expected in an isolated assembly. The relative
fluctuations in the temperature T are given by

op = (T — T)*/T". (55)

However, because we are using ideal walls for the
calculation of the pressure, we cannot consider
fluctuations in the actual pressure. This is because
any estimate of the pressure requires a finite time
for computation. We therefore consider fluctuations
in the time average of the pressure,'* defined by

otm = (P) — (P)/(Py. (56)

Computation of these fluctuations will yield further
evidence on whether or not the assembly of particles
under consideration attains a state of equilibrium
with respect to temperature and pressure.

VI. COMPUTATION OF THE THERMODYNAMIC
VARIABLES

In the preceding section we developed the statis-
tical mechanics of the model, i.e., we found expres-
sions for the thermodynamic variables when N was
assumed to be infinite. We proceed now to find
mathematical expressions for the corresponding
variables of the finite model.

A. The Mean Temperature
Since there are N degrees of freedom in the model,
it follows from the equipartition principle that
(KE) = NKT),

where (KE) denotes the time average of the kinetic
energy of the system. The time average of the
temperature is therefore given by

(T) = 2(KE)/(Nk). (57)

A measure of the instantaneous temperature is
taken as T = 2 X KE/(Nk).

The time average of the kinetic energy over
any time interval (0, 7) is

(KE) = 3177 [ "% dt. 58)

0

If there are no collisions in this interval then,
on integrating by parts and rearranging, we have

M f &'% — x'Rx) dt = M[x'K].
1}
But from (29), since the system is conservative,

1 See for example, D. ter Haar, Elements of Statistical
Melclhgm'cs, (Rinehart and Company, New York, 1954),
p. 113.
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M f &% + X'Rx) dt = 7E.
1]

Addition of the last two equations yields the time
average of the kinetic energy over the interval
(0, 7), if no collisions occur:

(KE) = iE + iM[x'1];. (59)
The usual result for the linear system is obtained
in the limit as 7 — .
However, if there are collisions during the interval
(0, 7), there is a correction term C in (59) so that
(KE) = 3E + 1M+ '[x'5]; + C, (60)
where
= —iM 30 WAL,

and ¢t; (¢ = 1, 2, ---) are the times at which the
collisions occur. This correction term for the non-
linear case in which there are collisions is

C = IM+(l — d) Z: |Az,(8)],

where the summation is over all collisions between
particles § — 1 and j at times ¢, during the time
interval. The time average (T'), which we shall
call the mean temperature, is computed form (57),
(60), and (61).

B. The Mean Pressure

(61)

Between collisions, the forces exerted by the
constraints holding particles 0 and N + 1 fixed are

fo=—v@@ + 1 - a),

and

frver = Y(—zx + 1 — a))
respectively. These forces are the instantaneous
pressures acting on the left and right walls, re-
spectively, provided there are no collisions on the
walls. Thus, in the linear system, the time average
of the mean pressure acting on the two walls taken
over an interval (0, 7) is

By = =100 = [ @ ot
From (8) it follows that

(Py = —v(l — @) + 3y7 (e} — B)IZL;,
where o] and e are the first and last rows, respec-

tively, of the matrix R™. In the limit as 7 —
we obtain the mean pressure of the linear system
Py = —v(l - a), (63)
which is the result predicted in (50).
When there are collisions, however, there are

additional contributions to the pressure. These are
due to impulses on the walls when end collisions

(62)
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Fie. 7. The mean temperature computed for the systems
N =31, e = ¢, and E; = 5;:E at { = 0. The predicted
thermodynamic temperature is T = 62.07°A.

occur. Thus a correction term must be added in
the right side of (62) to obtain an estimate of the
nonlinear pressure. When the definite integral in
(62) is also evaluated for this case, a measure of
the time average of the pressure over the interval
(0, 7) in the nonlinear system is found to be given by

Py=—v(l—a)+ 3y (e — )+ C". (64
The term C” may be shown to be
C' = M(N + 1)7'77 20 |Ag(8)l,  (65)

where the summation is again taken over all colli-
sions in the time interval. Provided the time interval
(0, 7) is large, we shall refer to the pressure (P)
given by (64) as the mean pressure of the system.

C. Results of the Computations

The numerical computations for different systems
showed that the mean temperatures and pressures
approach the values predicted theoretically, when
N > 1. That a small number of particles gives a
good approximation to the infinite assembly seems

s
k=31

sﬂ_',_........
Ve

i},

1 1 1 L I
4 2 < !

L .
10 © " L]

6 ]
tx10M(sec)

F16. 8. The mean temperature for the weakly nonlinear
systems N = 31, e = ¢, B; = s:E att = 0. 77 = 31.7°A.
The distinctly linear behavior of the system for & = 1 is
apparent.
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a characteristic of molecular dynamics. Even when
we chose N as small as 7 or 8, the mean temperature
approached to within 4 9, of the predicted tem-
perature for the infinite assembly, while the error
in the mean pressure was of the order of 307%.
However it is realistic to discuss only the results
for the largest systems on which computations were
carried out.

In Fig. 7 we plot (T) for the two systems in
which N = 31, ¢ = 0.7 X 107 ergs, and the
initial configurations were E, = E and Ey = E,
respectively. It is quite clear that (T') approaches
near the predicted value in each case. Figure 8
shows the behavior of (T) in the two similar systems
where ¢ = 0.4 X 107" ergs. In a linear system
in which all the energy is in the 7th normal mode,
say, the curve of (I') as a function of the time ¢
will oseillate periodically about the mean E/(Nk)
with a period 2x/w;. The oscillations about the
mean will decrease to zero as { — «. This explains
the periodic oscillations in the curve labeled k = 1.
In the weakly nonlinear system, the first mode
remained dominant for a considerable time as there
was little energy sharing with the other modes, and
the oscillations in (T') are therefore to be expected.
The period of these oscillations is approximately
2r/w, = 1.753 X 107! sec. However, as the energy
becomes distributed among all the modes, (T)
begins to approach near the predicted value of
31.7°A. The approach is slow because of the domin-
ance of the first mode for such a long time. The
curve £k = 31 approaches the equilibrium value
much more quickly because of the rapid exchange
of energy among all the modes when the initial
configuration is £;, = E.

Some actual values for (T') and (P), together with
the relative fluctuations ¢7 and %, computed from
(55) and (56), respectively, are given in Table VI.
The approach to the predicted temperature is very
good. Indeed the error in the first two systems is
about 29, while in the more strongly nonlinear
systems it is only about 19. The computed values
for ¢; indicate that the systems tend towards a
state of equilibrium with respect to temperature.-
The computed values for the mean pressure, al-
though not as accurate as those for the mean
temperature, also show an approach near to the
predicted pressures. Curves for the pressure (P) are
illustrated in Figs. 9 and 10. Of course the fluctua-
tions ¢%,, should tend to zero if (P) approaches
an equilibrium value. The given estimates for o%p,
therefore support the theory that the mean pressures
approach equilibrium values. It should be pointed
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TaBrLe VI. Time averages of the temperature (I') and
pressure (P), together with the relative fluctuations sy and
a(py?, Tespectively, over intervals of C collisions and fime
tsee. N =31, E, = Eatt = 0, and e = E/N. The theo-
retically predicted values are T’ = 31.72°A, T = 62.07°A,
P = 0.1060 X 10~ dyn, P" = 0.5031 X 10~¢ dyn.

e k CX1072 ¢ X100 (T) or?  (P) X 108 0'(1:)2
¢ 1 0-15 3.31 30.6 0.078 0.0605 0.7578
15-30 2.66 31.5 0.018 0.0875 0.0048
¢ 31 0-15 2.8 31.3 0.023 0.0813 0.0080
15-30 2.65 31.5 0.022 0.0988 0.0008
& 1 0-15 0.77 61.4 0.016 0.5101 0.0042
15-30 0.85 61.5 0.015 0.4476 0.0004
¢ 31 0-15 0.85 61.6 0.019 0.4695 0.0025
15-30 0.87 61.4 0.017 0.4494 0.0003

out that no contributions to the fluctuations ¢2 and

o%p, Were computed for the first 150 collisions when

¢ = ¢, and for the first 300 collisions when ¢ = €.
VII. THE AUTOCORRELATION FUNCTION

In a system of N particles, the autocorrelation
function associated with the sth particle is defined by

T
lim —lf, f 2t + opr) dr
p)\l"‘(t) —_ ot 0 01 -
1 2
17'152 T fo pi(r) dr
where p; is the momentum of the particle. For the

purposes of numerical computation, an estimate
of this funetion is given by

j:” 0 + 1ilr) dr
j:' () dr

b2

pN,,-(t, T) =

2

provided T > ¢.
It has been shown by Mazur and Montroll'® that
a knowledge of the behavior of the autocorrelation
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Fra. 9. The mean pressure for the systems N = 31,
e = ¢, B; = 8,F at t = 0. The predicted thermodynamic
pressure is P = 0.503 X 10~¢ dyn.

1 P. Mazur and E. Montroll, J. Math. Phys. 1, 70 (1960).
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Fig. 10. The mean pressure for N = 31, ¢ = ¢, E; = §;:F at
t =10 P =0106 X 10~¢dyn.

funetion can show whether or not equilibrium is
established in the system. Preliminary computations
have been made in which py,:(f) was evaluated for
several (200) values of . In Fig. 11 the curve
pv.a(t) for T = 0.6 X 107° sec is drawn. It is interest-
ing to compare this with the hypothetical curve
contained in the paper by Mazur and Montroll.

VIII. CONCLUSIONS

We have shown that, in contrast to the systems
studied by FPU and others, our nonlinear systems
show a behavior which can reasonably be deseribed
as ergodie. This is evidenced both by the equiparti~
tion of the energy of each system among all the
modes, in the time average, and by the rapid
approach of the temperature and pressure to their
equilibrium values. It is hoped to use our model
to verify numerically some of the other results
of statistical mechanics. In particular, calculation

-08 It Il

tr 8% gec)

F1a. 11, The velocity autocorrelation function py,: for the
system N =31, e = ¢,k = 1.
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of the entropy function and its fluctuations for
both a system and a subsystem is proposed. This
should lead to a numerical evaluation of the H-
theorem.

It should be possible to derive the macroscopic
properties of the model by the generation of a
stochastic process. The time intervals between two
collisions could be chosen at random from a prob-
ability distribution. The trajectory of any system
in phase space may then be followed by .repeated
application of the transformation (13) for the
selected time intervals, together with a random
choice of a collision after each iteration. We hope
to carry out computations to show that this method
yields systems which are statistically equivalent to
the ones which have been discussed in this paper.

R. 8. NORTHCOTE AND R. B. POTTS
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Spectral Analysis of the Anisotropic Neutron Transport Kernel in
Slab Geometry with Applications*
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A spectral analysis of the transport kernel for anisotropic scattering in finite slabs is achieved by
first solving a type of generalized scattering problem for a suberitical slab. Initially, the scattering
problem is stated as an inhomogeneous integral transport equation with a complex-valued source
function. This is readily transformed to-singular integral equations and linear constraints in which
the space and angle variables enter as parameters. Dual singular equations appear in applications
of Case’s method to transport problems, but we cannot yet completely explain this duality. The
singular equations are transformed to Fredholm equations by an extension of Muskhelishvili’s stan-
dard method and by analytic continuation. It is shown that, for a wide class of scattering funetions,
this particular Fredholm reduction yields equations which converge rapidly under iteration for all
neutron productions and slab thicknesses. The ultimate solution of the singular equations contains
arbitrary constants which, when evaluated by the aforementioned linear constraints, display ex-
plicitly the Fredholm determinant and the eigenfunctions of the transport kernel. An immediate
consequence of this result is the criticality condition and the associated neutron distribution. Specific
applications to linear anisotropic and isotropic scattering in slab geometry are discussed. In addition,
it is seen that the case of isotropic scattering in spheres can be treated with this method, and, in fact,

MARCH 1964

the spectral analysis of the kernel for the slab problem immediately applies to the sphere kernel.

1. INTRODUCTION

N this paper, we consider an integral operator A,

derivable from the steady-state transport equa-~
tion for anisotropic seattering in a one-dimensional
slab of finite thickness. By means of the theory of
singular integral equations and analytic continua-
tion, we reduce a certain scattering problem to a
form suitable for computation. From this solution
we obtain both the eigenvalues and eigenfunctions
of the operator A. For isotropic scattering, these
results give, by a familiar observation,' a spectral
analysis of the isotropie transport kernel for a
finite sphere.

The spectral analysis is important in the de-
termination of critical dimensions of nuclear reactors
in which the energy of neutrons is considered
constant. By the standard method of taking a
Laplace transform in the time variable, these results
can also be applied to determine the discrete
spectrum of the time-dependent transport equation.

Recently, various transport problems for plane
geometry have been treated by Case’s singular
eigenfunction method.””® This method is one of

* This research is sponsored by the United States Air
Force under Project RAND-Contract No. AF 49(638)-700
monitored by the Directorate of Development Planning,
Deputy Chief of Staff, Research and Development Head-
quarters, United States Air Force.

1 B. Davison, Neulron Transport Theory (Oxford Univer-
sity Press, London, 1957).

2 K. M, Case, Ann. Phys. (N, Y.) 9, 1 (1960).

2 J. R. Mika, Nuel. Sci. Eng. 11, 415 (1961).

(1923 1C§ J. Mitsis, Argonne National Laboratory, ANL-6459

¢ R. Zelazny, J. Math. Phys. 2, 538 (1961).

determining singular solutions to the integrodif-
ferential form of the homogeneous transport equation
by separation of variables in infinite space. Solutions
to boundary-value problems are expanded in terms
of these singular solutions. Determination of the
expansion coefficients is achieved by solving singular
integral equations.

The method of this paper also leads to a study
of singular integral equations, which are adjoint
to those derived in the applications of Case’s
method. For this reason our method seems to be
dual to that of Case. In deriving these equations
we do not use singular solutions to the integro-
differential equation form of the transport problem.
Rather, we consider the familiar associated Fredholm
equation which incorporates the boundary condi-
tions for any given problem. In another paper we
have shown by operational methods that this
integral equation can be readily replaced by singular
integral equations and linear constraints. The linear
constraints come from properties of the analytic
continuation of a certain function.

Our transformation to singular equations is
achieved by a method which differs from the Fourier
transform methods of the Weiner—Hopf analysis® of
integral operators with difference kernels on a half-
line. Our method can be applied to the study of a
wide class of such operators defined over an arbitrary
interval. We plan to pursue this in a later paper.

We wish to emphasize one other point of our

8 N. Wiener and E. Hopf, Sitzber. Preuss. Akad. Wiss.
Physik. Math. K1..1931, 696, (1931).
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analysis. Because of analytic properties of certain
functions, we are able to extend the standard
results of singular equation theory’ by means of
analytic continuation, This leads to certain Fredholm
equations which are simpler than those given by
the standard theory.

We first consider in Sec. 2 the problem of ani-
sotropic scattering in a one-dimensional slab which
is of subcritical thickness r. If the slab is exposed
on one face to a monodirectional beam of neutrons
and a steady state is reached, the neutron source
function J, a function of two variables which gives
the distribution of neutrons in space and angle
emergent from collisions, satisfies a familiar linear
integral equation.''* ' For a subcritical reactor this
integral equation can be solved by a Neumann
series in an integral operator A. From this series
it is difficult to obtain any information about the
spectrum of the operator A.

With the assumption that the scattering function
f(©2, @) has a finite Legendre polynomial expansion,
it has been shown' that the integral equation for
J can be replaced by a functional equation which
relates J at the symmetric depths x and » — =z.
In Sec. 3 this equation is shown to lead to linear
singular integral equations and a finite number of
linear constraints.

In Sec. 4, we use singular equation theory and
analytic continuation to convert the singular equa-
tions to Fredholm equations with eontinuous kernels.
The solution to these Fredholm equations contain
arbitrary constants which are determined by the
linear constraints mentioned above. The determinant
of this system of linear algebraic equations contains
the Fredholm determinant of the operator A. For
given f and ¢ > 1, the critical dimension is de-
termined by the smallest + which makes this de-
terminant vanish. By a limiting process we obtain
the critical source function, which is an eigen-
function of the operator A. In fact, all eigenvalues
and eigenfunctions of A can be so determined.
In certain cases, we also obtain solutions to the
Milne problem for r = o« 8

In Sec. 5, specific results for the slab problem

" N. L. Muskhelishvili, Singular Integral Equations, (P.
Noordhoff Ltd., Groningen, The Netherlands, 1953).

8 K. M. Case, F. DeHoffmann, and G. Placzek, Intro-
duction to the Theory of Neutron Diffusion (U. S. Government
Printing Office, 1953), Vol. 1.

. ®8. Chandrasekhar, Radiative Transfer (Dover Publica-
tions, Inc., New York, 1960; Oxford University Press, Lon-
don, 1950).

. 2 E. Hopf, “Mathematical Problems of Radiative Equi-
librium’’ (Cambridge Tracts, No. 31, 1934).

1t T. W. Mullikin, The RAND Corporation, RM-3558-PR,
(1963) (to appear in Astrophys. J.).
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are obtained in the case of scattering functions
linear in (2 + Q'), and in the case of isotropic scatter-
ing. The results for isotropic scattering are related
to previous results obtained by Mitsis* and Zelazny,®
who constructed their solutions from Case’s® singular
solutions to the transport equation.

In Sec. 6 it is shown that the sphere criticality
problem for isotropic scattering is also easily
handled by the method of this paper. In fact, a
slight modification of the slab reactor results
immediately gives estimates for the sphere.

2., THE TRANSPORT EQUATION

We shall consider a homogeneous plane-parallel
reactor of finite thickness 7. Depth into the slab
is measured by the variable z, 0 < z < 7, in a
direction normal to a face of the slab and in units
of a mean free path. We let ¥(x, u) denote the
angular neutron density at depth z in a direction
specified by 6, the inclination to the positive z axis.
Here p = cos 6.

We consider an axially symmetric beam of
neutrons having unit flux incident on the slab at
2z = 0 from some direction y, > 0. The steady-state
transport equation for the angular density of
scattered neutrons is then®

plo¥(x, 1, 1o)/0z] + ¥ (=, 4, o) = J(x, u, o), 2.1)

where the source function J is given by
1 1
J(x7 M, V'O) = 5 ‘[_1 f(“) V)‘I’(ll, v, l-"()) dv

+ f(u, wo) exp (—z/po).  (2.2)

Boundary conditions result from the fact that no
scattered neutrons enter the faces of the slab, and
are given by

Y0, u, po) =¥(r, —p, ) =0, 0< <1, (2.3)

The last term on the right-hand side of (2.2) is
the resultant source due to the reduced incident flux.

We assume that the positive scattering function
fin (2.2) is given by a finite expansion in Legendre
polynomials,

(i) f>e>0, (2.4)

() flu,») =c 2;6 bP:wP:(), by = 1.

For simplicity, we have assumed azimuthal sym-
metry., Mullikin'' has shown that the general case
of azimuthal dependence leads to additional in-
dependent equations which may be handled in the
same way with very little additional effort.
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From (2.1), (2.2), and (2.3) we obtain expressions
for ¥ in terms of J by

Y(z, 4, po) = ‘—1£ fo exp [(y — 2)/u]

X '](yy My FO) dy (25)

for0 < u £ 1, and

W, ) = = [ exp [ = 2)/4]

X J(y; “7 I‘O) dy (26)
for —1 < p < 0. Combined with (2.2), this gives
the integral equation

J(x, 1y o) = flu, po) exp (—x/uo)

+5 [ 10 [ el — /017, 0, m0) dy ©

~ 5 [ 16,0 [ ew iy — 2/el 0,00 1y -

2.7
We abbreviate this equation by

= ¢cA(J) + B. (2.8)

Tt is easily shown that because of (2.4) the operator
A is strictly positive.’* This implies that A has a
real positive eigenvalue X of unit multiplicity, which
dominates the modulus of all other eigenvalues.
This eigenvalue is a function of the parameters
7, by, -+, by. The eigenfunction p associated with
X can be chosen to be uniformly positive.*

We will need the following result (see Hopf'’).
Let the constants b,, - -- , by be restricted by (2.4).
Then the maximum eigenvalue X of A satisfies

X(T} bla Tty bN) < 1’
If the constant ¢ is restricted by

0<r< w. (29

A <1, 2.10)

Eq. (2.8) has the unique solution given by the
Neumann series

J =3 eaB).

n=0

@.11)

The solution is an analytic function of the complex
variable po for all 0 < |y < o with a pole of
order N at o, and real valued and nonnegative
for real uq, po % 0.

We observe from (2.4) that

fuy =») = f(—n, 7).

12 8, Karlin, J. Math, Mech. 8, 907 (1959).

(2.12)
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It then follows easily from (2.7) that

J(r —x, —p, po) = exp (—7/po)J (&, u, —po). (2.13)

The solution given by (2.11) is computationally
unsatisfactory for reactors which are near criticality
because of the slow rate of convergence of the series.
We shall solve (2.8) for subcritical reactors by
replacing (2.8) by singular linear integral equations
which give a more satisfactory procedure of numer-
ical solution. From the solution of these equations
we shall obtain a method for computing X(r, by,
- -+, by) and hence the eriticality condition

CX(T) bl: ttty bN) = 1. (214)

If we then take the solution J to the subscritical

problem and let ¢ increase to criticality we shall
find, by dominance of X,

lim (1 — eN)J = p.

cA—1

(2.15)

This function p is an eigenfunction of the operator A
and satisfies

p = cAlp). (2.16)

It represents the angular density of source neutrons
in space and direction in a eritical reactor.

It is easily shown that A, as defined by (2.7),
has a kernel which is square integrable in the
variables z, y, g, and v for 0 < z,y < 7, —1 < p,
v < 1. Therefore the eigenvalues of A are discrete,
although not necessarily real, since A is not Hermitian
in general. From our solution to singular integral
equations, we can determine all the eigenvalues and
eigenfunctions of A.

3. LINEAR SINGULAR EQUATIONS

In the previous section, we arrived at an integral
equation (2.7) whose solution is the source function
J for a scattering problem. Mullikin'* has shown
that (2.7) can be replaced by another equation in
which the roles of the independent variables x and
w and the parameter u, are interchanged. We merely
outline this derivation.

In (2.7) the variable u, is usually restricted by
0 < po £ 1 as the cosine of an angle in the interval
[0, 37]. In the term f(u, wo) exp (—z/uo) let us
replace g, in the exponential by a complex number
2, 2 #% 0. We then consider the equation

K(x, p, po, 2) = f(u, mo) exp (—x/2)
+ cA(K)(z, u, po, 2). 3.1

It is easily shown that this equation has a solution
which is analytic in 2 for [z|] > 0. For z = g, this
solution agrees with the solution J to (2.7).
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We now apply the integral operator A to both
sides of (3.1). This can readily be seen to give an
equation for A(K) which is similar to (3.1) except
that the forcing term consists of integrals over
the parameters u, and z. Applying (I — cA)™ to
this equation, we obtain a representation of A(K)
in terms of K and J. When this is combined with
(3.1) we obtain

K(z, ®, v, 2)
_ ¢ ' Kz, p,0,2) — Kz, 8,2,2)
2 ), s v, o) do

= f(u, ») exp (—2/2)
+ ‘;ﬁ j: J(x; o) Z) — J(x; K, U’) f(V, 0_) do

2T

ez [° Jx, 1,2 —exp (—r/2)J(r —x, —u, —0)
+3 f_l

z2—a
X v, o) do.

If we now consider fixed values of the variables
z, u, and z, then the left~hand side of (3.2) contains
a linear operator L, which acts only on the third
argument of the function K. The variable » enters
the right-hand side of (3.2) only in the function
f(v, o). If we assume that f has a finite expansion
in Legendre polynomials, then it can be shown
that the operator (I — L,) has an inverse and that
(3.2) can be solved for K in terms of J.

After solving (3.2) for K, we again set » equal
to z to obtain

J(xy By Z) = k(ﬂ! Z) €xp (—.’L‘/Z)
— % j; J@, u,2) — J(x, a) k(o, 2) dor

Z2—a

(3.2)

2 ° J(xy M,Z) — exp (—T/Z)J(T - %, —H —0')
+3 P
-1 g
X k(o, 2) do. 3.3

Notice that now z and u are merely parameters.
The function & is given by

k(ﬂ: 2) =¢ Z biPi(ﬂ>hi(z); (3'4)
where h; are defined recursively by
ho(2) = 1, hz) = 0 — o),
3.5)

G + Dhii@) + jhia(2)

= 2[(2j + 1) — cb;]h;().
This formula for the A; is obtained by Mika® by
a different method than that used by Mullikin.!!
We are primarily interested in J(z, u, 2) for z
in the interval [0, 1]. Once this is determined,
we have the analytic continuation of J to complex
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z given by (3.3). For the moment we restrict z to
complex values outside the interval [—1, 1] and
rearrange (3.3) as
M) (@, u,2) = k(u, 2) exp (—2/2)
. 'E_ ! k(a" Z)J(.’B, My U) do
2 0 g — 0
¢ k(o', Z)J(‘T"-I, —Hy _U)

- zZ— 0

do.
(3.6)

- % exp (—71/2)

The funection X\ is defined by

=14 [ 124 ey, @
where

v(e) = 3k(e, o). 3.8)

To obtain (3.7) from (3.4) we have used the
result given by Mullikin"* that

1
k(a" Z) - k("" 0') do = 0.

. pa—— 3.9
It is also shown by Mullikin'' that
K, 2) = k(—u, —2), (3.10)
and hence that
v(0) = v(—0). @.11)

For special functions f, the function y has been called
the “characteristic function” by Chandrasekhar.’

The expression (3.4) for k& shows that Eq. (3.6)
can be expanded in terms of Legendre polynomials
in p to give (N + 1) independent equations. Since
this expansion can be done at any stage of our
treatment, we simply study the single equation (3.6)
with u as a parameter.

The first piece of information to be gained from
the functional equation (3.6) is a set of linear
constraints. We want a solution to (3.6) which is
analytic in 2z for 0 < |z|] < . If the function A
vanishes at some point, or set of points, z; with
2; finite and outside the interval [—1, 1], then for
J to be analytic the right-hand side of (3.6) must
vanish to the same order as A at these points.
This gives linear constraints such as

k(u, 2,) exp (—x/2,)

1
— ﬂ k(o'y 2,-)](:1,‘, Ky 0’) da'
2 1] 2 — O

0 .
+ exp (—T/Zi)gi f_l k(o, z")JSt__x;_—'ﬂ; o) do,
(3.12)
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for z; satisfying
)\(2;) = 0, )\’(z,') # 0. (3.13)

Complications arise if A vanishes at infinity. It
follows easily from (3.11), by induction on n, that
forn>1

] b:’
P.@) Ho (1 - 2ic+ 1)

+ lower order P,.
Then from (3.7), (3.4), and (3.14), we have

ha(e) =
(3.14)

Mw)=(1—-2¢
:Z.,2z +1 H( 2j + 1)’ 3.15)

Again, by induction on N, it readily follows that

L Cb,‘)
,I.Io(l“zi+1 )

Now formula (3.6) gives the analytic continuation
of J(x, u, 2) off the interval —1 < 2 £ 1, and J
must be so chosen on the interval [—1, 1] that
this function is analytic in 0 < |z] < « with a
pole of order N at infinity. From (3.14) and (3.16)
we see that if \(=) # 0, then hy(2) is of degree N,
and hence also k{g, 2) and J are of degree N in z,
giving the correct-order pole at infinity. However,
if cby = 2N + 1, then k is of degree N but A(=) = 0,
and conditions have to be imposed to prevent J
having a higher-order pole than N at infinity.
Also, if some cb; = 2¢ 4+ 1,7 < N, it follows easily
that k(u, 2) is at most of degree (N — 1) in z and
that N\ vanishes at infinity at least to order two.
Then conditions again have to be imposed to give
J the correct behavior at infinity.

It should be remembered that the constants b,
are not completely arbitrary but are restricted by
the condition (2.4) of positivity of the seattering
function f. However, it seems difficult to relate
these restrictions in general to possibilities discussed
above.

M) = (3.16)

Further caleulations will require the frequent use
of Plemelj’s formulas.” The function ¢, defined by

90(3):5;7‘/;%‘%@'5:

is analytic in the complex plane cut along [a, 3].
Provided f satisfies a Holder condition on (a, b),
Plemelj’s formulas give the limits ¢ and ¢~ of ¢
from the upper and lower half-planes, respectively,
asztendstor, a < v < b:

(3.17)
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') = —l'-fbm,

30) +
(3.18)
e () = f f(u) da

The integrals are computed as Cauchy prineipal
values.

Remembering that J is to be analytic in 0 <
2] < =, wenow apply Plemelj’s formulas to compute
the limits in (3.6) as 2z tends to » with —1 < » < 1,
v ¢ 0. Adding the limits from the lower and upper
half-planes, we obtain a singular integral equation for
J(z, u, ») on the interval —1 <» < 1:

M) (@, py ¥) = ku, v) exp (—z/)
v fi ko, v)J(z, 1, o) do
2

vV—a

—H0) + 55

e (=5 [ KD 36—z, -4, —0) do.
(3.19)

The singular integrals are computed as Cauchy
principal values, and ), is given by

7(0) 1+

l’

(3.20)

'Y(V) do

M) = - () In

To simplify the subsequent analysis, we choose to
write (3.19) as two uncoupled equations on the
interval (0, 1). We do this by defining two functions
by

Pz, p,v) = J(@, u,9) + (7 — 2, —p,9), 3.21)
Q, u,v) = J@, uyv) — J(r — z, —p, ),
0<v <1
The equations for P and @ are then
MNP =1L + V(P) - UP), 3.22)

MO =1+ V(@) + UWQ.

For brevity, we have defined two integral operators,
V and U, by

VG, ) = § [ Ko Emal g, 29
U, w9) = o (~o) g [ HE0D

X J(z, p, o) do

for 0 < » < 1, and we have introduced the known
functions I, and I, given by
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Lz, p,») = k(u, v) exp (—z/)

+ kg, —v) exp [(x — 1)/,
Lz, u,») = k(u, ») exp (—z/)

— ks, —») exp [(x — n)/7].

In the next section we use techniques of analytic
funetion theory to convert (3.22) to Fredholm equa-
tions with continuous kernels. Although Mika,® by
using Muskhelishvili's standard method,” has
already treated singular equations of this type for
8 semi-infinite medium, which are adjoint in the
singular part of (3.22), we choose to employ a
slight modifieation of the standard method. In this
way, we take advantage of certain simplifications
resulting from the analytic properties of the various
functions.

(3.24)

4. FREDHOLM EQUATIONS

In this section, then, we consider the singular
integral equation
; v ' k(o, »)R(o) do
NORG) = F) + 5 [ FODHOL )
which is Eq. (3.22) for P (or @), with I, (or 1,)
and the bounded operator U included in the defini-

tion of F. That is, if {4.1) is to represent (3.22) for
P, then

F(”) == 31(3}, [22] 2’) - U(P)(.’.l), Ky ”): (4'2)
or, if it is to represent (3.22) for @, we have
F(”) = l2(xa M, V) + U(Q)(xy ey V)- (43)

Since x and p are merely parameters in our equations,
we will not display them. We will treat F as a known
function and invert the singular operator by a
slightly modified form of the theory of singular
integral equations.” Finally, we will obtain a regular
Fredholm equation for F.

Since k is a polynomial, a sectionally holomorphic
function ¢(2) is defined by
1 [ ko, 2)R(0) do

elz) = o |

4.4)

o —2

By Plemelj’s formulas it is easily verified that we
can write (4.1) as

N @) = N0 () + 290FE), 0<v <1, (4.5)
where
NG = M) + winv(),
A@) = M) — miry().
We divide (4.5) by A~ and rewrite it as

4.6)
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0" () — NO/NOleT0) = 290FG)/NG).  @7)

By standard methods,” we now construct a
nonvanishing sectionally holomorphic function
E(2) (= € [0, 1]), which solves the homogeneous
equation

E*G)/E"G) = N 0)/N6). (4.8)
We find that
E@) = exp [T@]/1 — 2)° (4.9)

is the required solution, where the function T is
defined by

LoD di
re) - [ S04, (4.10)
and
0@t = }rta,n" % , 0Zt<1. (411

It can be shown®'' that the index, @, is a non-
negative integer given by

a=01)< N+ 1. (4.12)
We will henceforth assume that
NG+ e #0, 0<»r<1. (4.13)

If (4.13) does not hold, the index « is increased
and is accompanied by an equal increase in the
number of constraints on the equation for J [see
(38.12)], where the additional 2; are just the zeros
of the left-hand side of (4.13).

Inserting (4.8) into (4.7) gives

o' @) — [E*@/E We () = 29@)FO)/N¢), (4.14)
or
SO 60 _ 26F6)
6 E0 - NOEG) (4.15)
Now consider the function G
_e@ 1 ' 2y(0)F(o) do
G@) =gy ~ 2m‘fo NOE o =g %10

@ is clearly analytic in the finite cut plane and,
from (4.15), we find that @ is continuous across
the cut and hence is analytic in the entire finite
plane. Finally, if

= degree of z in k(o, 2), (4.17)

then, by considering the behavior of the right-hand
side of (4.16) at infinity, we conclude that G is a
polynomial of degree « + 8 — 1 at most, which
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we choose to write as

pa+ﬁ—1(z) 1 & i
G === = — Z}o az'. (4.18)
Therefore, (4.16) becomes after multiplication

by E(2)

E(z) f v(a)F(a) do 1
N(@E (o)oe — 2) ;

X E@pass-e).  (4.19)

The standard singular integral equation theory
concludes at this point by equating ¢* — ¢~ as
computed from (4.4) and from (4.19). If this is
done for R set equal to P (or @) and for F replaced
by its definition in terms of P (or @), then we obtain
a Fredholm equation for P (or ) on the interval
[0, 1]. The kernel is such an equation is complicated.
Fortunately we can use the analytic properties of
the functions P and @ and the polynomial nature
of the kernel % to obtain simpler Fredholm equations
for the function F given by (4.2) [or by (4.3)]. This
will also lead to an evaluation of the coeflicients
a; in the polynomial p,.s-;.

We, therefore, specialize to the case where B = P,
and F is defined by (4.2). By an obvious modification
we can apply our results to the function Q.

Using the definition (3.23) of U and V, we see
that F(z), defined by (4.2), is simply related to
o(—=z) in (4.4). But ¢(—2) can also be computed
by (4.19), and this gives us the following equation
for F':

F(z) =

L(2) — ze”"*E(—2)

' v0F@)de | ‘,
X [ s NOE 0@+ T ZO a.(—2) ] (4.20)

We define the linear operator L by

L)) = 2 ""E(—2) fo 1 k_(V(")F @ds __ 49

DE (o) +2)’

and choose to write (4.20) as the following set
of integral equations:

§@) = L@ — L@,

‘ 4.22)
9:@ = (—=2)""¢""E(—2) — L(g.)®),
i=0,---,a+8 — 1.
Because of the linearity of L, we clearly have
a+f—-1
F@) = §@) + Zo a;9:(). (4.23)

For z in the interval [0, 1], the Fredholm operator
L has a continuous kernel. If the norm of L satisfies
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[|IL|] < 1 in some Banach space, then Eqs. (4.22)
may be solved by iteration. These iterations will
converge uniformly if

max lv(a)| do

max [ve-r/vE("v) ‘/: TN o) F V):' <1
(4.24)

For any given v this inequality will certainly hold
for all sufficiently large 7. We will show below that
for certain v this holds for all - > 0. The convergence
of the iteration scheme for all v and all + > 0 is
an open question.

If we let @ denote a circle centered at the origin
and enclosing the cut along [0, 1] and the point z,
we can show'® by contour integration that

! v(o) do
0 E”(a))\_(tf)(v —2)

T 2E(0) zE(z) 271 [ E(w)w(w —2)

_ 1 (1 —2)°%exp[—T()]
" 2E(0) 2

“ - exp [— P(w)](l — w)* dw
> > £ f (4.25)

The series in z terminates since coeflicients of higher-
order terms can be shown to vanish by choosing
@ with arbitrarily large radius.

Now the left-hand side of (4.25) vanishes at
infinity, and so must the right-hand side. The
principle part of the Laurent expansion about
infinity of exp [—I'(2)](1 — 2)%/z can be used to
evaluate the various integrals around € in terms
of such quantities as [} £'8(t) dt. We shall abbreviate
the polynomial part of (4.25) by ¢(2)«_:, a poly-
nomial of degree o — 1. Then we have

[ y(o) do _ 1 _E(=»
) [ sy = 5o

— vE(—)q(—¥) g-1. (4.26)

As a first application of this identity, we suppose
that v is positive in the interval [0, 1]. It follows
readily'® that « = 1 and that, by (4.26) and the
facts that E(—») and E*(»)A\"(») are positive for
all v,

v(o) do
(@ (0)o + »)

0<v<I.

1
0< vE(—V)_/0 7 <1,
(4.27)

13T, W, Mullikin, The RAND Corporation, RM-3376-
JPL (1962) (to appear in Trans. Am. Math. Soc.).
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In this case of positive ¥ on [0, 1], condition (4.24)
is valid, the operator L on [0, 1] is contracting
for all + > 0, and Eqgs. (4.22) can be solved by
iteration for all 7 > 0.

For the remainder of this paper we assume that
the Fredholm equations (4.22) have been solved for
the functions § and ¢, on the interval [0, 1]. Once
these functions are computed on {0, 1}, their analytic
continuation to complex z outside the eut [—1, 0] is
given again by (4.22).

We now turn our attention to the evaluation of
the o 4 B constants a;, which is needed to determine
the function F.

In Sec. 3 we noted that linear constraints are
obtained by demanding regularity of J at the zeros
of A in the plane cut along [—1, 1]. By an application
of the argument principle to A, it can be shown®'"
that the number of zeros of A equals 2a. Also by
(3.5) and the fact that v is an even function, we
see that the zeros of A oceur in symmetric pairs
#2,. Now from (2.13) and (3.21), we see that we
seek solutions P and @ which satisfy

P(:U, L, V) = €xp (_T/V)P(x7 “, —V))
Q@, p,v) = —exp (—7/M)Q(, 1, —).

Therefore, independent conditions are obtained by
requiring regularity of P and @ at only one of each
of the pairs of roots +z;, and this is sufficient to
obtain regularity of J(z, u, 2) at all the zeros =+z,.
We assume, for simplicity, that A has only simple
zeros which are finite and outside the cut [—1, 1],
le., we assume in particular that the constant ¢
is such that A(=) = 0 as given by (3.16). Then
from (3.12), (3.21), (3.23), and (4.2), we see that
for the function F we obtain « linear constraints

F(z) + exp (—7/2)[F(—2) — L(—2)] = 0 (4.29)
, . Using (4.22) and (4.23), we may

(4.28)

fori =1, .-
write this as

a+f—1

;z-:o Dy, ¢, by, <<+, by)a; = Lz)
— L({) — e L(G(—2), i=1,--,a, (4.30)
where
Dii(r, ¢, by -+, by)
= 2iVE() + (—2)" e E(~2)
— L(g)() — "' L{g;)(—=2y). (4.31)

We also require 8 additional equations involving
the a; to completely determine F. These equations
appear to be obtained most easily by investigating
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(4.19) at the zeros of vy. Assume that there are g
pair of zeros, ¢, ie.,

v(£$) =0 (4.32)

Using (4.4) for ¢, we multiply (4.19) by =7 and
write it for v = ¢,

L [*Ho. 2E)Po) s
2 0 o F §',~

=1, , 1.

_ ' y(o)fo) da
= E<=‘:f‘>fo N @E (0)o F )

-+ E(:l:f.')puﬁ-l(:l:fi); 1=1, -

Since y(o) = 3k(s, o), we see that k(s, ¢;) is a8
polynomial in ¢ which vanishes at {;. We may then
write

, 1. (4.33)

ko, ££) & i+l
o £0) - S wan™, @39

where the w,; are polynomials and § is the degree
of ¢ in k(s, v). Denoting the moments of P by

1

m,(P) = fo +'P(0) do, (4.35)

and using the definition (4.21) of L, we find that
(4.33) becomes

e

= LY 1)

+ E(+ §'.~)pa+ﬂ—1(=!=§'.~)-

Equations (4.36) are 27 in number. From the
results (3.4) and (3.5) we can show that, except in
special cases,

é‘ 21)%0;5({;)(5:1)”1"%‘(1)) =+

(4.36)

8§+ 8 = 2.

For a given value of ¢, there is at most one value
by-1 such that 29 < 6 4+ B. In such a case, one
must obtain additional equations for the constants.
This is done, for example, by expanding (4.19) in
a Laurent series about infinity and equating the
coefficients of 2”. Or one may approach the special
value of by, as a limit of a sequence of cases where
(4.37) holds.

In general, therefore, the § quantities m;(P) may
be eliminated from the § 4+ B equations (4.36),
leaving 8 algebraic equations for the a,. These
equations combined with the a equations (4.30) will
uniquely determine (at least for the subcritical
reactor) the constants a;(z = 0, -+ , « + 8 ~ 1).
We write these equations in matrix notation,

M(v, ¢, by, -~

(4.37)

-, byja = v(z, p, 7). (4.38)
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(We suppress the dependence of the vector v upon
¢ by o, bN)-

To gain further insight into the problem, we
choose to solve (4.38) by expanding v in terms
of the eigenvectors of M. For simplicity, we will
assume that M has o 4 8 distinet eigenvalues so
that this expansion is possible. However, the follow-
ing results for the critical thickness and flux hold
even if M has eigenvalues with multiplicity greater
than one. We therefore proceed by writing

a+f—1

Z 56(3:; My 'Y)‘Ei(Ty ¢, bl; t

i=0

» by),  (4.39)

vV =

where the &; are the normalized eigenvectors of M
which solve the following eigenvalue problem:

M{; = G;E.‘-

We choose the eigenvalues ¢, to be so arranged that

(4.40)

(4.41)

|€.'+1| Z l€i|~
The #; are then given by
= (v, &)

The “t” denotes eigenvectors of the Hermitian
conjugate matrix which are defined as follows:

(4.42)

M's; = elgl. (4.43)

Using the expansion (4.39), we write the solution
to (4.37) as

a+8-1

0:(z, u, v)
i=0 G,'(T,, C, bl; *

a= ’ bN)

(4.44)

oy B0, by

This is well defined since we have been restricting
our attention to singular equations among whose
solutions is the bounded analytic function J which
satisfies (2.8) for scattering in a suberitical slab.
This combined with (4.22) and (4.23) completes the
determination of F.

From (3.6) and (3.21) we can easily show that a
representation of P which is analyticin 0 < |z] <
is given by

PQ) = [F@2) + wizg(2)]/N\e), (4.45)

with ¢ as defined by (4.4), and B = P. We have
suppressed the parameters x and p. The numerator
has been so chosen as to vanish at the zeros of A,
and Plemelj’s formulas readily show (4.45) to be
analytic across the cut [—1, 1]. By using (4.19)
as the computation of ¢ and the identity (4.26),
we can express P in terms of F, for z outside [—1, 0],
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PG) = “{F(z)(zq., @) — 1/E©) + 2Parsa®)

M)
e f 1)FE) — F@) d}

N (@B (o)e — 2)
A similar expression can be obtained for the @
function with a different F function and a different
polynomial p..s_;. This has reduced the scattering
problem to the computation of F by the solving
of the Fredholm equations (4.22) and the linear
algebraic equations (4.38).

As is standard in the Wiener-Hopf analysis® we
observe that, by (4.8), A(2)/E(z)E(—2z) is bounded
and analytic in the finite plane with polynomial
growth at infinity, and hence a polynomial. If
AMe®) # 0, we equate leading terms and zeros
to write

(4.46)

\z)

Ben— = N 1@ -#). @)

By evaluating this at z = 0, we find an expression
which is valid even when A() = 0, namely

(t + 22)6()
exp dt
- )) - [f it + 2) ] (4.48)

H a- Z/Z’-')2

i=1

For computational purposes this is to be used in
(4.46).

We wish now to extract criticality conditions
from our solution for a suberitical slab. Since J,
and hence P, must become infinite as criticality
is reached, we see from (4.46) that this can only
happen when F becomes infinite. For a given set
of the constants ¢, by, - - - , by this could conceivably
happen in either of two ways. It may happen that
the Fredholm equations (4.22) have solutions which
become infinite as = approaches certain critical
values—we have only shown this is impossible if
¥(@) > 0 for 0 £ v < 1. This clearly will not be
true if ¢ — 1 is positive and sufficiently small,
for then the critical thickness will be large, and
(4.24) will be satisfied for + around the critical value.

We will restrict our attention to those cases
where the Fredholm equations (4.22) have bounded
solutions for all = of interest. Then F, as given
by (4.23), can become infinite only by having the
coefficients a; become infinite. By (4.44), this means
that the eigenvalue ¢ of M of minimum modulus
approaches zero as criticality is attained. To avoid
the eigenvalue analysis of M, we can define the
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critical dimension 7. as that minimum = such that
the determinant of M vanishes,

det M(r, ¢, by, -+ ,by) =0.  (4.49)

From (4.23), (4.44), and (4.46), we also obtain
the result that

lim e0("'7 ¢, bl; Tty bN)P(x: K, Z)

T—7Te

= C(ZI Tey bly Tt bN)ﬂo(x’ B,y Tc)r (450)

where C is a function of z which is not identically
zero. From (2.7) we see that

Pz, p,2) = cA(P)(z, u, 2) + [, 2) exp (—2/2)

+ f(—p,2) exp [z — 0)/z].  (4.51)

We multiply this by e(r, ¢, by, --- , by) and let 7

approach 7, to find

P, = cA(p,), for (4.52)

T = T,

The function C(2) can be canceled as a constant
of proportionality. This shows that Eq. (4.38) con-
tains both the criticality condition and the neutron
source function ¥, for a critical reactor.

For the spectral analysis of A fora given by, - -+, by
and 7, one determines all values of ¢ for which
(4.49) holds. An equivalent analysis which is easier

computationally is to fix ¢ and b,, --- , by and
search for all r; > 7, such that
det M(r;,¢, by, - ,by) =0 42=1,---. (4.53)

This defines the condition for existence of higher-
order even eigenfunctions of A for each of the r,.
Again, by the ordering (4.41) of the eigenvalues
of M, the corresponding eigenfunction is given by
vo(x, u, 7:). By a trivial modification of the above
results, we may obtain the equations for Q(z, u, 2)
which would then lead to a different set of 7; for
which odd eigenfunctions of A exist.

Finally, we note that the above results should
yield a method for solving the homogeneous Milne
problem for ¢ > 1. That is, if for any subsequence
(%;) the limit exists in

plz, F‘) = 111’(1 vol, 1, T"i)l (4.54)
then p solves the equation
p=cAlp), 7= o, (4.55)

and, hence, is the solution to the Milne problem.
Further discussion of this procedure appears in the
next section.

We will now apply the results of this section

A. LEONARD AND T. W. MULLIKIN

to specific cases, namely linear anisotropic scattering
and isotropic scattering,

5. EXAMPLES IN SLAB GEOMETRY

A. Linear Anisotropic Scattering

In this section we will study the criticality problem
assuming that the scattering function is given by

fluy w’) = [l + byup']. (5.1)

Demanding positivity of f leads easily to the follow-
ing inequality for b,:

by] < 1. (5.2)

Using the results of Sec. 3, we find that an elementary
caleulation for k and v gives

k(o,v) = c[l — (¢ — Dbyov],
v(o) = 3k(o, o)
= i(c — Deby[1/(c — )b, — &°].

The above equation immediately reveals the zeros
of v as

(5.3)

4 = [ — Db 6.4)

The function A may be calculated from (3.7).
The result is

M) = 1 —c[z — (¢ — 1)b2®] tanh™ (1/2)
— (¢ — ecb2. (5.5)

It is easily verified that, if either ¢ < 1 4 1/b,
and 1 > b, > 0, 0or —1 < b; £ 0, then X has only
one pair of zeros, =z, in the complex plane cut
from —1 to 1. They are pure imaginary for ¢ > 1
and real forc¢ < 1. Inthiscase,a = landa + 8 = 2
so that two arbitrary constants a, @, arise. By
combining (4.30) and (4.36) Eqs. (4.32) for a, and
a, may be written as follows:

M(r,c, by, -+, by)a = v(z, u, 1), (5.6)
where
My, = 2,E(z) — 267" E(~2o) — L(g0)(2o)
— e " L(go)(—20),
My, = 2%E(z) + ze¢” " E(—20) — L(g1)(z0)
— ¢ L(g1)(—2o), G.7)

My = 6B (0) + 6B(—to) + €7 Ligo)($0)
— ¢ """ L(go)(— §o)s
My, = £3E(t) — FoE(—80) + €75 Lg) (o)
— " L(g.)(— o),
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and
= ll(x) 2] ZO) - L(g)(il?, My 20)

- 6—7/‘°L(‘g~)(x) K,y
Uy = —G'H"L(g)(x; My §0)

+ L@, », — o)

The functions §, g¢,, and g, are computed from
(4.22). The quantities L(g;) and L(§) are then
computed by (4.21).

To find the critical thickness, we let 7 increase,
with ¢ and b, fixed, until

det M(r,, ¢, b)) = 0. 5.9

From (4.50) the corresponding critical source func-
tion is given by

J(x, u) = Miw.(z, u, 7.). (5.10)

Since the determinant of M depends on the func-
tions §, g1, and g,, the solution of (5.9) for 7, implies
a search for 7, by repeated calculations of the g, ¢,
functions for various values of 7.

Many physically interesting cases are in the
range ¢ — 1 < 1. In this case, 7. is large and ap-
proaches infinity as ¢ decreases to 1. Then from
(4.22) we approximate g, and g, by 0 to obtain
an approximation for 7, from (5.9), as

[1 _a B + E(‘“)]E(zo)

_zo):

(6.8)

levl(x) Hy T,;) -

to Bso) — B(=50)
2 B + B0 gy e (s

[1 t 0 Bito) — B(= ;)]E( 20) exp ( (/iL
5.

The flux, which is derived from the source function
J by integration, can be shown to reduce to

1
oa, r) = [ I, w, ) du

— 2z
= A cos (T°
2 |zo]

) , (512

for some constant A.

The quantities appearing in (5.11) can be related
to the solution of the Milne problem. For fixed ¢
and b,, we readily see that there is a sequence {r,}
tending to infinity for which

det M(7;, ¢, b,) = 0. (5.13)
Also we conclude from (5.7) that, even though z,
is pure imaginary,
. _Ez)
lll_I’EeXp( T/Zg) E( 2)

X SolE(Ce) — E(—¢o)] — 2[E($o) + E(— )]
fo[E(fo) - E(—fo)] +20[E(§'o) + E(_fo)]

. (5.14)
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For each such 7;, we have an eigenfunction J(z, g, 7:)
of A given by (5.10) with 7, replaced by 7, We see
then that

lim J(z, u, 7;) = hm [§eE(§0) + SoB(—$0)]

ioo

X {k(p, 20) exp (—z/2) + k(—p, 2,)
X exp [(z — 7:)/z]] + Olexp (—=)].

This function, part of which we have merely abbre-
viated by Olexp (— x)], gives a solution to the
Milne problem.

Defining p; by

(5.15)

@ = [ e m )i, 610
we see that
lim p,(e) = Alexp (~2/z0) -+ oxp (/0
X lim exp (—7:/2,)] + Olexp (—2)]. (5.17)

fio®

If we neglect the term Olexp (—z)], we see that
the asymptotic part of (5.17) leads naturally to
the concept of an extrapolation distance 7, at
which the asymptotic solution vanishes. Then from
(5.17) and (5.14), we can relate r, and 7. by

exp (—7./%) = —exp (27./2), (5.18)

or

(5.19)

Te =T |20| - 27,.

Higher-order approximations to the criticality con-
dition may be achieved by iterating the Fredholm
equations (4.22) and taking these iterates into
account in the determinant of M.

If¢>1+1/b,and 1> b, > 0, the function \ has
two pairs of zeros in the cut plane.® Both pairs are
pure imaginary if ¢b, > 3, and one pair is imaginary
and the other is real if ¢b; < 3. This extra pair
of zeros increases @ to two and increases the size
of the matrix M to three by three. The additional
required matrix elements may be easily found. Since
in these cases ¢ is restricted by ¢ > 2, the critical
dimension will not be large.

In the case ¢b, < 3, it is again possible to find
a solution to the Milne problem as the limit of
eigenfunctions for a sequence of values of 7. However,
in the case ¢b, > 8 it is not clear that this can be
done. The trouble is due to the fact that the de-
terminant of M as well as the eigenfunctions contain
two oscillatory functions of r, exp (—7/2,) and
exp (—7/2) for pure imaginary numbers z, and 2,
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and it is not clear that the J(x, g, 7;) converge
as the 7, tend to infinity.
B. Isotropic Scattering
We now specialize to the case where

, u') = c. (5.20)

L@, 2) — L(§)(x, 20) — exp (—1/2)L{H)x, —2)

A. LEONARD AND T. W. MULLIKIN

The functions k, v, and A are now simply given by
ko,v) = ¢, (o) = i,
Nz) = 1 — cztanh™ (1/2).

The matrix M degenerates into a single element
and we find that

(5.21)

Qo

We can immediately write down the criticality
condition™

20B(20) — 206™"/* E(~20) ~ L(go)(2o)

— exp (—7./20)L(go)(—20) = 0,  (5.23)
and the flux
p(&) = Lz, 20) — L(§)(x, 2)
— exp (—7/2)L(J(x, —2)).  (5.24)

As before, the ratio E(z,)/E(—2,) may be related
to the extrapolation distance for the Milne problem.
If this is done we may rewrite the criticality condi-
tion (5.23) as

¢ go(0) do
L+3 ) YOR 6 F 2
c ' go(0) do
1+ 2 Jo N(0)E (o)(c + 20)
= —exp [—(r + 27.)/2)]. (5.25)

Since both sides of this equation are complex
numbers on the unit circle, we may equate arguments
to get

c ! o{e) do
1 - |z°| 2 ./; )\_(U)E""(o')(o'2 + Iz0]2)
c [ ogo(o) do
1+3 [ N@E (0)(o® + o)

=%[W (r + 27.)

- | 5.26
lzo , ] ( )

From Sec. 4, the function g, is the solution to
the following Fredholm integral equation:

9o®) = —v exp (—7/v)E(—)

c (! golo) do ]
1—= —— . 27
x[1-5] N E @6+l O
Since ¥ is positive (=1c), we see by the results

4 A, Leonard, and T. W. Mullikin, The RAND Cor-
poration, RM-3256-PR (1962).

tan

2B (z0) — 2o exp (— 7/20)E(—20) — L(g0)%) — exp (— r/20)L{go)(—20)

(5.22)

of Sec. 4 that the following iterative scheme for
approximating g, will converge uniformly to the
solution for any ¢ and r:

g(()O)(V) =0,
97" 00) = —v exp (—1/»)E(—v)

_e [ _g"@ds |
X[l 2 J, r(a)E*<a><«+u>] (5.28)

Hence, using the above precedure, the critical slab
thickness for the entire range of values of ¢(1 <c< «)
may be determined. An analogous iteration scheme
may be written for j(z, »).

Mitsis* has also formulated the slab criticality
problem for isotropic scattering using Case'’s
singular eigenfunction expansion. As expected, his
resulting Fredholm kernel is adjoint to the kernel
in Eq. (5.27). Corresponding iterations of the two
adjoint equations, however, give precisely the same
results for the neutron flux and critical thickness.

6. SPHERICAL REACTOR: ISOTROPIC SCATTERING

The neutron density po(z), in a homogeneous
critical sphere with isotropic fission production and
scattering, satisfies the equation

c +1/2
ea@) =5 [ um®

1 — —
0 M
where 7 is the sphere diameter." With the substitution
plx) = (z — 37)po(x — %7), (6.2)

Eq. (6.1) becomes identical to the integral equation
for the neutron density in a slab reactor of thickness
7. However, from (6.2) we have the following
symmetry condition on p:

p(@) = —p(r ~ ). (6.3)
We require therefore the first odd eigenfunction of A.
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According to the discussion in Sec. 4, the odd for Q. By a few simple sign changes in the analysis
eigenfunctions are found by considering Eq. (4.1) of Sec. 5B, we find that the constant a, is given by

— ULz, 20) + exp (—7/2)L({G)(x, —20) — L)z, 20)

with the functions § and §, now given by the solution
to the following Fredholm equations:

o = 2o exp (—1/20)E(—20) + 2,E(20) + L(go)(20) — exp (—7/20)L{go)(—2,) ’ 6.4)
~|rt2n |
= [ 2 ool w] 6.7

g(x, V) = l2(x; V) + L(g)(x) V)) (65)
9.() = v exp (—7/»)E(—v) + L(go)®).  (6.6)
Equation (6.4) leads to the following sphere
criticality condition™*:
¢ [ go(o) do
b5 ), TR o TR
c ' ag(0) do
1+3 fo N (D)E" (@)(0" + f2l?)

tan™’

Again iterative schemes completely analogous fo
(5.26) may be defined which converge uniformly
to the solution of (6.5) and (6.6) for every ¢ and .

In the criticality condition for the sphere (6.7)
and the slab (5.26), the multiple-valued function
“arctan’ appears. The multiple roots of these equa-
tions, 7;, correspond to the 7; of (4.53) and, there-
fore, define the existence of higher-order eigen-
functions of the operator A for isotropic scattering,.
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The zero energy loss Dirac-Coulomb integrals are evaluated using the technique of contour inte-
gration. The expressions obtained have a closed analytic form, showing that these integrals are
formally similar to the corresponding classical and nonrelativistic quantum mechanical, zero energy
loss integrals which also have exact elementary solutions.

Application of the zero energy loss Dirac-Coulomb integrals oceurs in inelastic electron scattering
and similar problems. The investigation of the finite energy loss Dirac—-Coulomb integrals requires a
study of the zero energy loss integrals as a preliminary.

I. INTRODUCTION

Y using the technique of multipole field expan-
sion, the treatment of problems involving energy
transfer from charged particles in the Coulomb field,
in cases for which retardation effects are negligible,
can often be reduced essentially to the evaluation
of integrals containing, in the integrand, factors of
the form, »~“7'Y¥. Such is the case, for example, in
the processes of Coulomb excitation, bremsstrahlung,
pair production, ete. The evaluation of these integrals
is not a completely straightforward task since the
integrals with which we are concerned are more
general than the Sonine—Schafheitlin integral' and
* Supported in part by the Army Research Office (Dur-
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in a similar way display discontinuous behavior
in the zero energy loss limit.

The treatment of such integrals in the classical®™®
and nonrelativistic quantum mechanical®*'®"” cases
has been discussed in several places. The authors
were led to the problem of extending this work
to the relativistic case during the course of calculat-
ing, accurately, the differential cross section for
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the inelastic scattering of high-energy electrons
by nuclei.®

The existence of relatively simple forms for the
exact integrals for arbitrary energy transfer in the
classical and nonrelativistic cases is a consequence
of the unusual and special symmetry of the non-
relativistic Coulomb field.> Since the relativistic
Kepler problem is characterized by a group with
fewer symmetry operators than the nonrelativistic
problem, it is to be expected that the integrals will
be considerably more difficult to handle. It is the
essential point of the present paper to demonstrate—
by construction—that the zero energy loss Dirac—
Coulomb integrals are formally similar to the
classical and nonrelativistic zero energy loss integrals
and the entire system of integrals for this case
have exact elementary solutions.

The fact that there exists a simple, exact result
for the zero energy loss Dirac-Coulomb integrals is
of some intrinsic interest. Such a result, for example,
necessarily contains all previous similar results by
taking the appropriate imits # — 0 and /or ¢ — .
Also, the possibility of close examination of such
limiting processes is one of the great attractions
connected with “exact” solutions.

Since the classical and nonrelativistic integrals
are intimately connected with the present results
we shall summarize previous results for convenience
in Secs. II and III. Section IV is devoted to the
derivation of the explicit forms for the zero energy
loss Dirac—Coulomb integrals. In this derivation dif-
ferent initial and final energies are carried as far
as possible to indicate exactly where the zero energy
loss Iimit must be taken and to provide a starting
point for the investigation of the effect of such
energy loss. A short discussion of the calculations
that have been made is presented in Sec. V.

II. CLASSICAL ZERO ENERGY LOSS INTEGRALS

In the classical zero energy loss case the relevant
integrals that occur, for example, in Coulomb
excitation, are of the form®'*

IL.M(B)
Po
=@ =0 [ ecosp — 1) dy
~ %o

= @HL — DI e — 1) W2HPEN /), (1)
where ¢ and ¢, are defined in terms of the deflection
angle, 6, as ¢ = 1/sin }6 and ¢, = i(x — ).

8 T. A, Griffy, D. S. Onley, J. T. Reynolds, and L. C.
Biedenharn, Phys. Rev. 128, 833 (1962); D. S. Onley, T. A.
Griffy, and J. T. Reynolds, 7bid. 129, 1689 (1963).

REYNOLDS, ONLEY, AND BIEDENHARN

These integrals come directly from the function,
"2 7'Y¥ of the projectile coordinates as measured
from the nuclear center of mass, integrated along
the Kepler orbit of the projectile.

The essential simplicity of this result can be
seen from the fact that the integrand is essentially
a polynomial in cos ¢ and sin ¢. The integral is
easily evaluated for any multipolarity, L, and for
the lowest multipole orders, one obtains the following
explicit expressions:

I,..1(6) = 2sin 14,
I, .,(0) = Zsin® 19,

Lo(6) = 2tan® 36[1 — 4(r — 6) tan 4], ©)
I5,.5(6) = f5sin’® 19,

I5,.1(6) = 2(sin® 16/cos* 16)

in® 1 -
5 [2 +sin* 30 (x o)tan%0:|-

3 2

III. NONRELATIVISTIC QUANTUM-MECHANICAL
ZERO ENERGY LOSS COULOMB INTEGRALS

The usual nonrelativistic Coulomb wavefunctions
for a particle of charge Z, and spin % in the field
of a nucleus with charge Z, are given by***

'77) K, H-) = (kr)_an,l(x)(kr)x‘:’ (3)

where « is the Dirac quantum number, % is the wave
number of the projectile and n = Z,Z,*/hv. The
spin-angle function, x% is defined by

X = Z Tp—137 | i) Y7(8, o), “)

and F, ; is defined in terms of the confluent hyper-
geometric function by

2% (L + 1 + iy)]
r@l + 2)

X AF(+ 1 — 4y, 21 4 2; 2ikr). 5)

The relevant integrals that occur reduce to radial
integrals of the form

(Ve o, ) = fo F,.0(kr)F, (o> dr. (6)

Fn.l(kr) —_ (kr)l+le—ikr

Expressions for these integrals exist in closed form
and are surprisingly simple. Thus, for example,
one obtains’

(11, ! + L ‘T_L_ll n, l) = (177 l 'T_Lgl‘ 1 l + L)

_on-2n [T | T+ 1 4 i)
= 2% Ten) r(l+L+H?z‘n)' @

® G. Breit and M. H. Hull in Handbuch der Physik, edited
by 8. Fligge (Springer-Verlag, Berlin, 1959), Vol’.y41.’
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The integrals are most easily obtained by means
of recursion relations to be discussed below. For the
lowest multipole orders, one obtains the following
expressions’:

T+ 12, D=, L ®[ o, L4 1)

_k_ 1
BRI
ml+2p 9 D=l 9l+2
k’ 1
6 I+ 1+ I+ 24’
k2

U D = e+ D
X204+ 1 —ag + 29 Im ¥( + 1 + 4n)],
(n, T30, ) = (o, LI, T4 3)
K 1
TA5l 1+ I+ 2+ [T+3+dn]’
<’7J I+1 I,’,*«i] 7 l> = (7/’ l lrﬁl' n, I+ 1>
k3
TRl DIF DRI+ DRI+ 3) I+ 1+ in
X{8ll+14+a°R2l+1—7x9+ 29
X Im ¥(l + 1 + in)] — I + D2 + D},
where ¥(z) is the logarithmic derivative of the
gamma, function. Unlike the classical case, for which
Eq. (1) is general, no general result for

I+ M7 g0

(with arbitrary L, M) has been given, although it
surely exists.

The symmetry properties of the Coulomb field
may be utilized to derive all of the preceding results
by operator techniques.”*'** Since these techniques
may serve as a guide for the application of similar
techniques to the relativistic problem, they will be
discussed briefly here. It may be shown directly
that the Lenz—Runge vector A, defined by

A= Z.Z,'mh" |2mH|™?

X [ — B2Z,Z2m)(Lxp — pxL)], ©)
is a constant of motion, where H, L, and p are the
Hamiltonian, the orbital angular momentum, and

the linear momentum operators for the projectile.
This operator has the property that

®

é-A ‘77; Ky F) = ("’1)("2 + 7)2)% l”; K, F‘>7 (10)
where (1%)6 is the spin operator, which implies
&h? (d_ £ + 1)] Fookr)
[1 + Z.Z.6*m \dr + r r
_ K2)§ Fﬂ,z(—x)(k7">
_Q+? Pascal®)

10 We hope to return to this subject in a later paper.
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This last equation defines a raising (x negative) and
lowering (x positive) operator for [/, and it is, in fact,
a concise, and complete expression for the recursion
relations for the nonrelativistic Coulomb wavefunctions.
Further, one can solve Eq. (11) directly to obtain
Eq. (5)—without appeal to analysis—by first solving
the equivalent relation to (11) for the discrete
wavefunctions and making a simple transformation
back to the continuum case.’

One may also show that the operator ¢ xL has
the property, when operating on |7, «, u), of changing
k to —« — 1. Thus, by using suitable combinations
of ¢xL and ¢-A, one may find a relation between
any two Coulomb wavefunctions. In addition, by
deriving operator identities involving the operators
é+-A andé x L one obtains, by taking matrix elements,
the recursion relations from which follow Eqs. (7)
and (8). The details of this procedure will be pre-
sented elsewhere,'® and we shall content ourselves
in the present paper to a single example. Upon
defining the operator 4 by

7= Z,Z.Lmh [2mH| 7},
one can verify directly the identity
4K + 1)77'6-A{(6xL),(¢ xL)r *(6+%)
X (8xL),(6-D)7 "6-A — (8 %L).7 (¢-A)"*
X (8-1)(¢ x L).(8:1)(6 x ).} = (Z,Z."m/K*)®
X (6-#)(¢xL).(6 xL),(¢-t)(8 x L),
X {=2[37% 7] 4+ K[57%, (372, v 7]
— 2K*[57%, v 71077 4+ 277'(8-A)
X [77% 757 (s-A)}. (13)

Since (¢-f) has the effect, when operating on x*
of changing the sign of «, taking the appropriate
matrix element of (13) yields the difference equation

W+3+a)(n, 1 4+3)?nl+1)

(12)

—[l+1 4+ l+2F ") =0 (14
of which a solution, as shown in Eq. (8), is
(m L+2p 0
=K/GIL+1+an|l4+2+a). @15

As might be expected, there is a correspondence
between the classical integrals, Bq. (1), and the
nonrelativistic integrals, Eq. (6). In fact, it can be
shown directly® that, by simultaneously taking the
limits # — 0, I,, 1, n — , with [; — I, remaining
finite, there results the limit

lim (g, & 757 9, 1)

= 3&/n) 11,1~ (2ta07 /L),  (16)
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which also demonstrates the correspondence
n/l =2 tan 10.

IV. ZERO ENERGY LOSS DIRAC-COULOMB
INTEGRALS

The well known spherical coordinate solutions
of the Dirac equation for a projectile of mass my,
charge (—Z,), and spin } in the Coulomb field of
a point nucleus of charge Z,, are'

REYNOLDS, ONLEY, AND BIEDENHARN

sy = [Fx(kr)@i,‘ . an

G x(kor) @

The index, «, is the Dirac quantum number and
the spin angle functions ®; are given explicitly by

® = (W u=r e |00 Vi (18)

The radial functions are defined in terms of confluent
hypergeometric funetions to be (withe = % = 1)

G, (kr) 1

F(r)| _ [—8WIE — mo)/(B + m)]}| (kr)"7'2" %™ |T(y + 4n)|
'y + 1)

X {*’i(v + in)e’%e ™ \Fi(y + 1+ iy, 2y + 1; 2kr) + ily — in)e” e (Fily + in, 2v + 15 22707‘)} (19)
(v + in)e%e™™* Fily + 1+ in, 2y + 1; 2ikr) 4+ (v — in)e” %™ (Fy(y + i, 2y + 1; 2ikr)

where FE is the energy of the projectile, k is the wave-
number, S(x) is the sign of «, and

y = [« — @Z:Z),

n = aZ1Z2E/k, (20)
2 = giT [K - in(yailzii’mO/k)] , <$<0

a is the fine-structure constant.

In calculations of processes involving energy
transfer in the field of the nucleus leading to a 2"
electriec-multipole transition, the radial functions
occur in integrals of the form

I Iy ) = [ 008000 ()Pl

+ G, ()G, ) X4 dr, 21)

where k, and k. are, respectively, the wavenumbers
of the incoming and outgoing projectiles. (The limit
ks — &, will be taken in the course of the derivation.)

In order to transform these integrals into more
useful forms, it is necessary to introduce the con-
vergence factor, ¢™*’, into the integrand where s
is a small positive number. The limit s — 0 will
eventually be taken. Employing integral representa-
tions for both confluent hypergeometric functions,'?
changing the order of integration, and integrating
over r yields

[ {sm)S<x2>F,,aclr)F,,(kMe_., ir = Cles, L) {(E — m)/(E + mo>}

L-1
r

Cob)Culler) )

1

X [{;}(’h + in)(y: + 'L."]z)eiwlwi)F;(')’l +v.—Lyvi+ 14,y +1+ 5, 271 + 1,2v: 4+ 152, 9)

+ {:I—_}('h - iTh)(’Yz - iﬂz)e_imw’)F;(’Yx + v, — L, T + 'L."h, Y2 + i'flz; 2vi + 1, 2v, + 1; 2, y)

+ (n + ’1:771)(72 - '5772)3‘(%_%)F;(’Yl + v — Lyvi+ 14 imy ve 4 e, 2, 1,2v; + 12, 9)

+ (1 — tn)lys + e TR b v — Lyvi ity ve + LA i, 2 + 1, 2y, 4 15 1, y)] , (22)

where

YC(KI, Kg, L) =

P |r('Yl + )Ty, + i"lz)l k;“_lkg'_lr('h + vo — L)@k, + ikg) V7"

I'2v: 4+ DT 2y, + 1)

uR. C. Young, Phys. Rev. 115, 577 (1959). Further references are given in this paper.
3 Bateman Manuscript Project, Higher Transcendental Functions, edited by A. Erdélyi (McGraw-Hill Book Com-
pany, Inc., New York, 1953), Vol. 1, p. 2556. We shall hereafter denote this reference as HTF-1.
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and

Fie, a,a,b, b;z, y) = {T®)/[T@T® — a)l}
X fl dun (1 — w)’ 71 — ux — i)~

X File, a, b;y/(1 — uz — i), (24)

with t = s/(k, + ko), y = 2k./(ky + k), and
z = 2k,/(k, + ko). Here, ,F,(--+) denotes the
integral representation of this hypergeometric func-
tion since the series is divergent.'> It is seen that
fort = 0, Fi(a, a, @, b, b; z, y) is just the integral
representation for Appell’s double hypergeometric
series." It will be noted that the singular points
of the integrand are at w = 0, 1, (1 — 1dt)/x,
(1 —y — it)/z, and .

The radial integrals are still not in a form that
can be easily evaluated, so the null contours C,
and C,, shown in Figs. 1 and 2, are introduced.
Both contours contain a loop of large but not infinite
radius R. As the radii of the circuits about 0 and
1 approach zero, both of these contours contain
the path of integration of expression (24). On these
contours the function I(u) is defined by

Itw) = {T®)/[T@TO — o)]ju™
X (1 — w1 —uxr — i) °
X oFi(e, a, 5; y/(1 — uz — it)), (25)
with the phase of I'(u) determined on both C, and
C, by defining arg () and arg (1 — u) to be zero
at u = 4, and
lim arg {(1 — uz — t),-a} = 0.

t—0

(26)

If the radii of the loops about 0 and 1 are con-
sidered to be infinitesimal, then Fi(e, a, 4, b, b; z, y)
may be expressed in terms of more-easily handled
integrals by considering the identity

f T() du — &7~ f W du=0. (©7)

This combination of the two integrals is just that
needed in order that the integrations about
(1 —y — t)/z and (1 — 2t)/x in the two contours
cancel, yielding

(]' - 82"(b_a))F;(a’ a’ d’ b! 5; x? y)
(o+) (=+)
- f T(w) du — 75~ f Tw) du.  (28)
1 1]
To evaluate the first integral on the right-hand

8 HTF-1, p. 59.
u HTF-1, p. 224.
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Fr16. 1. The first null contour, Cy, on which I(u) is defined.
This contour contains an are of large but not infinite radius
R about the origin, and arcs of small radius about the four
finite singular points. All adjacent parallel lines are supposed
to coincide with the horizontal lines on the real axis.

side of (28), we make use of the identity'®
(e, @, 5; 1/ —2)

= (=92 Pl b~ a, b1/ (@9)
to obtain
__ T e
W) = st =0 ¥
X (=)™ =y —uz — i)
- Yy )
X2F1<a,b—a, bry__l_l_ux—l-‘it) (30)

F1a. 2. The second null contour, Cs, on which I(u) is defined.
The phases of I(u) on the two null contours are equal at
u=A.

% HTF-1, p. 64.
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To obtain an explicit solution to the integral, the
zero energy loss limit must now be taken, so that

= y = 1. Then, making a series expansion of the
hypergeometric function and changing the order of
integration and summation yields

_IT®Ta—b+1)
T I@)Te—a+1)

(o+)

I(u) du

lim
-0 1
Row

X e—ir(b—a—a)(l — e
X oFoe, b —d,a—b+1;b,a—a+1;1). 31)

Here, use has been made of the identity

21ri(b—a))

(@+)
lim w1 — W) i) du
t—0 1

Row

I‘(a+n—b+l)I‘(b—a)
Ta+n+1—a

irx(a—-a)r —iT(b—ea) (b—a)
Xetfua[eur a__ei'lr a],

(32)

valid for Re(b—a)>0, and all values of a+n—b+41
not zero or a negative integer. This may be more
easily seen by making the transformation w = 1/u.

To obtain a solution of the second integral on
the right-hand side of (28), the hypergeometric
function is expanded into its series, integration and
summation are interchanged, and the change of
variables w = u/(u — 1) is made to yield

(0+)
f 1) du = ¢ Z (‘(11))3((;);. n

1+)

X de ™11 —~
0

w)a+n—b

X[1—o@—2)—dd -]  (33)

where (I),, = T'(l + m)/T(), and where the contour
of the integration is shown in Fig. 3. To evaluate
this expression, the zero energy loss limit, z = y = 1,
must be taken. Then, by using the identity
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)

Fia. 3. The contour of integration used in right-hand side
of Eq. (33). The radii of the arcs about 0 and 1 approach
zeroas B — » and ¢t — 0.

a+)

lim w1 — @)L — e — D]
t—0 0
R0
_ _ 2xifa—b) r@r@+n+1—b)
=[l—e I Tatntita—p O
valid for Re (a) > 0, and for all values of
a+n+1-—-5>
except zero and negative integers, there results
(o4)
lim I(uw) du
Faciin
_ ,i7a P(b)r(a + 1 —_ b) [ _ e2ti(a—b)]
'b—a)Tlae+a+1—0)
X JFyle, @, +1—Db;b,a+a+1—b;1). (35)

Upon noting that, in all four cases in Eq. (22) both
(b—d—a+a—1and(@—a—a—1+1b)are
positive integers (zero energy loss means 5, = 7,), use
may be made of the very useful identity (Saalschiitz)

3F2(Ol, a—+ k; B, a; 1)

_IMare+k — TWTy — 8 — &)
Ia + k)@ — BTy — &)T(y — B)

(=0)aBull — 7 + B
X T ATl =y L aTh

where k£ is a positive integer. This expression is
valid whenever both sides of the equation are
defined. Hence, there results the expression

(36)

gmir o) I'Oe—b+ Db —d—a+b—~DIGIG —2a+ b — 1)

Fg(a; a, a, b’ 57 1, 1) =

Ma)I'(h — )T — a)T(h — )I'(b —a + b — 1)
a+1—-04+@le—=b+1,2—04+a— b,

x 3=

m@C@+at+a—b— 0.2+ 2a—b— b
ira TOTa— b+ D@ —a — 1+ BTGB + b — 22 — 1)

+e

% Z(a+a+l—b-—d)m(a+1—b)m(2+a-—b—5),,.

' — a)r@r@rd —a)T(b + b — a — 1)

m @+a—>b— @2+ 20— b — b, !

in which, for the case at hand, all sums are finite.

37
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The zero energy loss Dirac-Coulomb integrals for vy, # v, may now be written as
[ {sm)S(xz)F,,(kr)Fx,(kr)} L
Pt T

0 G (k)G (kr)

_ 2L_1P(2L + 1) L-21rF('yl + v, — L)
I'yi +7v.+ L + 1)P(L + 147 —vI)TL+ 147 —7) sinw(y, — 1 — L)

% {(E — mo)/(E + m")]rRe{F(% + L + in)T(ys — in)

1

lr('Yl -+ iﬂ)r(Vz + '“7)'

exp i, + ¢, — Fnly. — 1) + 3x(L + 2)]

Y1 — L)m(_‘Yl — Y2 — L)m

. — —2i¢, (’Yz -
X [(vx +L+in X ({ +}(—L)m ~ (=L~ Dm) ml (—v, — L — in)n(—2L),

+

where Re { } means the real part of { }. It will be
noted that no sum in this expression contains more
than L 4 2 terms.

Because of the factor sin w(y, — v, — L) in the
denominator of (38), the expression is not defined
for v, = v,, and a limiting process must be carried
out to include this case. A separate limit is required
for each multipolarity. These limits have been
performed for multipolarities one through four and
are given by

f“ {—Fx(kr)F_,(kr)} ir
° | GG (kD)

LTy =1 (@ m)E+m)
k(v + )Ty + 2) 1

X [{__l—_}(vz + n2)<4'v + 2nlr + ¥y — in)

v+ 21;2)
v+

— ¥(y + ip)] —

A
+ 55 @ — 4y — @ + 20

X [ + ¥y — i) — ¥(y + in)]):l ,

[ {F.(kr)*} Lar

G.(kr)’
_4AT@2y — 2) (B — mo)/(E + my)
I'2y + 3) )

x [{7 H(-3er - Sozme

K 3 2 2
"/2+772(7 v 4+ 3n’y 37°)

Y= Dnl=71 — v — D)
Mm@ =7 = L — in)(—20)n ]} o GY

+ [rn + q¥(y — in) — in¥(y + in)]
X[—3K—%—° 72—1+3n2):|

ﬂzmo
EX + )
+ {3[ry + in¥(y — in) — in¥(y + in)]
X +2)++2v+1)

+ Gv++¥ -1+ 3112))

X @2y — 1) + 37°Q2y —~ 1)}] ’

f” {—kar)F-K(kr)} L
0 ”

G (k)G (Fr)

_ 8kT@y — )¢’ + 1! {(E — m)/(EB + mo)}

Py + 4

{6 = 5 o)

+ alr + Wy — i) — WW(y + in)]

1

1
2_11 2 5 (— 3
X (6v +10")+7——2ln( 3+ 3y

— 157"y — 647" + 11y’ — 10714))

YA 1 52 2
+ = ,:nom (17(——3—73 + 2y
— 2 + 109* — 209%y + 2327)
+ [r + ¥y — in) — Wy + in)]

X (—=27" + 2¢* — 12¢%° + 29" — 1071‘))] ,
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f {F,(kr) } 7% dr
° G (kr)
_ 280K°T(2y — 4) |(E — mo)/(E + my)
T2y +5) 1
X [{I_}(K( 2? 7 44 3 7 67127)
aZmo 44 ___4_ _
T (‘21 BT "’)
K 6 3 gé _ 12 2 3
2 2 2 2
+374n7—2n7+17211 —On +4)

aZme (12 s 20 s, 6 4
+k(7+ N\7 M 7mf+4n7+35mr

24 12 34
gw topnt T -5 3+271)

+ [r + ¥y — in) — ¥y + 'iﬂ)]

[{2or s 20w

f i ;L1_1 S(e)F.. (6r)Ge, () dir

(E — m)/(E + m)]'2"'T@L + k"
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aZmo (___6_ 4 g 2 24
T% \TzY 7Y T3
12
——7—n272+374n2 — 2y )])

5_163 _@_ _§22
+2{1057 1Y tggv 7Y

46 37
+5717 - 51 n27+7n + 20ty — 2*

+ [y + in¥(y — tn) — in¥(y + in)]
X (%74 ..7 + = 10 7y — gnz + n‘)}]' (39)

Now in calculations of processes that lead to a
2" magnetic-multipole transition, the radial func-
tions oceur in inlegrals of the form (where the zero
energy loss limit has already been taken)

M, Ly ) = [ 1SGP ()60

+ S(ka)G, . (kr)F, (fr)]r™ """ dr. (40)

These integrals may be evaluated by use of the
expression, valid for y, 5 v,,

P('Yl + v — L)

T T+ v+ L+ DTE+ L+ 7 — v )TE + 1+ v, — y) sinn(y, — 11 — L)

Ty, + L 4+ )Ty, — in)
X Im{ [T(: + T (2 + in)|

X (0 + L+ i) B (=D — (=L - ) 02

+ (v — in)e > ; [—(-L+ 1), —

where Im { } means the imaginary part of { }.
This formula was derived using exactly the same
techniques used to derive the electric-multipole
integrals. Again, because of the factor

sin w(y, — v, — L)

in the denominator, in order to include the case
1 = 72, a limit must be taken for each multipolarity.
For lowest multipole orders, these limits have been
performed and are given by

exp il + ¢y —

ert(~ 1)) B

%W('Yz - "Yl) + %‘"’(L + 2)]
= L)(=n —¥s — L)n
m! ( vi — L — in)n(—2L).
= D= — 71 — L),
W@ 7= L (2D, >} @)

f " S(OF(er)G(lr) dr

2y — 1
- ET e T {”[47 o+ Zolw 9%y = i)
— Wy + in)] — Zfﬁﬁ;’:]
[—[w + i¥(y — in)

7]
Y +q 1)

aZ mo

L

— Wy + )] — 42)
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f " S(OP.(er)G.(r) ;1- dr
T2y — 2)

_ 4(E — moy . -
E 4+ mi Ty + 35 + 1)
X {8n(x + DG + n)r + ¥y — 1)
— 0y + in] + 4 — v + 6’y
— 37" + «(@y — Dly@y + 1) + 3771},

[ swr.ane.n b ar =825 (g»;)i(zz) —3)

X {x[}:@? : - %Iv + 209%y + [x + ¥y — in)

1
-1 ; : 3
Wy + 1)]6ny" — 11y + 109°) + e

X (—3y° + 3y — 159°y — 69’y + 119" — 10774)]

aZ My

+= [—20117 + [r 4 ¥(y — in)
— ¥y + (=37 + 3 — 1597
1 s

+,Yz+ 172( 62y" + 1lny

— 104%y + 3m" — 39 + 15713)]}'

Just as in the nonrelativistic case, there exists an
operator that changes the sign of « in the relativistic
Coulomb wavefunctions given in (17). This is the
operator'®

= —S(p7' K" — (2 + 77T}

X {iaZmy(d-£) + Kp,(H + mops)}, 43)

where
8w =KEKTY p=[H-mP @

(Note that this is not given quite correctly in
Ref. 16.) By using operator techniques similar
to those used in the nonrelativistic case, one is
able to derive recursion relations for the relativistic
radial integrals. However, the work on this subject
to date is quite incomplete and the topic will not
be pursued here.

V. CALCULATIONS

Extensive calculations have been made for multi-
18 I, C. Biedenharn, Phys. Rev. 126, 845 (1962).
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polarities one through four, using electrons as
projectiles, in order to investigate the dependence
of the integrals on the multipolarity L, the charge
of the nucleus Z, and the energy of the projectile E.
The electric and magnetic integrals have similar
characteristics as functions of L, Z, and E. It should
be noted that, aside from an overall energy-de-
pendent factor, the corresponding nonrelativistic
integrals contain the dependenece on Z and F in a
single parameter g, while the relativistic integrals
depend on Z and E separately.

For small values of the parameters x, and «,
and for all I, the integrals have appreciable depend-
ence on Z, the integrals increasing monotonically
with Z (decreasing monotonically when the pro-
jectiles are positrons). This dependence on Z de-
creases as k, and x, are inecreased. The higher the
multipolarity L, the more rapidly the integrals fall
off as a function of «; and x,. Except for an overall
energy-dependent factor there is very little energy
dependence in the radial integrals for projectile
energy greater than 10 MeV.

In the complete relativistic limit (F — o),
I(x,, L, x;) and I(—xy, L, —«;) become equal, whereas
the nonrelativistic limits of these two integrals are
different [being p7*((x,), 7 [ "7 I(xs), n), and
p(l(~x), 7 |77 l(—xs), n), respectively]. On
the other hand, for large E and small values of x;
and K2y I(’KII7 L: IK2I - 1) and I(["lly L, ""l"2|)
are quite different but their nonrelativistic limits

{P—z@(fhl), ) Ir—b-li zq"z[ - 1)7 7.’)

and

P UKD, w757 U= [ka]), )]

are exactly equal. These two facts demonstrate
that in no straightforward manner can the relativistic
integrals be approximated by the nonrelativistic
formulas.
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From Kummer’s 24 solutions of the ordinary hypergeometric equation and their connections, the
general solution of the partial differential equations for the Appell function F; in the neighborhood
of the singular points is found. Connections between the solutions are given to the extent required
to continue the F, function to the neighborhood of any of its singular points.

The corresponding problem for the hypergeometric function Fp of more than two variables is

briefly indicated.

HE integration of the partial differential
equations
2

dx dy

’F
z(1 —x)%-I-y(l — )

oF
+ [ — (a+b1+1)x]£
— by —abr =,

v )
°F
dx dy

°’F
y(1 —y)%—?erx(l—y)

+k—w+m+nm%

OF _ obyF = 0,

- bzxa_x_

satisfied by the Appell function F,(a, b,, b,, ¢, z, ¥)
which is defined in the neighborhood of the origin
by the expansion

Fl(a, bl; bg, ¢, z, y) — E (a)m+n(bl)m(b2)nx Y

= Omsnm! nl ’
O @
lz| <1, |yl <1,

has been investigated by many writers. Further
solutions ean be obtained in form of an integral
proposed by Picard:

Fz,y) = fcu"‘“’“”

X w— 1" u— 2w — 3" du. 3)

Here the path of integration is either closed on
the Riemann surface of the integrand or an open
path ending at zeros of the integrand.

From this integral, 60 solutions in terms of the
Appell function F, have been found. A table of

* This work has been carried out under the auspices of
the Swedish Atomic Research Council.

these sixty integrals can be found in Appell and
Kampé de Fériet." This set of solutions corresponds,
in a sense, to Kummer’s 24 solutions of the hyper-
geometric equation since it contains all known solu-
tions of (1) expressible in terms of F, functions.
There is, however, an important difference between
the two tables. The set of F, solutions does not
give complete information concerning the behavior
of the general solution of (1) near its singular points,
whereas the Kummer set gives complete information
in this respect concerning the solutions of the
hypergeometric equation.

Erdélyi® pointed out the deficiency of the set of
F, solutions in this respect and also showed how
further solutions could be obtained to complete
the table. These additional solutions are not ex-
pressed in F; functions but in terms of G, functions,
defined by the expansion

©

Gz(aly as, bl: b27 T, y) = (al)rn(a2)n
(1]

X Gnendun =2, el <1, i<l @

This function, as well as F,, belongs to a class
of 34 hypergeometric functions of two variables
and of order two in Horn’s classification.

Erdélyi uses the method of contour integration
on (3) but with more general contours than had
hitherto been attempted. The solutions in terms
of G, functions are not explicitly given but can be
obtained from his paper. Erdélyi, however, does not
give the connections between the various solutions.

In this paper we shall derive explicitly the G,
solutions of Erdélyi, and also give the connections
between various solutions to the extent required

!P. Appell et J. Kampé de Fériet, Fonctions hyper-
géogéétmques et hypersphériques (Gauthier-Villars, Paris, 1926),

p. 62.
* A. Erdélyi, Acta Mat. 83, 131 (1950).
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to obtain the analytic continuations of the F,
function (2) to the neighborhood of any of its
singular points. We shall use the following simple
method of integrating. (1) The F, function is
expressed as a sum, or integral, over the ordinary
hypergeometric .F, functions, which are then re-
placed by their well-known analytic continuations.
It is not difficult to select the correct continuation
of the .F, function which, after simple transforma-
tions, leads to continuations of the F, function in
terms of other hypergeometric functions, the expan-
sions of which are convergent near any desired
singular point of the system (1), and which are,
in addition, particular integrals of the system. In
this way, as we shall see, we can obtain a set of
solutions expressed in F; and G, functions such
that, for at least every real point (z, y) which is not
a singular point of (1), the set contains three
linearly independent solutions whose expansions are
convergent at the point. Since the general solution
is a linear combination of three independent solu-
tions, its analytic properties are known from such
a set, which we will call a complete set of solutions.

From the thus completed set of solutions and
their connections, one can derive solutions of the
differential equations for the hypergeometric fune-
tion Fp of three variables introduced by Lauricella:

FD(as bl) b21 b3: 33, yx 2)
- z (a)n,+n,+na(b1)n,(bz)n,(ba)naxmyhzm_

() — AT ©)
These solutions, as far as we know, have not been
obtained earlier. The method of deriving these solu-
tions is the same as in deriving the complete set
of solutions for the system of equations for F,.
The Fj, funection is expressed as a sum, or as an
integral, over F, functions, for which we now know
the continuations. There seems to be no reason
why a complete set of solutions of the equations
for the function Fp, should not be obtainable in
this way. One can of course then proceed and derive
the solutions of the differential equations for the
Lauricella function Fj of more than three variables.
The knowledge of the analytic continuations of the
F, and F, functions obviously solves the problem
of continuing analytically other hypergeometrie
functions in cases when they can be transformed
or reduced to them. Cases where hypergeometric
functions can be reduced to Appell or Lauricella
functions for certain values of the parameters are
special but not unimportant, since the reducible
cases may be reached after use of suitable trans-
formations or recurrence relations.
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It is instructive to consider the singular manifolds
of the system (1) which are

0,y Gy (=,9) @z=1y

@0 (=1 (&, ).

Here, e.g., (0, ) means z = 0 and y arbitrary.
Figure 1 gives a picture of these singular manifolds
for real variables. The points A and C are inter-
sections of three singular manifolds; namely z = 0,
y=0,andz =yfordandz = 1,y = 1, and
2 = y for €. The point z = y = o« has the same
character, whereas the points B and D are inter-
sections of two singular manifolds only. The points
which are intersections of three singular manifolds
are actually more complicated than the others since
no continuations of the F, funetion in terms of
hypergeometric series, convergent in the entire
neighborhood of the singular point, seem to be
possible.

It is possible to express in many ways the Appell
function F, in terms of the ordinary hypergeometric
function ,F, in which the variable is either x or y.
We can then take advantage of the known continua-
tions of this function in order to obtain continuations
of the F, function. A table of these connections
between the Kummer solutions is available®. What
we have in mind is best illustrated by the following
example:

The series expansion

(6)

Z (a)n(b)n n

©an! Y

allows us to sum over » in (2) and we obtain

Fia, by, by, ¢, 2, 9)
- Z (a)m(bl)mx

ZFl(a’y b) ¢, y)

J€0(a + m, b, e+ my ). (D
Suppose now that we are interested in the behavior
of the F, function near the point (0, 1). We shall

? Baternan Manuscript Project, Higher Transcendental
Functions, edited by A. Erdélyi (McGraw-Hill Book Com-
pany, Inc., New York, 1953), Vol. I, p. 1086.
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then obviously replace the ,F, function by its
continuation to the vicinity of y = 1, which is
Ir'er'lc — a — b)
T(c — a)T(c - b)

X Fia,b,a +b—c+1,1 -1y

T(a)T(b)

X JFile—a,c—b,ce—a—b+1,1—19), 8

where |arg (1 — y)] < .
Inserting this expression for the .F, function in

(7), after the appropriate change of the parameters
we obtain

zFl(a) b) c) y) =

91— gy

I'(c)T(c — a — by)
T — a)T(c — by)

- (@) msn(B1)m(b)az™ (1 — 9)"
X ,,.Z-;x (¢ — bynla+ b — ¢+ 1),m!n!
T(OT(a + b, —
T @)

- (c - b2)m+n(bl)m(c — a),,x”‘(l — y)"
X ,; (c — bo)c — b, — a + 1),mInl’ )

n=0

Fl(a’ bl) b2) ¢z, y) =

D@ — gy

using T(a + n) = D(a)(a). and returning to the
double sums. The two series are recognized as
expansions of the Appell function Fy,

= a m+n b m b nxm i
Fya, by, ¢, 0,2, 9) = Z ( )(Cx)i(;z)n(’”f')n' 4

m=0
[z| + ly] < 1.

b

a=0

(10)
Hence

()T — a — by)

T(c — a)T(c — by)

X Fyla, by, by ¢ — by a4+ by —c+1,2,1 —y)

T{)T(a@ + b, —
T T @)

X Fi(c—bs, by, c—a, c—by, c—by;—a+1, 2, 1—y),
11)

FI(G, bl) bzy ¢z, y) =

C) (1 _ y)c—a—bn

Fl(ay bla bz; ¢ T, y)

_ IoT(a + b,

B T(a)T'(by)

+ T()T(c —a — b,)

T{c — a)T(c — by)

_ T+ b —
- T(a)T'(b,)

e —a — b) -

T T — alc = by

“Ref. 2, p. 149.

(1 - m)—hy_b’G2<bl; bz; b2 — ¢ + 17 c—a— b2}
) c—a—by —ba 11—«
11—z S| F,(c—a,c~bl—b;,,bg,c—a—bl-i-l,l—x,l_ )

(1 — y)"”G2<b1, byc—a— by, by —c—+1, 1—-2 —i/—)

PER 0. M. OLSSON

which is the desired analytic continuation of the
F, function to the neighborhood of (0, 1).

Each term in (11) is a solution of (1), as can be
inferred from the way the result was derived. In
the second F, function, the first parameter is equal
to the fourth, in which case the F, function is known
to reduce to a F, function according to

Fy(a, by, by, 0,0, 2, 9) = (1 — x)—bl
X Fl(bzy bl; a — bl) 02: 1_.—?/__1: 1 y)' (12)

The first F, function can be reduced to a G, function
with the aid of

Fylc, + ¢ — 1, bl, bs, €1, €2, T, y)
=1l-2™1 -y

xa(mbml—mA—me§;,f%§),am
a result that is derived in the paper by Erdélyi.*

By choosing the proper continuation among the
different connections between the Kummer solutions
oF,, we could have obtained the continuation (11)
directly in F, and G, functions, but that choice is
less obvious and we prefer here the choice that leads
most directly to continuations of the F, function
to the desired domain.

From the series expansions of the functions, we
see that

Fi(a, by, by, ¢, 2, y) = Fi(a, by, by, ¢, y, 2),
Fi(a, by, by, ¢y, €2, , )

= Fy(a, by, by, 261, 9, ), (14)
Ga(ay, sy by, bay 2, y) = Gy(as, ay, by, by, 9, 2).

Then in (11) we can interchange b, and b,, and
z and y, and obtain the continuation to the neighbor-
hood of (1,0). Using (12), (13), and (14), we obtain
the following continuations expressed in terms of
F, and G, functions:

—_ C) (1 _ x)—b:(l - y)c-‘ﬂ'b’Fl(c - a, bl,C — b — bz, c—a—b, + 1, i_:_z y 1 - y)

z 1—y>
1l—2z’ y

Y

z '1l—y (15)
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The two F, functions on the right-hand side (rhs)
of (15) are found in the aforementioned table of
F, solutions’® where they are denoted z,, and 2.
The G, solutions are two functions from a set of
60 solutions in terms of this function. This set can
be deduced from the paper by Erdélyi‘. In the form
of F, functions, the two G, solutions above were,
however, first found by Borngisser,® who gave the
solutions in the neighborhood of the intersections
of two singular manifolds of (1). The remaining
solutions which are convergent near intersections
of three singular manifolds were first given by
Erdélyi.?

So far we have obtained two obviously independ-
ent solutions near each of the two points (0, 1) and
(1, 0). Since (1) has three linearly independent
solutions, one convergent solution near each of the
two points is missing. These solutions, however,

423

will be obtained simply by changing parameters in
results that we shall obtain as we proceed.

Considering next the neighborhood of (0, =), it
is obvious that in (7) we shall use

2F1(a, b, c, y) = %%1;‘((_3.5.% (_y)—a
1
XzF,(a,a—c+1,a-— b+1,§)

Ic)T(a — b) -
+ T@re =) ¥

x2F1<b,b—c+1,b—a+1,%>,

larg (—9)| <=,  (16)

which, after a change of the parameters, allows us
to write

Fl(ay bl; b2) ¢z, ?/) =

m=0
n=Q

T(b)T(c — a)

F(C)F(bz - a) (_y)—a zm: (a)m+n(b1)fn(b2 — a)—m(l + a — C)n(x/—?/)m(l/y)"

A+a— b, + m)mln!

n rQr'(a — by) (=) Z”: ()n(@ = bo)nbo)a(l + by — ¢ — m)a"(1/y)*

T'(@)T( — b,)

From the properties of the T' function, it follows
that

(@-» = (=1)"/(0 ~ @) m,

which applied to the double sums above, leads
directly to the expansions for the F, and G, func-
tions, so that we may write

Fi(a, by, by, ¢, 2, ) = %E—Cb)j—gg—z_g (=9~

XFl(a;b1;1+a_c:a_ b2+1y2:l>

y'u

P(c)r(a - bg) o\ bs
+ T =5y Y

X Gz(bl’ b27 1 + b2 — ¢, a — b2) -, _§>

CTOTG —a), .-
=TT —a) 9
XFl(a,1+a—C,b2,1+a—bl’i,%)

8 L. Borngisser, ‘Uber hypergeometrische Functionen
zweiejr Verinderlichen’” (Dissertation, Darmstadt, Germany,
1932).

(¢ = b)u(l + by — a — m),m!n!

m=0
n=0

T(c)T'(a — b,)

T )T = b,

(—2)™

- b1’1+b1_c; _%)—y>'
17

X Gz(bl, bs, @

In order to obtain the last equality, which
determines the behavior of the F, function near
(=, 0), we have used the symmetries (14). Two
more F, solutions are found here, namely 2z, and
2 in the table of F, solutions, and two G, solutions,
both derived by Borngésser.®

In order to investigate the neighborhood of
(1, 1) we take, e.g., the first F, solution appearing
in (11),

Fg(a,bl,bg,c—bz,a+b2_c+1,x,1"‘y)

-3 @n(b2)a(l — 1)"
a

+ by — ¢ + 1)n! Fila+n, by — by, 2),

and use (8) in order to get power series in 1 — z.
After the previously indicated manipulations with
the T functions and the symbols (a),, we obtain
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_ T —b)T(c—a— b — b))

Fz(a,bl,b,,c—bz,a+b2——c+1,x,l——y)

T
X Fia, by, by 1 +a+ b, +b,—c,1 —z,1 —y)+

X (1 — x)”'“—”"b’Gz(c — by — by, by, a+ b+ by —c,c—a— by — 1, y:_x)

T T —a— b)Tc— by — by)

(c — b)T(@ + b + b, — ©)
I'(@)T'(b,)

1

In dealing with the second F, function in (11) in the same way we obtain the reduction formula
(12) and a F, solution already found in (15). Thus it is sufficient to introduce (18) into (11) and reduce

the second F, function according to (12). This gives

TI'c — a — b, — by)
I'lc — a)T(c — b, — b,

Fl(a) bl; bz; C, T, y) =
TT(e + b,
I(a)T(bs)

T(ollc — a — b)T(a + b, + by —
T{(a)T(b)T(c — a)

_|_

+

XGz(c—-bl—bz,bz,a+b1+b2—c,c—a—bz,x—l,i—:—y)

_T(@Tc —a—b, —
T I'(c — a)T(c — b, — by

bZ)Fl(a,bl,bz,l—l—a—l-b1+b2——c,1—x,1—y)—l—

Fia, by, b 1 +a+b,+b:—¢,1 —2,1—1y)
_C) —b: c—a=ba l_y
A-—2)"0 -1y Fic—a,byc=bi—byce—a—b+1, 3,1y

C) (1 . x)c—a—b,—b.

1

T()T'(@ + b, — ¢)
T(@)T'(b,)

X1 =21 - y)"”F’1<c —a,c—b, — by, byyc—a—1"b +1,1— =z, 1 — ;)

T(Oc —a — b)I'(a@ + b, + b,
T{a)T'(b,)T(c — a)

+

XGz(buc_b1—bzyc—a_bl;a+b1+b2_

Here again we have used the symmetries of the
functions to obtain the second equality. The first
F, function, which is convergent in the entire
neighborhood of (1, 1), is the solution z, in the table
of F, solutions. The other solutions are not con-
vergent in the entire neighborhood of (1, 1), since,
in order that the series be convergent independent
of the values of the parameters, we must have
|1 — y| < |1 — z| for the first equality (19), and
|1 — y| > |1 — z| for the second. The expansions

Fz(a,bl,bg,a+b1—c+l,c—bl,l—x,y)
_ T(c— b)T(b, — a)

1

- C) (1 _ y)c—a—b,—bs

o122,y 1). 9

of the functions are thus, in general, not econvergent
if 2 = y. This is a singular manifold of Egs. (1)
as important as x = 1 or ¢ = 0, and further solu-
tions, defined near (1, 1) also when z = y, should
be obtainable from expansions of the F, function
that contain powers of + — y. Before dealing with
the domain xz = y, we investigate the remaining
points (1, «) and (=, «). We take again the first
F, solution in (11) and expand it in ,F, functions
which are then replaced with (16). This gives

e 1—1=z 1
= To)Te—a—by L~ ¥ Fl(“’ bie— b —b,1+a—b, )

T'(c — b)T'(@ — by)

— )b —a— _ 7 1
t T @TC = b — by L Y G2(b"b2’° ¢—bya—byz 1’y—1>’

and a similar result by interchange of b, and b,
and the arguments = and y. The second F, function
in (11) can be maintained in the form in which

1—y’1—y

(20)

it appears in (19) since it is then convergent near

(1, =) as are the functions in (20). Inserting into
(11) we obtain
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T(c)T'(b; — a —a 1—1=z 1
Fl(a) bl;bmc;x)y) =—f%:)_—(;)_f‘z5;%(l_y) F1<a,b,,c-— bl'—b2;1+a_ bz;'_____y)—l_:_?;)

T(){a + b, —
M (a)T(by)
T(c)I' (@ — b)T(c — a — by)
T(@T(c — a)T'c — b; — b,
_ rre, — e
T Tl — a)I'(b)

+

+

(1 - y)—b’Gz(bl, bz, cC— a— bl} a — b2, r — 1

(1 bt x)—aF1<a,C - bl haad bz, bz, 1 + a — bl, 1

C) (1 _ x)c—a—bx(l —_ y)_b’Fl(C — a, bz, c— bl - b2, c—a— b1 + ]., }_E_:;‘ y 1— x)

1
Ty — 1)
1 1—y T(I'a + b, — ¢
— 1= x) T @Iy

X (1 — 2™ — y)“""”FI(c —a,b,c— b — byc—a— b+ 1, i—%% , 1 — y)

T(e)T(a — b)T(c — a — by)
T(@T(c — a)T(c — b, — by)

+

Here we encounter two more F,; solutions that
we have not obtained earlier, namely the first
funetion on the rhs in each of the equalities (21).
These two functions, which are denoted z,; and
25, in the table of F, solutions,® can be transformed
into those denoted z, and 2z, respectively. The latter
solutions occur already in (17) and so the last
two F, solutions obtained are proportional to F,
solutions found previously. Actually there exist
five known transformations that transform a F, func-
tion into another F, function.® A set of ten F,
funetion would then suffice to derive the 60 known

Fi(a, by, by, ¢, , y) = T()T'(b, — a)

T()T(a — b, — by)

+

r'()T'(a — bo)T(b, + b, —
I'(@)T(b)T(c — a)

_ ()b, — a)

+

a- x)'b‘G'z(bl, by, a — by, ¢ —a — by, .

s z 1
mé_—a)(_y) F1<a;b1,1+a—c,1+a_b2,§’_)

a) (_Z)b’_a(_y)_b’Gg(l + a — C, bz, bl + bg - a, a— bz, —i ) _'x>

1
_l)y_1>'

1)

solutions since 50 additional solutions can be
obtained from the five transformations. Among the
ten solutions to start with, there must not be any
solutions proportional to each other, since if this
were the case we would obtain of course less than
60 solutions. As we shall see, we shall have obtained
exactly ten nonproportional F, solutions when we
have completed the task of continuing the F,
function.

The derivation of the result near («, «) should
now offer no difficulties for the reader, and we write
down the result directly:

¥

—~bif__ ,\—bs _ _ .1_ l
Ma)I'(c — b, — by) (=27(=9) F‘(l F ok b— e by by, L4 b+ b — g z’ y)

A/ RANTY O T ~a _ _ l g>
T T — a) (—x) F1<a, l+a—c¢ b1+ a— by, o

T — b, — by)

+

F(c)r(a - bl)r(bl + b, — a)
T'(@)T'(b,)T(c — a)

+

The point («, «) is an intersection of three
singular manifolds, and here again we have to use
different solutions on different sides of z = y.
As was the case near (1, 1), the series are generally
not convergent when |x| = |y| since one of the
arguments is either z/y or y/x. There exist, however,
solutions that are convergent when 2 = y. Following
the general idea underlying the derivations in this

¢ Ref. 3, p. 239.

—by —bs 11
fore o OO Rl b b — b L+ bk b = 0,2 )

y
1

(—x)_bl(_y)bl_aG'z(bu l+a—c,a—b,b+b—a, _% , "‘)' (22)

U}

paper we look for an expansion of the F; function
that contains powers of z — . One of the well-
known transformations supplies such an expansion:

Fl(ay bl: b2; ¢z, y) = (1 - y)—a

F() y U - "“"y—)
X F\a, b,c — b, b”’c’y—l’y—l

To the F, function thus transformed we apply
(17) and obtain
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Fl(a'; b17 b2; 6, x) y)

_Ic—a—b, — by) o
T Tl — a)T{c — b, — by)

Te)T(a + b, + b,

- C) byt+ba—c — ¢
RO

-+

XGz(C_bl"bg,bz,a+bl+b2_c,1

_Ic—a—b — b) _.
T T - a)T(c — b, — by) y

T@I'a 4+ b, + b,
I(@)T'(b, + b,)

-0 yb.+b.-c(1

+ -y

sz(bl,c_bl_bg,l—bl““bz,a"l"bl'l'bz—c,

This continuation can be used when (19) fails
but there are points in the neighborhood of (1, 1)
for which neither (19) nor (23) is convergent. Such
points are in the domain

e —yl> 1 -yl =1 -2z 29
since for such points the expansions of the @,
functions in (19) and (23) are not convergent.
An obvious remedy is to invert the argument
2z — y/1 — =z of the first G, function in (23) by
expanding it in ,F, functions of this argument and
then use (16). This gives

Gz(al) @z, by, by, z, y)

D — b)T(a, — b)
=TT — b, — by ¢

)

X Gz(au by + by, by, a2 — by, —2y,

P(l — bZ)P(bl — 0«2) —as
T(o)T(L — b, — a5) ¢

-+

)
y ’

(25)

with the aid of which the @, function in (23) is
defined also in the domain (24). But there are still
elusive points, namely points in the domain

11—yl

X Fx(“z + by, a1, 0,1 + a2 — by, —x, —

e —yl = |1 — =]
Writing
1

r=1—z2,

Yy — 2,

Fl(a,1+a"“

Fl(a,bl,l+a—-c,1+a+b1+b2—c,y
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z—1

’

¢, by, 1 4+a+ b + b —ec, x;y)

—~a—by—bs

1—=z

— b, — by, - ?__ﬂ)

'l — 2

-z Y — 1)
Ty
~g=by—bs

y—z 1— y), 9

== (23)
we have

lzl fned ZZI = I21| = IZ2|,
or the relation
2, = e*t'"z,, (26)

Similar difficulties are encountered also in the
analytic continuations of the function ,#,(a, b, ¢, 2)
to the neighborhood of z = e*¥*. The question
of convergence for those exceptional points requires
a special investigation which, however, we shall not
discuss in the present paper.

The two F, functions found on the rhs of (23)
can be transformed into each other with the aid
of one of the five transformations transforming F,
functions into F, functions. The rhs of (23) then
contains only one F, solution. This solution and
the first ', function on the rhs of (19) are convergent
in the entire neighborhood of (1, 1). They are,
however, identical and more than one solution,
convergent in the entire neighborhood, cannot be
found from the methods we have used here. This
statement holds for all intersections of three singular
manifolds.

If we apply another transformation,

Fy@, by, by, 0,2, 9) = (1 — 2)™(1 — gy

and then use (17) in order to investigate the neighbor-
hood of (@, =), we obtain
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F;(CE, bl; bz: c,Z, y)
- T{)I'a — b, — by)
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R R R N B e 1T o

T T{@)T(c — b, — by) yz— 1)y
+ TOTOA Do =) (e — gy = g
x&@w—bﬂ-%1—m—bmm+m—%%§%¢§)

= TOMa = b o B aymet — o - ™
me—m1—aﬁmy+m+m—a&:£2j9+§8¥%§f;$owﬁ%“
xa—@ﬂma~w%@G—m—mwmm+m—m1~m—b,i {‘9 @7

The discussion of convergence here is similar to
the one for the neighborhood of (1, 1). The elusive
points are

L o= et}iry.

This concludes the task of continuing the F,
function in terms of F; and G, functions. Actually
we have obtained now three independent solutions,
convergent for any point in the neighborhood of
singular intersections except for the neighborhood
of (0, 0), provided (z, ) is not in the exceptional
domains discussed above. In order to obtain the
general solution near (0, 0) we have only to continue
the solutions near, e.g., (1, 1) to near (0, 0) with
the aid of (19). Thus the solution

Fl(aabnbz;l+a+b1+b2'“cy1_x:1"'y)

gives the two F, solutions

x—b.yh“tﬂ F;(I + b+ by — ¢, by,

a~c+1,bl—~c+2,%;y);

(28)
>y Fl(l + b + b~
a“c+1;62;bz_c+2rx:§):
and the two G, solutions
27 Ga—c+ 1, byc—1,
by ~c1, —z, —(y/x)): (29)

yl—‘ Gg(bl’a - + 1, bz bl + 1,

¢ — 1» _"(x/y)y '—'y)

whereas the two other F, solutions in (19) give the
F, solutions not previously obtained:

(y - x)l—-b;—b, b,ﬂn—-c(l )b.—l(l — y)e—-a—b.
F@~bz—, — b= by, 2= b — by, T2 y‘”%
X Iy 2 a,c 1 2 1 2 2 7l —2) 0)
(x — y)l—b,—b.xb;-rb,—c(l _ x)a—a—bx(l — y)bx“l
XF1(1 - b1,c_ b1 - bg,]. —a,2 — bl - bz,x(xl:i:[)’f:?;).
and the four G, solutions
(1 - x)»b;(l . y)c—“_b'yl_ch(bl, 1 — a, 1— bl _ bz,c _ y(a;-—“ y) __y) ,
(1 - x)c-a—b;(l — y)'-hxl""Gz(]_ — &, bg, [ 1, 1— bl - bz, -z, ;(yT'E"‘x—)) 3
Y @)
(1= 27 = ™7 = 9 Gfe = b= b 1= g, by — o+ 1 = "”(; —8,1=g,
a~@Mﬂa~wm%@—@M@@~%c~mumﬁ—1 bo—e+1,7 zﬂgjf)



428

We have here the same complication as that
discussed for the solutions in the vieinity of (1, 1)
and (e, =), Thus there is in (28)—(31) only one
solution convergent when |z — y| > lz] = |yl
The missing solutions can be obtained in terms of
F, functions if (25) is used on the G, functions
in (31). Since we obtain then F, solutions that are
easily obtained from a simple transformation of
F, solutions we have already derived, it is not
necessary to write them down.

Actually we have so far derived ten nonpropor-
tional F, solutions and fifteen nonproportional G,
solutions. With the aid of the five known trans-
formations of F, functions into F', functions we can
obtain a total of 60 solutions in terms of F, funetions.
Erdélyi” has given three transformation formulas
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that transform a G, function into a @, function,
and thus we can from the fifteen G solutions obtain
another 45 solutions. These 120 solutions are all
solutions known at present that are expressible
in terms of F; and @, functions. With the aid of this
set of solutions, the general solution can be obtained
in terms of convergent power series, apart from the
exceptional domains discussed above and for which
we believe no convergent hypergeometric series are
possible. In this respect the set constitutes what
we have termed a complete set of solutions. We
present here the ten F, solutions obtained. The
number found after each solution refers to the
formula in the present text in which the functions
can be found.

Table of the ten distinct F, solutions

Fl(ay bl) bZ) ¢, 27, y)) (2)

-2 - y)”"“"b’F1<c —a,b,c—
1 -z 1 - y)“"’F,(c —a,¢— b, —
(—y)_“Fl(a, b,l4+a—¢c 14+ a— b, 5 , l) ,

(_x)_aF1<a)1+a—c,b2;1+a_bl!%’g>’
Fl(a,bl,bz,].+a+b1+b2_‘c,1_x,1—y),

(—x)-b‘(_y)—b’Fl(l + bl + b2 ) bl) b2, 1 + b1 + b2 - a, % ’ %) ]
x_blyb‘_c+lF1<1 + bl + b2 - ¢, bly a—c + 1: bl —C + 2)%71’) s

x"’"‘“y"b’FI(l +bi+b—ca—c+1,b,by—c+ 2z, 5) ,

(x _ y)l—b,—b,yb,+b,—c(1 _ x)b,—l(l _— y)c—a—b.

XFI(]._bz,l—a,c—bl_bz,z—'bl_bz,

1 —
bl—bz,c—a—-b2+1,1—:—z,1—y>,

(15)

b2,b2,c—a—b1+1,1—x,1_x),

— (15)

” a7)

p a7)

(19)

(22)
(28)

(28)

y—z y—zx
l—x’y(l—-x)). (30)

Similarly, there are among the G, solutions that we have derived fifteen functions which can not
be transformed into each other by expansions in ,F, functions and use of the Kummer connections.

? Ref. 2, p. 148.
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These fifteen solutions are:

Table of the fifteen distinct G, solutions

= (b b — 0 = by by — e+ 1,E2E L) 15)
z 1 —y
(1 - x)_b‘y‘b’Gz(bu b2: bz ~—~C + 1; c—a— bz; i‘ﬁ““ y _1_,_.:_3_) r (15)
. Y
z~bIGrz(‘?“ bz; - b 14+ b — <, "‘;1; y ) s (17)
y~bng2(b“ bz; 1 + b2 - a— b2> ~Z, '_%) 3 (17)
(1 - x)c_a—b“b’G2(C — bl - bz, bg, a + b; + b2 e c, c - a — bg, X — 1, i : ?{) ? (19)
a-— y)c-a-bx-'h(;z(bx, c—b —by,c—a—Db,a+ b + b —c H , Y — 1) , 19
a- x)“”’Gz,(bi, by, @ — by, c — a — by, 1) (21)
(1-)‘“*”G(bb —a—ba—byz— 1)
Y 2\ 01, 0g, € aQ 1 @ 2y & 1 (21)
P "”Gz(a —c+1,by b +b—aa~— 5 g) (22)
~by, by—a 'y 1
"y Gg(b,,a——c—i—l,a—-b,,b,+bz—~a, — -?;) (22)

i G o — b= b b gk b b0 1= b — b, AT S0 g

xb‘*hhc (1 - x)o_a—b‘(l - y)_b’Gg(c - b1 — 62, bz, bl + bz - Cf;, 1 - b1 - bz, _‘]; 3 u) (27)

2’1 —y/’
xl'cG'g(a — ¢ + 1, bz, c — 1, b1 bl 4 + 1, —Z, "“%) ¥ (29)
y‘”Gg(b,, a~c+1L,b~c+1,¢—1, -—g , —y) ] (29)

EY o .

1 - 2’ y) (31)
Any other G, solution found in the text ean be transformed into one of the fifteen funetions in the

table by means of the transformation formulas’

(=201 — y)‘“"’”’y‘”Gz(bn 1~a,1—b —bye—1,

Gz(au Az, bly bz, T, y) = (1 x)_b’(l - xy)"”Gz(l — a; — by, ay, bu b, 1 -_—*-:l‘«x » yl(l_j-xz))

—by ~81 — 1
=1+ ™1~ ) G*(l = G2 = by, @ by, by g +yy ’ xl( -—+xg))

= (1 + x)-b’(l + y)-b‘(l - xy)lha‘_‘a’02<1 -y — b!) 1- Qg — bz; bly b2; __ml(]‘]':;j) ) hyglj:)) 3 (32)
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which, applied to the fifteen solutions in the table,
give us the aforementioned additional 45 solutions
in terms of G, functions.

By expressing the F, function in ,F, functions,
and using systematically the analytic continuations
and the transformation theory of the latter functions
with the purpose of continuing analytically the
F, function to the neighborhoods of its singular
points, we have obtained what we believe to be all
solutions expressible in terms of F, and @, functions,
an extensive transformation theory of the solutions
and connections between the various functions.
From these connections the analytic properties of
the functions can be obtained for the whole complex
domain of the variables z and y, except possibly
for certain rather special domains, which were not
investigated.

We have already mentioned that the results
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obtained here can be used to derive solutions of the
system of partial differential equations associated
with the Lauricella function F,, of more than two
variables, and the possibility that the properties of
the hypergeometric functions of two and more
variables can be derived from the properties of
the ,F, function suggests itself. An attempt to
obtain the analytic continuations of the Appell
function F, has shown, not unexpectedly, that
hypergeometric functions other than the .F, fune-
tions, particularly ,F, functions, must be taken into
account. It is possible, however, that these functions
can be studied conveniently in terms of .F, functions
as an intermediate stage, and that the properties
of the more complex hypergeometric functions can
be derived from less complex functions using a
technique similar to the one outlined in this paper.
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The Mellin-transform method for obtaining the high-energy behavior of Feynman integralg is
modified and applied to the set of ladder diagrams. The complefe set of terms of the form s7(In s)*
is summed, and gives an equation for the trajectory function which is analogous to that obtained
by Fredholm methods for a Yukawa potential. A perturbation expansion for o{f) valid for £ large is
given, and the threshold behavior investigated. The results confirm the reliability of the perturbation~
theory method of investigation. They also exhibit directly the connection between high-energy

behavior and the poles of the seattering amplitude.

1. INTRODUCTION

NVESTIGATIONS into the high-energy behavior
of perturbation theory have been used to exhibit
Regge poles,” Reggeise elementary particles,” exhibit
Regge cuts,”* determine singularities of Regge
trajectories,” and investigate the high-energy be-
havior of production processes.® In all this work
the method used has been to take a class of Feynman
diagrams, evaluate the leading asymptotic behavior
of each diagram, and then sum these contributions.
Of course this is not a rigorous method, but where
comparison with rigorous results is possible, it is
found not to be misleading. Consequently we believe
it to be a reliable heuristic method.

In a recent paper, Trueman and Yao' have shown
how to evaluate more than just the leading term
in the asymptotic behavior of individual diagrams.
They sum up what might at first sight seem the
most important corrections for the set of ladder
diagrams with the extraordinary result of turning
a single Regge pole into a double pole! They also
point out that, if further corrections are added in
the double pole, it again becomes a single pole.
Such capricious behavior is scarcely acceptable, and

* The research reported in this document has been spon-
sored in part by the Air Force Office of Scientific Research,
OAR, through the European Office, Aerospace Research,
United States Air Force.

*J. C. Polkinghorne, J. Math. Phys. 4, 503 (1963); P. G.
Federbush and M. T. Grisaru, Ann. Phys. (N, Y.) 22, 263,
299 (1963); 1. G. Halliday, Nuovo Cimento, 30, 177 (1963).

3 M. Gell-Mann and M. L. Goldberger, Phys. Rev. Letters
9, 275 (1962); M. Gell-Mann, M. L. Goldberger, F. E. Low,
and F. Zachariasen, Phys. Letters 4, 265 (1963), and to be
published.

*J. C. Polkinghorne, J. Math. Phys. 4, 1396 (1963).

+ J. D. Bjorken and T. T. Wu, Phys. Rev. 130, 2566 (1963).

§ J. C. Polkinghorne, J. Math. Phys. 4, 1393 (1963).

¢ 1. G. Halliday and J. C. Polkinghorne, Phys. Rev. 132,
852 (1963).

7 T. L. Trueman and T. Yao, Phys. Rev. 132, 2741 (1963).

it is clearly necessary for the vindication of the
heuristic value of this fruitful method of investiga~
tion that all terms in the asymptotic behavior
should be summed and be shown to give a reasonable
Regge behavior,

Before this can be done it is necessary to modify
the Mellin-transform method*” since it turns out
that its original form does not give the correct
reality properties. This is done in Sec. 2. In Sec. 3,
the series of terms of the form s™'(In s)" is completely
summed for ladder diagrams composed of bosons
of unit mass interacting through a ¢° term. The
result is an implicit equation for the trajectory
function «(f) which is analogous to the equation
obtained by Cassandro, Cini, Jona-Lasinio, and
Sertorio® for interaction through a Yukawa, potential.
A series expansion for the leading (single) Regge
pole, valid for large s, is given in Sec. 4. In Sec. 5
the behavior in the neighborhood of the elastie
threshold is investigated.

We conclude that a complete summation confirms
the value of the method though it remains, of course,
without a strictly rigorous justification.

2. MELLIN-TRANSFORM METHOD

The use of Mellin transforms for evaluating high-~
energy behavior is due to Bjorken and Wu* and
has been further exploited by Trueman and Yao.”
However, the form in which they develop the theory
gives a contribution

[~ T(—a)e ¥ ®

from a Regge pole of trajectory a. This form makes
f real along the imaginary axis for real o. We know,

8 M. Cassandro, M. Cini, G. Jona-Lasinio, and 1, Sertorio,
Nuovo Cimento 28, 1351 (1963), referred to as CUJS.
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however, that the reality properties of the correct
theory of ladder diagrams must give a real scattering
amplitude for real o when s is real and negative.
It is necessary, therefore, to modify the approach
slightly.

In using Mellin transforms it is necessary to avoid
cuts in the variable being transformed. We therefore
evaluate the limit with s — — =, and for convenience
we also take ¢ < 4, that is below its threshold.
The scattering amplitude corresponding to the
ladder with (n + 1) rungs is of the form

) I'tn 4+ 1)

d(a+ 28— 1)0”‘
Dn+l (2)

fs, ) = ¢ (16

X fol dax; dB,;

where the o’s are the Feynman parameters of the
rungs and the g’s the Feynman parameters of the
remaining lines. ¢ and D are the well-known
Feynman numerator and denominator functions.
C is positive definite, and for s < (n + 1)% ¢t < 4,
D is negative definite. Therefore, in evaluating our
limit, we may rewrite (2) in the form

16,0 = (<1 (ZL)

Xf dx1“‘
[}

where x; are parameters associated with the rungs,
and y; parameters associated with the remaining
lines of the ladder, A is the same function of the
z; and y; that C is of the «; and 8;, and @ is similarly
derived from D/C. (3) may be transformed into
(2) by writing

. dx,.+1 dy,'szeo, (3)

Y; = pb; 3 (4)

and performing the p integration.
Q may be written in the form

_ _[,, I 2/8 + J@, 3, t)] ,

is]

T, = pa;,

where ¢ = —s. We are to evaluate the limit ¢ — o
Accordingly, we take the Mellin transform

L,.(a, t) = j:‘ do (T—a—lfn(’—o'; t)

n+l

X f doy -+ day dy; A% [ 2. (6)
1] fwl}

Following Trueman and Yao,” we extend the region
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of definition of (6) to exhibit the multiple pole at
a = —1 by integrating by parts and obtain

l.,( a) . 2 nt+l d
Lo, t) = @+ 1)n+x g 167!’ dxl - dz, dy;
n+l . an+1 2 . 7
a+ —2—a -
X I.le FY - P )]

The coefficient of (e + 1)™™ " in (7) is

2\n+1
= T({—a)? =L
L) = T(-a(35)
5w [
1]

X ;Z% (-1

(h‘H””>m i [e"’ilr;!A)l]. ®)

(’ﬂ - m — Z)! 3x1 A a.’!:s“

dxn dy:

X

The approximation of taking only leading asymp-
totic behavior corresponds to summing L,(n).

The form in which we have set up the Mellin-
transform method in this section gives contributions
of the form

j~ T(=a) (=9)", )

which has the correct reality properties. When o
passes through a nonnegative integer, the poles
of the gamma function give poles of the scattering
amplitude. This establishes directly in perturbation
theory the connection between high-energy be-
havior and bound states.

3. SUMMATION OF THE SERIES

The first term in the integrand of (8) may be
expanded by the multinomial theorem to give a
sum of terms of the form

i (e

=1 s;!

, Ssi=n—m-—1 (10)
Any z.; for which s; = 0 corresponds to an integration
which can be performed immediately to give z;
put equal to zero in the expression in square brackets
and the corresponding differential operator removed.
Putting z; = 0 is equivalent to contracting the
corresponding rung of the ladder. Both J and A
then factorize into the product of two terms cor-
responding to the subdiagrams on either side of the
contracted line. It is this factorization which enables
the series to be summed. When A factorizes, the
logarithm in the square brackets may also be
expanded using the binomial theorem. Thus the
basic units which will occur in the summation are
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either of the form

__g2 k+1 ©
©y 8 B) = _<161r2) fo de, -+ dx, dy;

a . ¥ B ~Ji
(In ) 3 ‘:(—ln A e ]
X ml s al @b

=1

Fi(ss, -

with s; > 0 and A, and J; corresponding to Fig. 1,
or of the form

2\ k& ]
, 83 B8) = —9(16—1‘;,) j; dz, - - dx, dy;

k 8 k T\ —Jk
(In z,) 3 [(—ln 5. p ]
X H S,‘! axl et axk 6! Zk ! (12)

Gk(sl’ .

with s; > 0 and A, and J, corresponding to Fig. 2.
It is convenient to allow the index k to take the
value zero, corresponding to contributions associated
with the simple bubble diagram.

We now evaluate

L= L(m@+a™" (13)
The simplest way to do this is as follows. Each
term in the sum has a coeflicient formed of the
product of a G, a number of F’s, and another G.

These terms are formed by contracting lines in
ladder diagrams of appropriate length. It follows
that a term involving a given number of F factors
of given types may be formed in just the number
of distinet ways in which the F factors can be
arranged in order. This number is a multinomial
coefficient. When the set of terms corresponding
to f F factors is summed, disregarding the powers
of (I + )7, the result is GO F)’G. However,
the power of (1 + «)”' corresponding to a given
term is in fact 1 + Z n; where the n associated
with an F factor is given by

n=1-=2 (-1 —8,

and the n associated with a G factor is given by

n=—2 (s — 1) — 8. (15)
The sum could easily be performed if the power
of (1 + &)! associated with a term with f F factors
were f + 1, for then the coefficient of (1 + «)~“*"
would be just

(XXX, (16)

giving a geometric series. It is convenient therefore
to introduce the functions

Flc(a;sh ’sk;ls)

_g2 k+1 o
= _(161T2> ‘/; dﬁtl A dxk dy,

(14)
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F16. 1. A contracted interior subdiagram.

x 11 (In z.) ‘(;'Jr @)

=1 i

o (—In A’ + a)ﬂe-“]
X axr, -+ - 0, [ AB! ? 17

and Gi(e; sy, +++ &; B) similarly defined. These
functions will appear as coefficients of the desired
powers of (1 + a) ~*. Then

L =g57g, (18)
where
Fe)=a+1— ZF—',,, 19)
=0
Gla) =g + 1;1 G-ky (20)
F’k(a) = Z Flﬁ(a; 81y *** Sny ﬁ)
8i,f8
B _gz k+1 @ .
- —<167r2) fo dz, - dz, dy,
braitt — 1 o —2ma -1
X |I=Il a + 1 61:1 .. axk [Ak e ]7 (21)
G_k(a> = Z Glﬁ(ay Syt Sy B)r (22)

2,8

and has an integral expression similar to (21) in
terms of A, and J,.

The Regge poles of the theory are given by the
solutions of

F(@) = 0. (23)

This equation is the analogue of Eq. (11) of C*JS,
to which it is very similar in form. The functions
F, and G, are, of course, functions of ¢ For ¢ < 4,
Eq. (23) is a real equation for a. The integrals in
(21) can be rewritten in a Feynman-like form which
can then be used to continue (23) above ¢ = 4.
An example of this is given in Sec. 5.

t- Ky e oz

Fra. 2. A contracted end subdiagram.
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4. PERTURBATION SOLUTION

A perturbative solution of Eq. (23) is easily
found. The first few terms are given by

a+ 1 = Fo(0) + [Fi(1;0) + Fo(1)F,(0)]
+ [Fa(l, 1;0) + Fy(1; DFo(0) + Fo(2)Fo(0)*
+ Fo()F,(1; 0) + F3(1)F,(0)] + O(g"). (24)

The first term on the right of Eq. (24) is the term
obtained from taking the leading asymptotic be-
havior only.'! All the functions appearing in (24)
are, of course, functions of ¢, the momentum transfer.
We may expect the series (18) to give the correct
solution when ¢ is large, but it cannot converge
when ¢ is near threshold because Fy(n) is infinite
at ¢t = 4. The threshold behavior requires, therefore,
a separate discussion which is given in the next
section.

5. THRESHOLD BEHAVIOR

The reason for the term-by-term divergence of
the perturbation solution (24) near threshold is the
phenomenon of the condensation of poles near
Re a = —% at threshold.® Consequently, a different
form of approximation to Eq. (23) is required to
investigate the threshold behavior. The discussion
we give here closely parallels that given in C*JS
for the Yukawa potential.

One may expect that the appropriate approxima-
tion results from working with the F, functions
rather than the F, functions. The first approximation
is given by

a4 1—Fya;8) =0, (25)

where we now exhibit explicitly the ¢ dependence
of F,. The expression for F, is most easily discussed
if the integral corresponding to (21) is rewritten in
the more familiar Feynman representation. This

*V. N. Gribov and I. Ya. Pomeranchuk, Phys. Rev.

Letters 9, 238 (1962); B. R. Desai and R. G. Newton (to be
published).
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gives
Fo(“} )
g i ! du
16279 | mwt o mr ©
with
e=4— 1t 27)

The asymptotic form of (26) near ¢ = O may be
evaluated by elementary means to be

- ¢ [ I(=e) T@T+9Y , “,]
Fo~ 1622 [2a 11 2smratd) 397 |38

The threshold behavior® of the Regge poles arises
from the poles of (28) at « = —3. There is a tra-
jectory given by

o~ _1 + _gii_ [1 _ (_l_e)vir‘/lﬁrl]. (29)
2T 16 ¢

In addition, since (25) is of the form of Eq. (53)
of C%JS, it will have other solutions in which
Rea— —%tase—0.

6. CONCLUSION

The principal result of the paper is the derivation
of Eq. (23) for the trajectory function a(f). Its
similarity to the form of the corresponding equation
for a Yukawa potential exhibits the close connection
between interaction through a Yukawa potential and
interaction through the Bethe-Salpeter ladder
approximation. The methods developed here are
capable of application to more complicated sets
of diagrams, and also to evaluating terms of the
form s*(In s)™ (n > 1) for ladder diagrams. We
believe that the results so far obtained confirm the
value of this method of investigation. An agreeable
feature is that the connection between high-energy
behavior and bound-state poles is directly exhibited
by Egq. (9) without recourse to complex angular
momentum.



	JMP, Volume 05, Issue 03, Page 0299
	JMP, Volume 05, Issue 03, Page 0308
	JMP, Volume 05, Issue 03, Page 0324
	JMP, Volume 05, Issue 03, Page 0332
	JMP, Volume 05, Issue 03, Page 0344
	JMP, Volume 05, Issue 03, Page 0350
	JMP, Volume 05, Issue 03, Page 0355
	JMP, Volume 05, Issue 03, Page 0363
	JMP, Volume 05, Issue 03, Page 0373
	JMP, Volume 05, Issue 03, Page 0379
	JMP, Volume 05, Issue 03, Page 0383
	JMP, Volume 05, Issue 03, Page 0399
	JMP, Volume 05, Issue 03, Page 0411
	JMP, Volume 05, Issue 03, Page 0420
	JMP, Volume 05, Issue 03, Page 0431

